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Abstract. Based on current procedures, identification of fracture parameters, and in particular traction
separation laws, for concrete is performed by means of fitting analytical models to experimental
results. To this end, specialized experiments need to be designed and appropriate analytical models,
representing the specific test setup, have to be employed. However, performing such experiments can
be quite involved due to the constraints imposed by testing standards, equipment and the identification
procedure itself. Additionally, the inference of adequate analytical models that accurately represent
the experimental setup is a non-trivial task.
In the present work we propose a procedure relying on numerical, rather than analytical, models
for the identification process aiming at relaxing some of the requirements typically imposed by conventional methods. More specifically, numerical models can be generated for arbitrary geometries
and loading conditions, thus providing flexibility with respect to the corresponding experimental set
up. Moreover, numerical models can account for a wide variety of traction separation laws with ease,
allowing for more flexibility in the identification process. In contrast, analytical models are subject to
very specific assumptions.
The numerical method used in the proposed procedure is the extended finite element method
(XFEM) for cohesive fracture. Although other alternatives might also prove adequate, the XFEM
allows to model cracks of arbitrary geometries independently of the mesh used and in an automated
fashion, thus constituting an ideal candidate for incorporation in the proposed scheme. To identify
fracture parameters, the XFEM model is coupled with optimization algorithms and validated against
physical and numerical experiments.

1

INTRODUCTION

design. The majority of currently employed
techniques to estimate the traction-separation
laws rely on fitting an analytical or numerical
model to test data by modifying the input parameters and comparing resultant global forcedisplacement responses. Depending on differences in the testing geometry, boundary and
loading conditions, analytical models may require test- and material-dependent considerations. The use of numerical analysis tools, such

The softening (failure) behaviour of concrete can be utilized to model the cracking behaviour in numerical simulations [1], [2], [3].
This behaviour is assumed quasi-brittle, and can
be represented with the cohesive crack model
by employing traction-separation (σ−w) laws,
as proposed by Hillerborg et al. [4]. Adequate estimation of this law may allow simulations of enhanced precision and can ensure safe
1
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2

EXPERIMENTAL INVESTIGATIONS
An experimental campaign was launched to
obtain the fracture characteristics of concrete
via three-point bending tests on plain concrete
single edge notched beams. The specimens further underwent accelerated ageing conditions,
namely carbonation and freeze-thaw-cycles, as
part of a durability investigation, which falls
out of scope and will not be further mentioned
herein. Interested readers are referred to the
work of Harmanci et al. [18, 19] for further details.
A concrete mixture was designed according
to EN 206-1 [20], considering cyclic wet and
dry condition (XC4) and freeze-thaw attack due
to the constant high water saturation (XF3). To
this end, a Portland-limestone cement according to EN 197-1 [21] (CEM II/A-LL 42.5 N),
well-rounded alluvial gravel with a maximum
aggregate size of 16 mm and a water-cement
ratio of 0.48 was used. Air entraining admixtures were not used in order to reduce variation
within test results. Concrete prisms with dimensions of 120 x 120 x 360 mm3 (HxW xL) were
cast from a single batch, demolded 24 hours after casting and subsequently stored in a climate
chamber at 20o C and 90% RH.
When the full cure of cast prisms was ensured via cubic compressive tests, a notch of
5 mm thickness and 30 mm depth was introduced on the top casting surface by a rotary cutter at 191 days of age. In contrast to the dimensions suggested by RILEM [22], a large ligament area of 75% was kept to minimize scatter within test results. The RILEM specifications serve for ensuring applicability on a variety of testing machines, of varying stiffness
and stroke-displacement control. The requirement of large span-to-depth ratio disappears under closed-loop crack mouth opening displacement (CMOD) control [23], as employed for the
tests reported in this study. For this purpose,
the load spplied by the testing machine (Walter+Bai) was controlled via a clip gauge (HBM)
attached to two steel wedges on the notched side
of the beam. A crack opening rate of 0.005
mm/s was applied in a three point bending test

as the finite element method (FEM), may be
considered as a more generalized alternative,
yet no well-defined framework has been established for this purpose. The sensitivity to experimental uncertainties and potential existence
of local minima within the search space of the
optimization problem can also manifest themselves as disruptive effects on the accuracy of
such approaches. Some examples of σ−w estimation schemes within the literature include
an analytical formulation based on the cracked
hinge model [5], approximating the tractionseparation law by a piece-wise linear function
[6, 7], J-integrals [8], and FEM [9, 10].
Although uniaxial tensile tests can directly
deliver the σ-w relationship, extensive experimental considerations are required, which is
non-practical in case of absence of specialized
testing equipment [11]. Various other tests, necessitating less specialized testing equipment,
can be utilized to obtain an indirect estimate
of mode-I cohesive fracture parameters. The
most commonly used methods are reported to
be the three point bending test (TPBT) [12] and
the wedge split test (WST) [13]. The load application can be controlled either via strokedisplacements or, as a more stable alternative,
crack mouth opening displacements (CMOD).
Measured force and crack mouth opening displacements can then be employed to identify the
necessary parameters.
This study proposes a generalized
configuration-independent framework to obtain fracture parameters of plain concrete via
the use of the eXtended Finite Element Method
(XFEM)[14, 15] coupled with the co-variance
matrix adaptation evolution strategy (CMA-ES)
[16, 17]. The proposed scheme is validated
with three point bending test (TPBT) results of
single edge notched beam (SENB) specimens.
Since the only inputs required by the framework pertain to specimen geometry, loading
and boundary conditions, a wide variety of tests
can be utilized for fracture parameter estimation
without the need to rely on very specific testing
protocols/equipment, as well as on case-specific
analytical formulations.
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3.1.1

setup comprising a 320 mm span length. In addition to the CMOD sensor, full-field displacements were measured via a 2D-DIC system, utilizing a conventional DSLR camera. The vertical displacements of the beam were deduced
by means of 2D Digital Image Correlation (2DDIC), in conformance with RILEM recommendations. The test configuration is presented in
Figure 1.
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Figure 2: Cracked body, boundary conditions and cohesive forces.
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The forward problem consists of a cracked
body, as depicted in Figure 3.1.1, occupying a
domain Ω, whose boundary Γ is composed of
the parts Γu , where displacements ū are prescribed, Γt , where surface tractions t̄ are applied, and Γ0 where free surface conditions apply. At part of the crack surface (Γc ) cohesive
forces tc are applied in the direction normal to
the crack surface, defined by vector n.
Find u ∈ U such that ∀v ∈ V 0
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Figure 1: a)Side and b) cross-sectional view of specimens
at mid-span and c) test setup. All dimensions are in mm.
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3.1

where σ and  are the stress and strain tensors,
wu = u+ − u− is the displacement jump along
the crack surface and wv = v + − v − . The
spaces involved are defined as:

INVERSE PROBLEM
Solution of the forward problem using
XFEM

n
o
3
U = u|u ∈ H 1 (Ω) , u = ū on Γu (2)

The XFEM is employed for the solution of
the forward problem due to its ability to represent cracks independently of the underlying finite element (FE) mesh, thus removing the need
for remeshing. This feature has already been
exploited in the solution of inverse problems,
more specifically in crack detection problems in
two [24, 25] and three dimensions [26, 27].

and
n
o
3
V 0 = v|v ∈ H 1 (Ω) , v = 0 on Γu (3)
Functions of H 1 (Ω) are implicitly discontinuous along the crack surface.
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3.1.3

The bulk of the body is assumed to be linear elastic, thus the engineering strain definition
and Hooke’s law are used as kinematic and constitutive relations respectively. Cohesive tractions are assumed to be normal to the crack surface:
tc (w) = nt (w)

Discretization

The weak form is discretized using the
XFEM [14, 15] with shifted enrichment functions [29], leading to the following approximation for the displacements:
u (x) =

(4)

X

NI (x) uI

(5)

I∈N

where w is the crack opening displacement in
the direction normal to the crack surface. The
magnitude of the cohesive tractions is given by
a bilinear law as illustrated in Figure 3.1.1.

+

X

NJ (x) (H (x) − H (xJ )) bJ

J∈N j

+

X

NT (x) (F (x) − F (xT )) cT

T ∈N t

where NI (x) are the FE interpolation functions, xI are the coordinates of node I, uI are
FE degrees of freedom (dofs), bJ and cT are
enriched degrees of freedom.
The enrichment functions used rely on the
modified Heaviside function, allowing to represent displacement jumps along the crack faces:

1,
φ≥0
H(x) =
(6)
−1,
φ<0
and a linear branch function, as in the work of
Moës and Belytschko [30], allowing to represent the displacement field in the vicinity of the
crack tip:

Figure 3: Bilinear traction separation law.

3.1.2

θ
(7)
2
Coordinates r and θ refer to a polar system
with its origin at the crack tip and are defined
as:

Crack representation

F (r, θ) = r sin

The crack is implicitly represented by level
set functions defined as:
φ the signed distance from the crack surface.

 
φ
θ = arctan
(8)
ψ
The nodal sets involved in the approximation
are defined as:
p
r = φ2 + ψ 2 ,

ψ the signed distance from a surface, normal to the crack surface, that intersects
the crack surface at the crack tip.

N is the set of all nodes in the FE mesh.
Subsequently, the vector normal to the crack
surface can be obtained as the gradient of the
first level set function.
For crack propagation, while several update
methods are available, in the present work we
employ the φψrθ method from the work of Duflot [28].

N j is the set of jump enriched nodes. This
nodal set includes all nodes whose support
is split in two by the crack.
N t is the set of tip enriched nodes. This nodal
set includes all nodes whose support includes the crack tip.
4
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3.1.4

a1 , a2 , b2 (see Figure 3.1.1) as well as the elastic modulus E are used as design variables. The
fracture energy Gf , although not directly identified through the above procedure, can be obtained as the area underneath the traction separation law, as in Figure 3.1.1.

Solution of the non-linear equilibrium equations

The weak form of Equation (1) results in
a nonlinear system of equations, which is linearized and solved using the Newton-Raphson
method as in Zi and Belytschko [29] and Zamani et al. [31]. Since the load factor λ is also
treated as an unknown, an additional equation
is provided by setting the normal stress to the
crack surface at the crack tip equal to the tensile
stress of the material [29]:

where fct is the tensile strength of the material.

3.3 Reference material parameters
In order to validate the proposed XFEMbased framework, two approaches were chosen
as a basis for comparison. An inverse analysis scheme based on the analytical cracked
hinge model [32] and the fib Model Code 2010
[33], both established techniques, are employed
herein.

3.1.5

3.3.1

n · σ · n = fct

(9)

Crack propagation

Analytical Modelling

The inverse analysis procedure utilizing an
analytical model is based on the work of
Østergaard et al. [32], coupling the cracked
hinge model [34, 35] with the population
based stochastic optimization technique Particle
Swarm Optimization (PSO) [36], in order to determine parameters that reproduce experimental curves with sufficient accuracy. The cracked
hinge model provides an analytical solution for
the entire F-CMOD curve, assuming that the
material is quasi-brittle and can be described by
the fictitious crack model [37]. For any given
value of angular deformation of the hinge, the
externally applied load as well as CMOD can
be calculated. These values are formulated as
a function of the aforementioned five parameters, analogously defined for the XFEM-based
approach. Similarly, the cost function that is
to be minimized to obtain the parameters that
reproduce experimental findings is formed as
previously mentioned in Section 3.2. Through
some modifications within the formulation, the
cracked hinge model can also be employed for
wedge split tests.

For propagating cracks, the procedure described above is repeated for each propagation
step. Although in the experiments simulated
within the present work the direction of propagation is known due to symmetry, in more complicated cases this can be determined through
the stress intensity factors and an appropriate
criterion as discussed in Moës and Belytschko
[30].
3.2

Solution of the inverse problem using
CMA-ES
Using the method described in the previous
subsection, the experimental setup can be modelled and load-CMOD curves can be obtained
for arbitrary combinations of material parameters. Then, the inverse problem can be posed
as an optimization problem, where the material parameters assume the role of design variables and some norm of the difference between
the computed and measured load deflection
curves assumes the role of the objective function. Herein, the objective function is defined
as the mean-squared difference between the experimental and numerical load-CMOD curves.
The optimization problem is solved using the
(CMA-ES) algorithm [16, 17], an widely used
evolutionary algorithm, suitable for non-convex
global optimization problems. Parameters ft ,

3.3.2

fib Model Code 2010

The fib Model Code 2010 [33] is used herein
to obtain approximate expected values to assess
5
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4.1 3 point bending test
In order to simulate the experiments described in Section 2, the geometry of the specimen of Figure 1 is discretized using an unstructured mesh consisting of 1,382 bi-linear quadrilateral elements and 1,462 nodes, as illustrated
in Figure 4.1. The mesh is refined towards the
center and the top of the beam. The refinement
towards the center is introduced to increase the
resolution around the crack, while refinement
towards the top aims at more accurately capturing the end of the descending branch of the
load deflection curve which corresponds to a
crack tip location within that area. Regarding
the crack propagation increment, different values are used throughout the simulation to reduce the computational cost and to allow for a
more uniform distribution of points along the
load deflection curve. More specifically, for the
first 10 steps an increment of 3 mm is used, for
the subsequent 8 steps an increment of 1 mm
is used, and finally for the last 7 steps the increment is set to 0.25 mm. It should be noted
that the since in this problem the crack path is
straight, subsequent crack propagation steps are
not affected by previous ones, thus this selection of increments does not affect the overall
behavior of the solution. The deformed configuration depicted in Figure 4.1 (b) corresponds
to the tenth crack propagation step.

the plausibility of identified parameters. Timedependent elastic modulus is calculated as provided in Equation 10.
Eci (t) = βE (t) · Eci ,

(10)

with
( "
βE (t) =

exp s 1 −



28
t

1/2 #)!0.5
(11)
,

where the coefficient s is taken as 0.25 based
on the strength class of cement, t denotes concrete age in days and the tangent modulus of
elasticity Eci at 28 days is given by Equation
12.
1/3

fcm
,
(12)
Eci = αE · Eco
10
where αE = 1.0, Eco = 2.15 · 104 MPa and
fcm represents the mean compressive strength.
The mean tensile strength fct is determined
by
fctm = 0.3 · (fck )2/3 .

(13)

Similarly, the fracture energy from compressive tests are determined as
0.18
GF = 73 · fcm
,

(14)

which is valid for normal strength concrete.
4

RESULTS AND DISCUSSION
Parameters identified via the numerical and
analytical inverse methods as well as the fib
guidelines are herein cross-compared. Experimental load-CMOD curves of reference specimens (i.e. no ageing exposure) and specimens that underwent concrete carbonation are
also compared against curves obtained through
XFEM and the cracked hinge model. The comparison is achieved solely based on observed
quantities and as previously mentioned, no discussion is included pertaining to the effects of
concrete carbonation on the fracture behaviour.

(a)

(b)
Figure 4: Mesh used for the three point bending test in
(a) undeformed configuration and (b) deformed configuration after 10 crack propagation steps.
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For the optimization problem, the default parameters of the CMA-ES algorithm [16, 17] are
used, which result in a population size equal to
8. In order to restrict the search space, the lower
and upper bounds of Table 4.1 are imposed for
the material parameters. Variables are scaled so
to assume values in the [0, 1] interval and an initial standard deviation σ = 3 is used. The algorithm is terminated once the standard deviation
for each variable is less than 1% of the initial
value.

alized use. Similarly, the cracked hinge model,
albeit being a rigorous and accurate methodology, would deem itself as an inflexible approach
in case a different test-setup was to be employed. For instance, application to the wedge
split test (WST) would be possible via modifications in the formulation, yet a complete testindependent behaviour can only be achieved
within a numerical framework.

Table 1: Lower and upper bounds for the identified material parameters.

Parameter
E (MPa)
fct (MPa)
a1 (mm −1 )
a2 (mm −1 )
b2

Lower bound
20,000
2.000
10.000
0.100
0.001

Upper bound
65,000
5.500
70.000
5.000
1.000

In Figure 5, experimental F-CMOD curves
of reference beams are plotted against analytical and numerical results. A good match is
achieved, reproducing the initial elastic regime,
peak loads as well as the descending branch
accurately. A similar observation can also be
made for the carbonated concrete specimen results presented in Figure 6.
The average values obtained through all
three presented methodologies, namely the inverse schemes via XFEM, the cracked hinge
model and the values obtained through the fib
formulae provided in Equations 10-14 are given
in Table 4.1. Moreover, a graphical comparison of the bilinear traction-separation curve
obtained both via the analytical and numerical model is presented in Figure 7. It is possible to infer based on these results that the
XFEM-based inverse analysis approach complies with both reference techniques. It should
be noted that values obtained through the fib
Model Code may result in inaccurate predictions if the tested concrete cubes do not fall
within the defined specifications dictated by the
guideline, hence, potentially limiting its gener7
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Figure 5: Load-CMOD curve for the three tested reference specimens.

Figure 6: Load-CMOD curve for the three tested specimens after concrete carbonation.
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Table 2: Comparison of identified parameters using the
analytical and numerical model.

Num.
44,705
2.706
16.974
2.059
0.309
133.569

Ref.
39,165
4.011
148.988

100
10−1

10
0
20
0
30
0
40
0
50
0
60
0
70
0
80
0
90
0

Anal.
34,978
3.222
21.059
1.549
0.321
151.185

F

Parameter
E (MPa)
fct (MPa)
a1 (mm −1 )
a2 (mm −1 )
b2
Gf (N/m)

Evaluations

Figure 8: Performance of the CMA-ES algorithm.

5

4

A framework to identify fracture parameters of concrete was presented based on the use
of XFEM as a forward simulator (computation
model) and an evolutionary algorithm for solution of the inverse problem, namely the CMAES algorithm. An accurate representation of experimental F-CMOD curves was achieved, effectuated via the parameters identified by the
proposed framework. Moreover, the identified
parameters were compared against two further
reference techniques, namely an inverse analysis scheme based on the analytical cracked
hinge model and the fib Model Code 2010.
Similar values were observed for each selected
approach, yet again validating the identified parameters. The potential of the proposed numerical approach against reference techniques
is emphasized to be its test-independent nature, i.e., the ability to obtain fracture parameters through any experimental results that would
normally either not be eligible or would require substantial modification in current classical techniques.
The main direction of future work would be
towards extending the current work to problems where analytical models are not available,
and thus the proposed framework could prove
advantageous. Some possibilities for such extensions would include complex geometries,
mixed mode crack propagation and more complicated crack paths.

Analytical model
Numerical model

σn (MPa)

3

2

1

0

0

0.05

0.10 0.15
w (mm)

0.20

CONCLUSIONS

0.25

Figure 7: Identified traction separation law using the analytical and numerical model for the reference case.

In Figure 8 the performance of the optimization algorithm is illustrated in terms of evaluations of the forward problem against the value
of the RMS difference between the experimental and numerical load-CMOD curves, denoted
as F. The process requires several hundred
evaluations, however computational time can be
kept relatively low by exploiting the computational efficiency provided by XFEM as well as
the possibility to perform several evaluations in
parallel.
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