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Abstract: This study shows it is sufficient to use only the tensile strength ft to describe the size effect
on quasi-brittle fracture behaviors of brittle heterogeneous solids such as rock and concrete. Another
essential material property, the average grain size G for rock or the maximum aggregate size dmax for
concrete, should be determined separately before fracture analysis. Quasi-brittle fracture behaviors
of heterogeneous specimens or structures, small or large and notched or un-notched, can all be
described by the “one-parameter ft criterion” evolved from the boundary effect model (BEM). Using
the mean and standard deviation from normal distribution analysis of test data, the simplified BEM
can predict the mean quasi-brittle fracture curve and statistical scatters with 95% reliability, covering
the entire fracture range from the strength ft criterion to the fracture toughness KIC criterion (LEFM),
and the quasi-brittle fracture region in-between. KIC is fully determined by ft and G, making the oneparameter ft approach possible. This one-parameter approach thus requires only “one measurement”
from a group of specimens of any size with any notch length. The 95% reliability band established
statistically can be conveniently used in design applications.
1

INTRODUCTION
Size effect on quasi-brittle fracture of
heterogeneous solids such as concrete and rock
have been commonly modelled by two separate

size effect laws (SEL), depending on whether
specimens are notched or un-notched [1, 2].
This is because SEL is strictly limited to
geometrically similar specimens, i.e. the
notch/specimen-size ratio (a0/W = -ratio) has
1
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to be constant. Therefore, separate curve-fitting
is always required if different -ratios are
involved, e.g. notched ( = 0.1, 0.2 ...) and unnotched ( = 0). Furthermore, the two SELs
have different parameters and formulae [1, 2].
The most widely-used SEL [3] is also the
simplest for specimens with “deep notch”,
typically with -ratio > 0.1. For un-notched
specimens, there are two different forms of SEL,
thus more parameters, depending on whether
Weibull size effect is considered or not.
Therefore, we have two SELs for un-notched
cases, one SEL for deep-notch cases.
This study adopts the boundary effect model
(BEM) for size effect study because BEM [4-7]
can be rearranged into one simple closed-form
solution, which has all the intended functions of
those three SELs.
Results of a granite with the average grain
size G around 2 mm and a medium-grained
sandstone with G around 0.3 – 0.4 mm are
analysed by the simplified BEM. Concrete
results with the maximum aggregate dmax = 10
mm [1, 8-10] are also assessed for comparison.
To assist young researchers, students and
design
engineers,
advantages
and
disadvantages of SEL and BEM are discussed
so that they can purposely select suitable
models for their specific cases.

manner. A discrete number is thus introduced in
[6, 7], linking the fictitious crack growth to the
grain size (or aggregate size), which can vary
by 0.5 interval (or rougher by 1.0), i.e. 0.0, 0.5,
1.5, 2.0 etc. Considering the most likely
“stepwise cracking” in heterogeneous solids,
Eq. (1) is a reasonable approximation for
common small three-point-bending (3-p-b)
specimens with the W/G ratio varying from 5 to
50.
From the early work of Hillerborg [11], the
characteristic length lch is known to be linked to
the material microstructures, i.e. lch of concrete
is larger than that of mortar. The characteristic
crack ach* introduced in BEM [4, 7] is
proportional to lch. From a wide range of
ceramic and concrete data, we have obtained
the following approximation [12-14], again
with 0.5 interval for the discrete number.
*
ach
 3.0  G

Substituting those two approximations into
the final equation in [6, 7], the following
closed-form solution is obtained, e.g. [10, 13,
14].
Pmax = f t  Ae (W , a0 , G )
= ft 

2 ft & SIMPLIFIED BEM

(W − a0 ) (W − a0 + 2a fic )
a
S
1.5   1 + *e
ach
B

(3)

3G 

W 2 (1 −  ) 1 −  +

W 

= ft 
a
S
1.5   1 + e
3G
B

The average grain size G, a key material
microstructure property, for rock and ceramics
should be measured separately prior to fracture
test and analysis. The maximum aggregate size
dmax is readily available for a concrete mix.
Recently, the grain size G or dmax has been
included in BEM analysis [6, 7], and linked to
the crack-bridging zone afic behind the
fictitious crack tip, at which the stress is equal
to ft.
a fic  1.5  G  1.0  dmax

(2)

The equation for concrete using dmax can be
obtained easily by substituting the relation
between G and dmax in Eq. (1). Ae in Eq. (3) is
an equivalent area measurement, i.e. Load =
Strength × Area. It is fully determined by the
grain size G and specimen dimensions. Here, a0
is the initial notch, S is the span of 3-p-b
specimen, W is the width (or height), B is the
thickness. The equivalent crack ae is given as
follows:

(1)

This approximation for the through-thethickness fictitious crack growth (a real crack
front is not straight, and part of it may be 1.0G
or 2.0G) is based on the assumption that crack
growth in heterogeneous solids with coarse
microstructures takes place in a stepwise
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 (1 −  )2  Y ( ) 
ae = 
  a0
1.12
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sandstone with G around 0.3 – 0.4 mm to
illustrate how Eq. (3) can be used to analyse
quasi-brittle fracture of rocks. Asphalt concrete
results with the average aggregate size around
5 mm can be found in [15]. Concrete results
with the maximum aggregate dmax from 10 to 40
mm can be found in [10]. That is the simplified
BEM has been tested by various heterogeneous
solids with G from 0.3 mm to dmax up to 40 mm.

This equivalent crack ae has the following
functions. A crack of 10 mm in a small
specimen with size W = 15 mm is different to a
crack of 10 mm in a large structure with size W
= 1000 mm. Therefore, it is logical that Eq. (4)
contains the geometry factor Y introduced in the
critical stress intensity factor formula of LEFM,
i.e. K IC = Y   c   a0 . The critical stress c is
influenced more by the ligament (W - a0) than
the notch length a0 itself for the aforementioned
small specimen with W = 15 mm. This is true
for any deep-notched cases. The equivalent
crack ae is introduced to consider the influence
from both the front and back specimen
boundaries [6, 7]. ae can approach to either a0
or (W - a0), depending on whether a0 or (W - a0)
is smaller.
Why the tensile strength ft criterion can also
describe fracture initiated by a notch or crack,
as indicated by Eq. (3)? This is because KIC is
fully determined by G and ft.
K IC = 2  ft  3  G

3.1 Granite with G around 2 mm
Four groups of small three-point-bending (3p-b) specimens with thickness B = 25 mm have
been tested. 16 tests have been performed for
each group [14]. The specimens are designated
by notch, size and span/size ratio (group-a0-WS/W). They are g4-27-4, g6-27-4, g8-40-2.5 and
g4-70-4. That is g4-27-4 with the initial notch
a0 of 4 mm, W = 27 mm, S/W = 4.
4000

(5)

BEM ＆ Normal distribution
ft = μ = 11.32 MPa
σ = 0.79 MPa

3000

Pmax (N)

The above relation states the fracture
toughness KIC criterion is virtually the same as
the tensile strength ft criterion when the grain
size G is considered in modeling. Therefore, ft
in Eq. (3) can describe quasi-brittle fracture
cases with or without notch. Eq. (5) can be
derived from Eq. (2) and the characteristic
crack a*ch in [4, 7].
It should be mentioned that the equivalent
area Ae in Eq. (3) is fully determined, and can
be easily evaluated using an Excel spread sheet.
Considering the relation between Pmax and Ae in
Eq. (3), we can expect a straight line with the
tensile strength ft as the slope, or one and only
parameter needed. Therefore, quasi-brittle
fracture of heterogeneous solids can be simply
described by the linear relation between Pmax
and Ae. In other words, the linear BEM relation
Eq. (3) is sufficient to describe non-LEFM
events, such as quasi-brittle fracture of concrete
and rock.

Curve-fitting
ft = 11.66 MPa

μ+2σ

2000

1000
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0
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250
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Figure 1: Predicted mean curve from Eq. (3), and the
scatter band with 95% reliability for granite.

These four groups of specimens are not
geometrically similar, as they differ either by
the S/W ratio, or by the a0/W ratio. Yet, they all
can be analyzed together by Eq. (3), generating
a single Pmax and Ae relation as shown in Fig. 1,
where the slope or tensile strength ft = 11.32
MPa.
For every Pmax measurement, a ft value can
be evaluated using Eq. (3). Those ft values (i =
1, 2, 3…) are then used to evaluate the mean μ
and standard deviation  using the following
normal distribution.

3 ANALYSIS OF GRANITE AND
SANDSTONE DATA & MODELS
We selected a granite with the average grain
size G around 2 mm and a medium-grained
3
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1
f  ft (i )  =
e
2

 ft ( i ) −  
−
2 2

2

( i=1,2 )

The tensile strength ft based on this single
group of tests is 10.97 MPa. It has only 3% error
in comparison to the value of 11.32 MPa
determined from all four groups. Therefore, the
“one measurement” from one group of tests is
plausible as long as the number of specimens
tested is large enough, e.g. > 30.
It should be mentioned that the W/G ratio for
the granite specimens is small, varying from
13.5 to 35. The a0/G ratio is even smaller,
varying from only 2 to 4. Therefore, those
granite specimens are highly heterogeneous,
and their fracture is quasi-brittle.

(6)

The tensile strength ft in Eq. (3) can now be
replaced by known (  2) = (11.32  20.793)
so that.
Pmax = ( μ  2σ )  Ae (W , a0 , G )
3G 

W 2 (1 −  ) 1 −  +

W 

= ( μ  2σ ) 
a
S
1.5   1 + e
3G
B

(7)

Now, the mean straight line and scatter band
with 95% reliability can be predicted with given
(  2) values, as in Fig. 1. Common curvefitting can also be used to analyze the data, but
only the best fitted mean curve can be obtained,
showing ft= 11.66 MPa. The relative error
between the normal distribution analysis and
curve fitting is about 3%. However, the
common curve-fitting practice cannot deal with
the experimental scatters. Using the current
normal distribution analysis, curve fitting is no
longer needed.
The mean straight line in Fig. 1 goes through
the origin (0, 0), which is also 100% accurate
for Eq. (3). Since only two points are needed to
determine a straight line, we only need to
determine the 2nd point, or only need to do “one
measurement”. In principle, any specimen
group can be selected since all are on the
straight line as shown in Fig. 1. Group g4-27-4
is chosen here, and the result based on “one
measurement” from g4-27-4 is shown in Fig. 2.

3.2 Sandstone with G around 0.3 – 0.4 mm
For simplicity, the mid value of G = 0.35 mm
is used in this study. Different to the granite
specimens, we have geometrically similar
specimens for the sandstone. W = 30, 60, 100
and 300 mm, and the notch/size ratio,  = a0/W
= 0.2. Thickness B = 20mm, and the S/W ratio
is 2.5.
Un-notched specimens with W = 10 mm, B=
20 mm, and S/W = 2.5 are also tested. The
volume ratio of the largest specimen over the
smallest specimen is 900. Both notched and unnotched results are analyzed together by Eqs. (6)
& (7), and the results are shown in Fig. 3.
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Figure 3: Predicted mean curve from Eq. (3), and the
scatter band with 95% reliability for sandstone.

Only the largest specimens (W = 300 mm)
appear to be away from the center line, but still
within 95% reliability band. As B is only 20 mm,
the tests of those “thin plates” are difficult to
control. The typical BEM plot in Fig. 4 shows
the error in the results of largest specimens is
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Figure 2: The linear relation based on “one
measurement” from g4-27-4 specimens.
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still relatively small. With the W/G ratio of
around 860 and a0/G ratio of 170, fracture of the
largest sandstone specimens can be
approximately described by LEFM.

BEM [4-7] also contains two material constants
ft and KIC.
The linear Pmax - Ae relation in Eq. (3) or the
simplified BEM goes through the origin (0, 0),
which is 100% accurate theoretically. Since in
principle only one more point is needed to fully
determine the linear relation, the linear BEM
has virtually become a “one-parameter (ft)” and
“one-measurement”
non-LEFM
model.
However, this “one-parameter” and “onemeasurement” model is fully capable of
describing the complex quasi-brittle fracture of
heterogeneous solids such as rock and concrete.
The simplicity of this closed-form solution will
be appreciated even more after one has tried
SEL for quasi-brittle fracture modeling.

3
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Figure 4: Typical BEM curve showing both ft and KIC
asymptotic limits. Note that the largest specimens are
close to the LEFM line (with about 10% error).

3.4 Three SELs & Three Different Trends
The simplest and most well-known SEL [3]
is designed for deep-notched specimens,
typically with -ratio > 0.1.

Special attention needs to be paid to the unnotched results. Cutting of specimens can easily
break bonds of grains along the cutting surface
and edges, creating an equivalent initial notch
around G, depending on the bonding nature of
rocks and cutting conditions. In this study, “a0
= G = 0.35” has been assigned to the un-notched
specimens.

N =

B0 ft 
1 + W W0

(8)

Here we use 2P-SEL for Eq. (8) since it
contains two curve-fitting parameters B0 and W0.
As shown in [1, 2], one curve-fitting is only for
one -ratio. If two groups of specimens with 
= 0.1 and 0.2, two separate curve-fitting
exercises are needed (as both B0 and W0 vary
with -ratio). The general trend of Eq. (8) is
illustrated in Fig. 5.

3.3 One Parameter & One Measurement
Because of the highly heterogeneous
material structures, it is known for a long time
that fracture of concrete and rock is quasi-brittle
and cannot be described by LEFM. The classic
Hillerborg's fictitious crack-bridging model
proposed in 1976 [11] for quasi-brittle fracture
of concrete needs the specific fracture energy
GF and tensile softening relation, i.e. at least
two parameters. The problem is that GF is size
dependent [16-19]. Besides 2P-SEL [3], there
are others quasi-brittle fracture models, e.g.
multi-fractal scaling law [20], which also
contains two parameters. Therefore, it has been
commonly accepted that LEFM needs one
parameter KIC to describe linear elastic fracture
of ideally brittle homogeneous glass, nonLEFM models will need at least two parameters
to
describe
quasi-brittle
fracture
of
heterogeneous concrete and rock. The previous

Figure 5: 2P-SEL for deep-notched specimens [23].

The two SELs for un-notched specimens are
given below [1, 2, 21, 22] and their general
trends are shown in Fig. 6.
5
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Figure 6: SELs for un-notched specimens [23].

Figure 7: SEL curves predicted by Eq. (3).

If -ratio is approaching 0 (e.g. 0.0001), the
SEL curve in Fig. 7 predicted by BEM is
virtually the same as that of Eq. (9) with ft = fr
= 13.26 MPa. To the authors' best knowledge,
this is the first time those two strengths in SEL
are linked together. To some degree, the SEL
curve with a small -ratio, e.g. 0.01 in Fig. 7, is
akin to that of Eq. (10) shown in Fig. 6. This is
because within a limited size range, Weibull
size effect is similar to SEL with a small -ratio
as discussed in [23].
For very small size W, BEM predictions in
Fig. 7 are different to SEL with  > 0.1 as
shown in Fig. 5. Let us consider two groups of
geometrically similar specimens with  = 0 and
0.1. If size W is sufficiently small, the notch a0
in the small specimens may be just a fraction of
the aggregate size dmax. It means there is no
difference between very small specimens [7].
Therefore, we believe the BEM predictions of
SEL for very small W in Fig. 7 are correct.
Of course, 2P-SEL can also be used for
curve-fitting of the sandstone results with  =
0.2. However, one has to assume a B0 value
before ft can be estimated. 4P-SEL and 7P-SEL
are seldom used as with more free parameters
curve-fitting becomes less meaningful. In other
words, un-notched specimens have not been
dealt with convincingly by SEL.

1r


rWb 
 N = f 1 +
 W + l p 



r

(9)
1r

 W rn m
rWb 

 N = f  b  +
lp +W 
 ls + W 


r

(10)

Eq. (9) or 4P-SEL (4-parameters) is nonstatistical as Weibull size effect is not
considered. Eq. (10) or 7P-SEL (7-parameters)
has considered the Weibull size effect, i.e. a
bigger sample contains more defects (larger
size as well) than a smaller sample [23].
Therefore, with increasing size W, the nominal
strength N is monotonically decreasing.
However, in comparison with Eq. (7), Eq. (10)
is not really statistical as it does not specify any
statistical scatter band.
The biggest uncertainty of SEL is that two
different tensile strengths, ft and fr, are
specified in Eqs. (7-9). Using ft and KIC results
of the simplified BEM in Fig. 3, SEL curves
have been predicted for various -ratios and
shown in Fig. 7 together with the experimental
results. Note that n in BEM considers the
presence of notch a0 while N in SEL does not
[4, 7]. The smallest un-notched specimens did
not achieve the full tensile strength value of
13.26 MPa due to small pre-existing defects.
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4

DISCUSSION

0.3, five different fitted curves from at least
three different SELs have to be used [7]. In
contrast, the linear BEM with only the tensile
strength ft can predict all, as shown in Fig.8.
Linearization of non-LEFM prediction of
quasi-brittle fracture has significantly simplify
size effect modeling. Furthermore, this linear
relation goes through the origin (0, 0), making
it become “simplest model” possible.

4.1 Linear BEM & Fracture Prediction
The comprehensive concrete data initially
reported in [9] can be quickly analyzed and
predicted by Eq. (7). dmax of the concrete is 10
mm. Using the approximate relation between G
and dmax given in Eq. (1), Eq. (7) can be
rearranged using dmax. The BEM predictions
together the Pmax data are shown in Fig. 8.

Pmax (N)

50000

40000

BEM & normal distribution
ft = μ = 6.17 MPa
σ = 0.74 MPa

30000

Curve-fitting
ft = 6.30 MPa

20000

4.2 SEL & Curve-fitting
Due to its simplicity, 2P-SEL Eq. (8) is most
widely used for curve-fitting. It can also be
rearranged into a linear form, so that the two
unknown parameters (2-P) can be determined
from curve-fitting. The real problem is that both
B0 and W0 determined from curve-fitting vary
with -ratio [1, 2, 7], which casts doubt on its
applications in design and material property
characterizations.
Furthermore, 2P-SEL is only limited to
geometrically similar specimens with  =
constant > 0.1. In contrast, the linear BEM in
Eq. (3) can be used for both notched and unnotched specimens/structures whether they are
geometrically similar or not.

μ+2σ

μ−2σ

ft = μ

10000

(W = 40 ~ 500 mm & α = 0 ~ 0.3)
0
0

1000
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3000

4000

5000

6000

7000
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Figure 8: Prediction of quasi-brittle fracture of concrete
with dmax = 10 mm [9] using Eq. (7) after replacing G
with dmax.

This concrete example in Fig. 8 shows that
the simple closed-form solution of BEM Eq. (3)
has significantly simplified quasi-brittle
fracture modeling of heterogeneous solids such
as concrete and rock. After evaluation of test
results using the normal distribution in Eq. (6),
Eq. (7) becomes a predictive model, providing
both the mean and 95% reliability band. The
data shown in Fig. 8 has been collected from the
most comprehensive concrete tests, as claimed
in [1, 8, 9, 22] with  = 0, 0.025, 0.075, 0.15
and 0.3. In Fig. 8, those five different groups of
geometrically similar specimens have been
group together and well described by the linear
BEM. In [10], KIC is determined since both ft
and KIC are interchangeable as indicated by Eq.
(5). It should also be mentioned that those
results with  = 0.025 and 0.075 cannot even be
modeled by the three SELs, Eqs. (8-10). Two
more universal SELs [1, 8, 9, 21, 22] have to be
used for 0 <  < 0.1 as discussed in [7]. For the
five different  values, 0, 0.025, 0.075, 0.15 and

5

CONCLUSIONS

A simple closed-form solution for quasibrittle fracture of heterogeneous solids such as
rock and concrete has been presented. This
linear BEM is “one-parameter” strength
criterion, but covers LEFM, classic strength
criterion and quasi-brittle fracture. It also has all
the intended functions of five SELs with more
than 20 parameters [7]. The BEM predictions in
Figs. 1-4, 7 and 8 provide convincing evidence.
For most research students and young
researchers who need to understand non-LEFM
events and analyze quasi-brittle fracture and
associated size effect, a simple closed-form
equation, which has only “one-parameter” and
requires only “one-measurement”, certainly
helps. The linear BEM provides a welcoming
choice in comparison with five SELs with 20
plus curve-fitting parameters. Besides, all SELs
are limited to geometrically similar specimens
with a constant -ratio.
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From the viewpoint of scientific research,
the five SELs do provide detailed and sound
mathematical considerations for complex
issues of quasi-brittle fracture events, such as
crack bridging and micro-damage, and
associated size and shape effects. Therefore,
they should be useful to those who are strong in
mathematics and those who are more interested
in mechanism and micro-mechanics studies.
However, for practical design applications and
university teaching, a simple closed-form
solution will always have its position. It has
taken a long 20-year period for BEM to develop
into its present closed-form solution from its
first unsophisticated FraMCoS appearance in
1998 [24]. Certainly, Bažant’s seminal size
effect paper in 1984 [3] has been inspiring, and
the impact of SEL on the development of BEM
is huge.
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