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Abstract: The aim of research reported in this paper is to quantify fracture parameters of selected 
mortars prepared with an alkali-activated binder and hemp fibres. The alkali-activated materials are 
environmental friendly building materials, which can be used as an alternative to ordinary Portland 
cement-based composites. Just like cement-based composites, these materials can be classified as 
quasi-brittle materials with low energy absorption capacity under tensile load. To enhance the energy 
absorption capacity, different types of fibres are used in cement-based materials. In this experiment, 
the hemp fibres were chosen as environmental friendly alternative to the commonly used steel and 
synthetic materials. The main attention was focused on the evaluation of three-point bending fracture 
tests of prism specimens, with an initial central edge notch, made of alkali-activated fly ash mortar 
with different amount of hemp fibres. The load versus crack mouth opening displacement diagrams 
were recorded during the fracture tests and evaluated using the double-K fracture model. This model 
allows the quantification of two different levels of crack propagation: initiation, which corresponds 
to the beginning of stable crack growth, and the level of unstable crack propagation. The effect of 
softening function type and their input parameters on resulting fracture parameters was investigated. 
 
 

1 INTRODUCTION 

Last year, the world production of cement 
was around 4.1 billion tonnes [1]. Such huge 
volume of cement production results in very 
significant environmental impact: total carbon 
dioxide emissions from the cement industry 
contribute as much as 8 % of global CO2 
emissions [2]. 

For that reason, there is an increased effort 
to develope innovative environmental friendly 
building materials as an alternative to ordinary 
Portland cement-based composites. The alkali 
activated materials (AAMs) belong to 
a promising alternative to traditional cement-
based composites [3, 4]. The use of different 
secondary-raw materials (metallurgical slags, 
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coal combustion-based fly ashes, ground 
granulated blast furnace slag, etc.) or other 
alumino-silicate materials in AAMs decreases 
the cement consumption resulting in CO2 
emissions reduction. 

Just like cement-based composites, in terms 
of the overall response, alkali-activated mortars 
belong to quasi-brittle materials that show what 
is known as tensile softening, i.e. a gradual 
decrease in transmitted stress in a significant 
area ahead of the crack/notch tip. Even 
a relatively small amount of fibres in mixture 
can positively affect the resistance of the 
composite to failure initiation and crack 
propagation [5−7]. In this paper, the hemp 
fibres were chosen as the environmental 
friendly alternative to steel and synthetic 
materials.  

Knowledge of the mechanical and primarily 
fracture parameters of composites with a brittle 
matrix is essential for the quantification of their 
resistance against the crack initiation and 
propagation as well as for the definition of 
material models used to simulate the quasi-
brittle behaviour of structures made from this 
type of composites. Therefore, the main 
attention of this paper is focused on the 
evaluation of three-point bending fracture tests 
of prism specimens with an initial central edge 
notch made of selected fly ash based alkali-
activated mortar reinforced with different 
amount of hemp fibres.  

2 MATERIALS AND FRACTURE TESTS 

The experimental programme was designed 
to investigate the effect of different volume 
percentage of hemp fibres (vol% = 0.5 and 1.0) 
on the basic mechanical properties and 
mechanical fracture parameters of the alkali-
activated fly ash mortar. For this purpose, the 
prism specimens with nominal dimensions 
40 × 40 × 160 mm were produced. 

The power plant fly ash, sodium silicate 
solution with a modulus of n = 1.91 as alkali 
activator, river sand with the maximum grain 
size of 8 mm, water and hemp fibres with length 
of 10 mm were used to produce the sets of 
specimens. 

The effect of hemp fibres addition was 

compared with the reference mortar without 
fibres. Six specimens were made from each 
mortar; a total number of 18 specimens were 
tested. 

The test specimens were provided with an 
initial central edge notch before testing and 
subsequently subjected to the fracture tests in 
the three-point bending configuration. 
The nominal depth of notch was about 13 mm 
and span length was 120 mm. The fracture tests 
were performed in a very stiff multi-purpose 
mechanical testing machine. The loading 
procedure was performed with the requirement 
of a constant increment of displacement which 
was set to 0.02 mm/min. In this way, the 
diagram of loading force F in relation to the 
crack mouth opening displacement (CMOD) 
during the fracture test was recorded. The 
CMOD value was measured using the 
extensometer (crack opening displacement 
transducer), placed between blades which were 
fixed close to the notch. The extensometer was 
connected to the HBM Quantum X data logger 
during the loading test. All measured 
parameters (time, loading force and crack 
mouth opening displacement) were 
continuously recorded into the data logger with 
a frequency of 5 Hz. 

At the beginning of the specimens loading, 
small-sized fluctuations in the measured values 
of monitored parameters were recorded. This 
effect was related to the crushing of small 
protrusions on the specimen’s surface due to the 
pressure at the support and loading points. 
These phenomena are usually observed in the 
short interval just after the beginning of loading 
test. After this short interval, the F‒CMOD 
diagram shows a linear trend. Therefore, it is 
advisable to correct the beginning part of the 
measured diagram, in order to obtain the 
appropriate input values for subsequent 
diagrams evaluation using selected fracture 
model. First step is to fit a straight line to data 
points in the linear part of the diagram, 
followed by the determination of the 
intersection of this line with the horizontal axis. 
The next step is to shift all points of the diagram 
equidistantly, thus the intersection becomes the 
origin of the coordinate system. 
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Figure 1: The advanced corrected F‒CMOD diagrams. 

The processing of recorded diagrams 
including the above-mentioned phenomena was 
performed using GTDiPS software [8] which is 
based on the advanced transformation methods 
for processing of the extensive point sequences. 
The correction of the measured diagrams in this 
case included primarily the shifting of the 
origin of the coordinate system, the smoothing 

of the diagram and the reduction of the number 
of points. For this purpose, a chain of 
transformation steps has been put together into 
the software. Selected/applicable F‒CMOD 
diagrams after the advanced correction are 
shown in Fig. 1. 

3 APPLICATION OF DOUBLE-K 
FRACTURE MODEL 

After the above-described processing of the 
measured diagrams, the obtained F‒CMOD 
diagrams were further evaluated using the 
double-K fracture model. The advantage of this 
model is that the double-K fracture criterion can 
predict the crack initiation, stable crack 
propagation, and unstable fracture process that 
occurs during the crack propagation in a quasi-
brittle material. According to this criterion, two 
size-independent parameters, initial cracking 
toughness KIc

ini and unstable fracture toughness 
KIc

un, can be used to predict different stages of 
the fracture process. This model is based on 
a combination of the concept of cohesive forces 
acting on the faces of the fictitious (effective) 
crack increment with a criterion based on the 
stress intensity factor (details can be found in 
numerous publications – e.g. in Kumar and 
Barrai [9]).  

In this case, the unstable fracture toughness 
KIc

un is numerically determined first, followed 
by the cohesive fracture toughness KIc

c. When 
both these values are known, the following 
formula can be used to calculate the initiation 
fracture toughness KIc

ini: 

𝐾Ic
ini = 𝐾Ic

un − 𝐾Ic
c . (1) 

Details regarding the calculation of both 
unstable and cohesive fracture toughness can be 
found in, e.g. [9, 10]. 

The unstable fracture toughness KIc
un is 

defined as the critical stress intensity factor, 
which is similar to effective fracture toughness 
used in the effective crack model by Karihaloo 
[11]. Therefore, the well-known linear elastic 
fracture mechanics formula can be used to 
determine this parameter, where the peak load 
Fmax and corresponding effective crack length 
ac are input parameters [9, 10]. 

To calculate cohesive fracture toughness 

0.0

0.2

0.4

0.6

0.8

1.0

0.00 0.02 0.04 0.06 0.08 0.10

F
[k

N
]

CMOD [mm]

without fibres

0.0

0.2

0.4

0.6

0.8

1.0

0.00 0.02 0.04 0.06 0.08 0.10

F
[k

N
]

CMOD [mm]

0.5 vol% of fibres

0.0

0.2

0.4

0.6

0.8

1.0

0.00 0.02 0.04 0.06 0.08 0.10

F
[k

N
]

CMOD [mm]

1.0 vol% of fibres



First A. Author, Second B. Author and Third C. Coauthor 

 4

KIc
c, the cohesive softening function describing 

relationship between cohesive stress σ and 
effective crack opening displacement COD 
needs to be determined first. The cohesive 
stress σ(CTODc) at the tip of an initial notch of 
length a0 at the critical state can be obtained 
from this softening curve. In the past, different 
softening functions was established by many 
researchers based on the results of extensive 
experimental studies, including linear [12], 
bilinear [13, 14], exponential [11, 15] and 
nonlinear (a product of an algebraic and an 
exponential term) [16] functions. 

In this study, the bilinear softening function 
according to Petersson [13] was used at first. 
When using the bilinear softening curve, two 
cases may occur. In the case I (CTODc ≤ CODs), 
the σ(CTODc) value can be determined 
according to the formula: 

𝜎(𝐶𝑇𝑂𝐷c) = 𝑓t − (𝑓t − 𝜎s) c

s
, (2)  

where ft is the tensile strength, CTODc is the 
critical crack tip opening displacement, see e.g. 
[9], σs and CODs are the ordinate and abscissa 
at the point of slope change of the bilinear 
softening curve, respectively. According to 
Petersson [13], the σs and CODs values can be 
considered using the following expressions: 

𝜎s = 𝑓t, and 𝐶𝑂𝐷s = 𝐶𝑂𝐷c, (3) 

where CODc is the critical crack opening 
displacement. In this paper, CODc is calculated 
using a value of fracture energy GF determined 
via the work-of-fracture method [17] based on 
measured F‒d (displacement at the mid-span) 
diagrams according to this formula: 

𝐶𝑂𝐷c =
. F

t
. (4) 

The tensile strength ft was firstly estimated 
using the measured compression strength value 
fc using the following relationship [18]: 

𝑓t = 0.24𝑓 , (5) 

and secondly it was identified from F‒d 
diagrams using the artificial neural network 
based on the inverse analysis method [19, 20]. 

In the case II (CODs ≤ CTODc ≤ CODc), the 
σ(CTODc) value can be determined according 
to the formula: 

 𝜎(𝐶𝑇𝑂𝐷c) = s

c s
(𝐶𝑂𝐷c − 𝐶𝑇𝑂𝐷c). (6) 

To compare the effect of the type of 
softening function on double-K fracture model 
parameters, the nonlinear softening function 
according [16] was also considered as follows: 

𝜎(𝐶𝑇𝑂𝐷c) = 

𝑓t 1 + 𝑐
𝐶𝑇𝑂𝐷c

𝐶𝑂𝐷c
exp −𝑐

𝐶𝑇𝑂𝐷c

𝐶𝑂𝐷c
 

−
𝐶𝑇𝑂𝐷c

𝐶𝑂𝐷c

(1 + 𝑐 )exp(−𝑐 )  

(7) 

where c1 and c2 are the material constants, 
which were taken according to [16] as c1 = 3 
and c2 = 6.93. 

In the case of nonlinear softening function, 
CODc is calculated according to this formula: 

𝐶𝑂𝐷c =
. F

t
. (8) 

Finally, the value of the load Fini is 
determined according to the formula (9). This 
value can be defined as the load level at the 
beginning of stable crack propagation from the 
initial crack/notch: 

𝐹ini =
∙ ∙ Ic

ini

∙ ( )∙
, (9) 

where W is the section modulus (determined as 
W = 1/6∙B∙D2), B and D are the width and depth 
of the specimen, respectively; S is the span 
length, F1(α0) is the geometry function for 
a three-point bend beam [11] and α0 is the a0/D 
ratio. 

Table 1 introduces the input values used for 
determination of parameters of softening 
functions which was used for the calculation of 
fracture parameters via double-K fracture 
model. 

For illustration, Figs. 2 and 3 show 
the difference between the types of used 
softening function and the effect of input 
parameters on their shape. Fig. 2 introduces the 
bilinear softening functions according to [13], 
the tensile strength was estimated based on the 
measured values of compressive strength using 
Eq. (5). 

Fig. 3 introduces the nonlinear softening 
functions according to [16], the tensile strength 
was identified from F‒d diagrams using the 
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artificial neural network based on the inverse 
analysis method [19, 20]. 

Table 1: Input parameters used for determination of 
softening functions parameters; mean values 

(coefficient of variations). 

  Content of fibres 
[vol%] 

Parameter Unit 0 0.5 1.0 

GF [J/m2] 
44.0 

(27.7) 
71.4 

(29.3) 
133.9 
(20.8) 

fc [MPa] 
29.7 
(5.0) 

29.9 
(4.0) 

27.1 
(3.2) 

ft, based on fc [MPa] 
2.30 
(5.0) 

2.31 
(4.0) 

2.16 
(3.2) 

ft,identified [MPa] 
4.11 

(20.5) 
3.16 

(22.6) 
1.96 

(10.0) 
 

 
Figure 2: Used bilinear softening functions according to 
[13] for alkali-activated mortars with different amount 

of hemp fibres. 

 
Figure 3: Used nonlinear softening functions according 

to [16] for alkali-activated mortars with different 
amount of hemp fibres. 

4 RESULTS 

The results obtained from the measured F–
CMOD diagrams using double-K fracture 
model are introduced in Tables 2 and 3: the 
unstable fracture toughness KIc

un, 
the KIc

ini / KIc
un ratio, i.e. the ratio expressing 

the resistance to stable crack propagation, 
the maximum load Fmax, the Fini / Fmax ratio, i.e. 
the ratio between the load level at the beginning 
of the stable crack propagation and the 
maximum load obtained during the test, and the 
critical crack opening displacement CODc. 

The Tables 2 and 3 summarize the values 
obtained using the bilinear and nonlinear 
softening function, respectively. Based on the 
results shown in Table 2 it can be stated that the 
value of unstable fracture toughness is not 
significantly influenced by addition of hemp 
fibres into the alkali-activated matrix. The 
maximum load decreases slightly with addition 
of hemp fibres in amount of 1 vol%.  

Table 2: Mean values of selected parameters 
(coefficients of variations); the bilinear softening 

function was used. 

  Content of fibres 
[vol%] 

Parameter Unit 0 0.5 1.0 

KIc
un [MPa∙m1/2] 

0.463 
(10.8) 

0.505 
(12.1) 

0.475 
(17.8) 

Fmax [kN] 
0.732 
(13.3) 

0.727 
(12.9) 

0.649 
(6.6) 

Tensile strength estimated based on measured 
values of compressive strength 

KIc
ini / KIc

un [−] 
0.626 
(11.9) 

0.559 
(22.2) 

0.501 
(15.9) 

Fini / Fmax [−] 
0.742 
(7.3) 

0.693 
(12.9) 

0.643 
(14.1) 

CODc [mm] 
0.068 
(24.3) 

0.125 
(23.4) 

0.223 
(20.2) 

Tensile strength identified from F‒d diagrams 

KIc
ini / KIc

un [−] 
0.398 
(17.3) 

0.451 
(11.2) 

0.544 
(14.3) 

Fini / Fmax [−] 
0.472 
(14.4) 

0.565 
(4.6) 

0.696
(7.7) 

CODc [mm] 
0.039 
(19.1) 

0.093
(31.3) 

0.245 
(19.0) 
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Table 3: Mean values of selected parameters 
(coefficients of variations); the nonlinear softening 

function was used. 

  Content of fibres 
[vol%] 

Parameter Unit 0 0.5 1.0 
Tensile strength estimated based on measured 
values of compressive strength 

KIc
ini / KIc

un [−] 
0.630 
(11.6) 

0.573 
(20.9) 

0.516
(15.1) 

Fini / Fmax [−] 
0.748 
(6.9) 

0.712 
(11.6) 

0.663 
(13.7) 

CODc [mm] 
0.098 
(24.3) 

0.178 
(23.4) 

0.318 
(20.1) 

Tensile strength identified from F‒d diagrams 

KIc
ini / KIc

un [−] 
0.403 
(16.7) 

0.460 
(9.4) 

0.557 
(13.4) 

Fini / Fmax [−] 
0.477 
(13.6) 

0.577 
(5.7) 

0.722
(7.9) 

CODc [mm] 
0.055 
(19.3) 

0.133
(31.4) 

0.350 
(19.0) 

 
The resistance to stable crack propagation, in 

this case expressed by KIc
ini / KIc

un ratio is 
changing with the addition of hemp fibres. The 
type of softening function has no significant 
effect on the absolute values. However, the way 
of determination of the tensile strength 
influences the absolute value of investigated 
parameters which has an important effect on the 
results obtained from both softening functions. 
If the tensile strength estimated based on the 
measured value of compressive strength is used 
in evaluation, the resistance to stable crack 
propagation decreases by about 10 and 20 % 
with addition of 0.5 % and 1.0 % of hemp 
fibres, respectively. 

On the contrary, if the tensile strength 
identified from F‒d diagrams is used, the effect 
of addition of hemp fibres is opposite. The 
resistance to stable crack propagation increases 
by about 15 and 40 % with addition of 0.5 % 
and 1.0 % of hemp fibres, respectively. 

The same trend was also observed in the case 
of Fini / Fmax ratio. 

5 CONCLUSIONS 

The conclusions can be divided into two 

parts: one part related to the effect of the type 
of applied softening function on the calculated 
values of investigated characteristics and 
second part related to the assessment of the 
influence of the addition of hemp fibres on the 
behaviour of particular mortars. Based on the 
presented results it can be stated that the type of 
softening function has no significant effect on 
the calculated values of fracture parameters for 
all investigated mortars. In this case, the input 
parameters of softening functions are more 
important, especially the way of estimation of 
tensile strength. Commonly, the compressive 
strength values are used for estimation of the 
tensile strength of the materials. Therefore at 
first, the tensile strength was estimated based on 
the empirical relation, which is implemented in 
ATENA software [18]. Based on this relation, 
material parameters of model are defined and 
used to simulate the behaviour of structures 
made from the specific quasi-brittle material.  

More appropriate is to determine the tensile 
strength directly from the tensile test performed 
in the configuration most similar to the loading 
of the real structural element.  The tensile 
strength was identified herein from the 
measured F‒d diagrams.  The artificial neural 
network based on the inverse analysis method 
[19, 20] was used to obtain a more accurate 
value. Presented results showed high 
significance of the absolute value of tensile 
strength especially in the case of determination 
of the material resistance to the stable crack 
propagation. The two different ways of tensile 
strength estimation gave different absolute 
values of this parameter which provided two 
diametrically different results of the resistance 
to stable crack propagation of investigated 
mortars. 

The resistance to unstable crack propagation 
expressed here by the unstable fracture 
toughness is not significantly influenced by 
addition of hemp fibres into the alkali-activated 
matrix. On the contrary, the alkali-activated 
mortars with hemp fibres expressed a much 
better post-peak behaviour with a better load 
carrying capacity in comparison with the 
reference composite. 
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