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Abstract: This study investigates the mechanical behaviour of steel-fibre and steel-bar (hybrid) 
reinforced concrete (HRC) beams including flexural cracking, shear, and flexural crushing failure 
modes in the framework of Fracture Mechanics by means of the Updated Bridged Crack Model 
(UBCM). The experiments are carried out via four-point bending tests on 300 beams (3 identical 
specimens per 100 different cases) with: (1) longitudinal steel-bar percentages of 0.00, 0.06, 0.13, 
0.28, and 0.50%; (2) fibre volume fractions of 0.00, 0.10, 0.20, 0.40, and 0.80%; (3) beam depths of 
20, 40, 80, and 160 cm; (4) slenderness ratio constant and equal to 6. The UBCM is applied to assess 
crack propagation and failure mechanisms in hybrid-reinforced concrete beams. The reinforcement 
brittleness numbers (NP and NP,f) and the pull-out brittleness number (Nw) are thoroughly studied, and 
the numerical results prove that a softening post-cracking response of the hybrid-reinforced concrete 
element emerges, and its mechanical performance results to be scale-dependent. The numerical 
analyses prove the strong interaction between the two design parameters: steel-bar percentage and 
fibre volume fraction. 

1 INTRODUCTION 
Concrete is the most widely used and 

extensively applied construction material 
globally, characterized by its complexity, 
multi-layered structure, multiphase nature, and 
multiple constituent components. However, its 
inherent brittleness and low tensile strength 
significantly impact its practicality and 
limitations in real-world applications. The 
brittleness of concrete severely restricts its 
ductility, which is a critical measure of a 
material ability to absorb energy and undergo 
plastic deformation without failure [1,2]. In this 
research, scholars continuously explore novel 
fibre-reinforced concretes to enhance crack 
resistance and concrete strength. The 
incorporation of fibres can transform the failure 
mode of concrete from sudden brittle failure to 
ductile failure with precursors. Steel fibre-
reinforced concrete, as a multiphase composite 
material, not only retains the excellent 

properties of ordinary concrete but also 
significantly improves its tensile strength, crack 
resistance, and toughness. When subjected to 
loads, micro-cracks develop within the concrete 
matrix. Steel fibres, possessing high elastic 
modulus and excellent interfacial bonding 
capabilities, can effectively transfer loads, 
thereby enhancing the overall performance of 
the concrete [3]. When the crack tip 
propagation path encounters steel fibres, it is 
compelled to alter its extension trajectory or 
evolve into finer cracks. As the cracks 
propagate, the extraction of steel fibres 
consumes a substantial amount of energy, 
thereby enhancing the material's toughness. 
The failure mode of HRC beams, as depicted in 
Figure 1, demonstrates that the incorporation of 
fibres in HRC beams reduces the quantity and 
width of shear cracks. Fibres contribute to the 
improvement of concrete ductility and delay 
fracture development. 

To date, numerous models have been 
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proposed. The earliest model was introduced by 
Malvar, who developed the renowned 
Karagozian & Case (K&C) concrete model 
based on the finite element code DYNA3D [4]. 
Thai et al. calibrated this model, and the 
calibrated model can be used to describe the 
complex static and dynamic behaviours of 
fibre-reinforced concrete (FRC) structures 
under both static and high-speed loading 
conditions [5]. Additionally, the earliest 
fracture mechanics models were introduced to 
predict the tension softening experienced by 
materials such as concrete prior to crack 
propagation [6-8]. 

This paper employs the UBCM (Updated 
Bridged Crack Model) put forward by 
Carpinteri [9] to predict the flexural behaviour 
of HRC (Hybrid Reinforced Concrete) beams. 
A finite element algorithm is used to predict the 
size effect in the structural response of FRC 
(Fiber-Reinforced Concrete). This model 
allows for capturing the influence of each 
individual component of the composite material 
in the post-cracking state, assuming that the 
composite material is a multiphase material. 
Dimensionless numbers are used to describe the 
impact of different phases on the flexural 
response. 

 
Figure 1: Crack development in fiber reinforced 
concrete (left) and in plain concrete (right). 

2 UBCM 
UBCM treats steel fiber-reinforced concrete 

(SFRC) components as homogeneous, linear-
elastic, and fully brittle materials. The matrix 
adheres to Hooke's Law under external loading, 
exhibiting no significant plastic deformation 
and undergoing sudden fracture upon reaching 

the failure strength. Nonlinear contributions, 
such as those from fibres, are neglected during 
both tensile and compressive loading. The 
UBCM assumes that tensile cracking precedes 
other failure mechanisms, such as compressive 
crushing and shear failure, with a focus on the 
crack propagation phenomena at critical 
sections. The composite material, formed by the 
combination of steel fibres and concrete, is 
assumed by the UBCM to be a multiphase 
material, wherein the cementitious matrix and 
the reinforcement layer represent the primary 
and secondary phases, respectively, both 
contributing to the overall toughness of the 
structural element. 

In the simulated four-point bending test, the 
loading methodology is depicted in Figure 2. 
Reinforcing layers act to bridge the cracks 
during the progression of crack propagation, 
with the toughening efficacy quantified by the 
distribution of the bridging force, described by 
Equation 1. The global stress intensity factor is 
determined in accordance with Equation 2 
[10,11]. Crack extension commences when the 
stress intensity factor KI attains the matrix 
fracture toughness KIC. The local rotation of the 
beam due to crack opening and the overall 
deflection can be calculated using Equation 3, 
which incorporates the nonlinear cracking at the 
critical interface as well as the nonlinear 
cracking in the remaining elastic regions. 

 
𝐹! = 𝐹(𝑤!)                              (1) 

𝐾" = 𝐾! −∑ 𝐾"!#
!$%                          (2) 

   !∆𝜑𝛿 % = '𝜆!! 𝜆!"
𝜆"! 𝜆""

) !𝑀𝐹 %                    (3) 

 
Equation 1 affords a suite of m equations 

that establish the relationship between the stress 
exerted on the i-th active reinforcement layer. 
Within Equation 2, Ki signifies the contribution 
from the applied bending moment, whereas KIi 
indicates the contribution of the i-th reinforcing 
phase. In Equation 3, ∆𝜑 and  𝛿represents the 
crack opening vector, 𝜆#  denotes the local 
flexibility vector resulting from the bending 
moment, and 𝜆$  signifies the local flexibility 
matrix arising from the bridging force. 

The influences of the dimensionless 
numbers 𝑁% , 𝑁%,' , 𝑁( are considered, where 
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𝑁%is the bar-reinforcement brittleness number, 
dependent on the reinforcement ratio; 𝑁%,'  is 
the fibre-reinforcement brittleness number, 
dependent on the fibre volume fraction; 𝑁( is 
the pull-out brittleness number, dependent on 
the fiber volume fraction; [10,11]: 

 
𝑁% = 𝜌 )!

*"#
ℎ+/-                    (4) 

𝑁%,' = 𝑉.
)$/
*"#

ℎ+/-                    (5) 

𝑁( =
01%

*"#2&/(
                      (6) 

 
where	 𝑉.  represents the fiber volume 

fraction,	 𝜎32  denotes the generalized bond 
strength of the fibers, h is the height of the beam, 
E is the Young's modulus, 𝑤4 is the equivalent 
embedment length of the fibers, ρ signifies the 
reinforcement ratio, and 𝜎5 is the yield stress of 
the steel reinforcement. 

 

3 TESTING SETUP 
A four-point bending test was simulated, 

with the loading configuration as illustrated in 
Figure 2. The bending response was 
characterized by the dimensionless fracture 
moment and the locally normalized rotation 
[12]： 

 
𝑀"4 = !)

**+62,/(
                    (7) 

𝜑5 = 𝜑 02&/(

**+
                    (8) 

 
In Equation 7, 𝑀"   represents the fracture 

moment,  KIC  denotes the fracture toughness of 
the concrete, b  is the thickness of the specimen, 
and  h  is the height of the component. In 
Equation 8, φ  signifies the local rotation of the 
cross-section, and  E  is the Young's modulus. 

 

 
Figure 2: Elastic hinge due to the fracturing process. 
 
The dimensions used in the simulation are as 

shown in Table1. The slenderness ratio of the 
components is 6, employing notched beams 
with a precast crack depth of h/10. The 
reinforcement ratios of the steel bars are 0.0%, 
0.06%, 0.28%, and 0.50%. The fiber type 
utilized is hooked-end steel fiber, with fiber 
volume fractions of 0.0%, 0.1%, 0.2%, 0.4%, 
and 0.8%.The technical drawings of the beam 
and the loading configuration are illustrated in 
Figure 3. 
 

Table 1: HRC beam geometry 

 span depth width Notch 
depth 

Concrete 
strength 

HRC200 1200 200 200 20 C30 
HRC400 2400 400 200 40 C30 
HRC800 4800 800 200 80 C30 
HRC1600 9600 1600 400 160 C30 

 

Figure 3: Reinforcement scheme. 
 

4 NUMERICAL RESULTS 
In Figures 4(a)-(e), the load-deflection 

diagrams are represented for Nw = 580, a 
different NP value for each diagram, and 
parametrically varying NP,f values. In Figure 
4(a), NP is equal to 0.00 (no steel-bars) and only 
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the first curve NP,f = 0.67 presents the same 
level for the two peak loads (first fracturing and 
ultimate load), i.e, the minimum reinforcement 
condition. Then, in the remaining diagrams, the 
peak load related to first cracking is higher than 
the ultimate load, leading to a brittle behaviour. 

In Figure 4(b), NP is equal to 0.15 and the 
two curves NP,f = 0.67 and 0.34 represent a 
ductile behaviour, whereas from NP,f = 0.17 to 
0.00 they represent hyperstrength cases. 

In Figure 4(c), NP is equal to 0.27 and the 
three curves NP,f = 0.67, 0.34, and 0.17 represent 
a ductile behaviour, whereas NP,f = 0.08 and 
0.00 represent hyperstrength cases. 

In Figure 4(d), NP is equal to 0.60 and all the 
curves represent a ductile behaviour (ultimate 
load always higher than first fracturing load). 

In Figure 4(e), NP is equal to 1.07 and all the 
curves represent a ductile behaviour. In 
addition, it is worth noting that the asymptotic 
value is closer to the ultimate load than in the 
previous cases, further increasing the ductility 
of the system. 

 

 
(a)  

 
(b)  

           
(c)  

 
(d)  

 
(e)  

Figure 4: HRC200 load vs deflection. 
 

In order to evaluate the minimum 
reinforcement conditions for HRC beams, each 
point of the diagram in Figure 5 corresponds to 
a combination of the two reinforcement 
brittleness numbers, NP and NP,f, required to 
obtain a stable post-peak response. 
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Figure 5: Minimum reinforcement conditions. 
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