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Abstract: The significant influence of boundary and loading conditions on the shear response of 
slender reinforced concrete beams without shear reinforcement has been substantiated by recent 
research. It would be of interest to examine whether this influence is also present in the case of beams 
with low shear reinforcement less than the minimum shear reinforcement ratio. This study presents a 
numerical investigation of the shear behavior of slender reinforced concrete beams with low shear 
reinforcement under various boundary and loading conditions. An experimental study from the 
literature is considered, comprising three beam series types: four simply supported beams subjected 
to a point load, three simply supported beams subjected to a distributed load, and four cantilevers 
subjected to a distributed load. The GID and ATENA software are utilized for 3D modeling and 
nonlinear finite element analysis. A novel approach to modelling distributed loads is proposed. By 
evaluating load-displacement curves, nominal shear stresses and shear transfer actions along the shear 
cracks, the influence of loading and support conditions on the shear behavior of slender reinforced 
concrete beams with low amounts of shear reinforcement is investigated. Due to boundary and 
loading conditions, normalized nominal shear stress increases up to 124%. The benefit of numerical 
modeling is leveraged to perform a sensitivity analysis of varying shear reinforcement locations on 
the shear resistance of specimens. 
 
 

1 INTRODUCTION 
Over the past decades, the shear failure of 

reinforced concrete (RC) beams without shear 
reinforcement has been the subject of extensive 
investigation in the literature [1], with the 
majority of test data pertaining to simply 
supported beams subjected to one or two-point 
loading. However, the presentation of the shear 
force diagram of such beams in practice is 
infrequent. On the other hand, the literature on 
simply supported beams and cantilevers 
subjected to a distributed load is limited [2-3]. 

To differentiate the shear behavior of RC 
members corresponding to various support and 
loading conditions, resulting in the different 
moment/shear force (M/V) combinations 

encountered in practice, it is possible to classify 
RC members into one of three shear span types:  
-Type 1 (T1)- Shear span with constant shear 
force: simply supported beams or cantilevers 
subjected to point loading. 
-Type 2 (T2): Shear span with inverse 
variations of shear force and bending moment: 
simply supported beams subjected to 
distributed loading or the span between zero 
moment points in continuous systems. 
-Type 3 (T3): Shear span with coincident 
change of shear force and bending moment: 
cantilevers subjected to distributed loading.  

The influence of support and loading 
conditions on the shear resistance of RC beams 
without shear reinforcement has been 
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previously established in recent studies. 
Caldentey et al. [3] demonstrated that the load 
capacity of a cantilever subjected to a 
distributed load (T3) is higher than that of a 
cantilever subjected to a point load (T1). Tung 
and Tue [2] observed that the shear resistance 
of types 2 and 3 specimens is higher compared 
to type 1 with similar cross-sectional 
parameters. These findings contrast with [4-5], 
where the negative effect of axial strain on the 
shear resistance is considered.  

On the other hand, the design codes [6-7] 
stipulate the necessity for a minimum amount 
of shear reinforcement to prevent brittle failure 
of RC members without shear reinforcement. 
Recent experimental studies [8-10] have 
examined the effect of low amounts of shear 
reinforcement less than the minimum (ρw< 
ρw,min), where ρw is the shear reinforcement 
ratio and ρw,min is the minimum shear 
reinforcement ratio, on the shear capacity of RC 
beams. The findings revealed that a low amount 
of shear reinforcement has no significant effect 
on the shear resistance of type 1 beams. 
However, the contribution to the shear 
resistance of type 3 beams is notable. This 
suggests that the support and loading conditions 
exert an influence on the shear resistance of RC 
beams. Nevertheless, such studies are scarce, 
and further investigations are essential to 
capture a more comprehensive understanding 
of this topic. In the absence of sufficient 
experimental research and reliable analytical 
models, numerical analysis can serve as a 
valuable tool to enhance our understanding of 
this phenomenon. 

Nonlinear finite element analysis (NLFEA) 
has been employed extensively for decades to 
investigate the shear behavior of concrete 
members. Several aspects of the shear behavior 
of RC members with various cross-section 
types have been investigated using NLFEA to 
date [11-15].  The shear crack growth is 
examined by FEA in [16-17], which is a crucial 
aspect of shear behavior. However, like the 
tests, most numerical investigations conducted 
in the literature pertain to type 1 beams, and 
numerical studies on type 2 and 3 beams are 
rare, where the modeling of distributed loading 
is essential. This presents a significant 

challenge in numerical modeling when the 
displacement control method (DCM) is 
employed. To address this challenge a laborious 
approach was proposed in [18]. Gedik et al. [19] 
employed 2D NLFEA to examine the shear 
resistance of RC beams without shear 
reinforcement across three distinct shear span 
types. Nevertheless, the effect of a low shear 
reinforcement ratio (ρw< ρw,min) on the shear 
behavior of reinforced concrete beams under 
diverse loading and support conditions has not 
yet been the subject of numerical investigation.  

This study investigates the shear behavior of 
slender RC beams with low shear reinforcement 
(ρw< ρw,min) due to various support and loading 
conditions using 3D NLFEA. From the 
experimental evidence presented by Tue et al. 
[20], four simply supported beams subjected to 
a two-point load (T1), three simply supported 
beams subjected to a uniformly distributed load 
(T2), and four cantilevers subjected to a 
uniformly distributed load (T3) were 
considered. A novel approach to modeling 
distributed loads in 3D, coupled with a DCM, is 
proposed. The load-displacement curves and 
nominal shear stress of beams are evaluated,  
and the shear transfer mechanism along the 
shear crack for beams with low shear 
reinforcement is assessed. The effect of support 
and loading conditions on the shear resistance 
of beams with low shear reinforcement is 
elucidated. Furthermore, the influence of shear 
reinforcement locations on the shear resistance 
of such beams is investigated through a 
sensitivity analysis leveraging the advantage of 
numerical modeling. 

2 TEST PROGRAM 
Eleven RC beams with rectangular cross-

sections tested by Tue et al. [20] are considered, 
and numerically investigated. 

Table 1. Classification of beams 

Type Series Static system Loding type 

T1 S11~S14 Single span 
beam 

Concentrated 
load 

T2 S21~24 Single span 
beam 

Distributed load 

T3 S28~S29 Cantilever Distributed load 
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The specimens are classified into three shear 
span types, as described in Table 1, comprising 
four simply supported beams subjected to a 
two-point load (T1), three simply supported 
beams subjected to a uniformly distributed load 
(T2), and four cantilevers subjected to a 
uniformly distributed load (T3). 

2.1 Description of specimens 
Figure 1 and Table 2 illustrate the geometric 

configuration and mechanical properties of 
specimens. A total of 18 shear tests were 
conducted by testing both shear span sides of 
simply supported beams separately. Two shear 
span side of those specimens are represented as 
“a” and “b” as indicated in Figure 1. The 
nomenclature used for the specimens is shown 
in Figure 1. To illustrate, specimens 
S14T1R0.7-a and S14T1R1.4-b represent two 
shear spans (a and b) of specimen S14, which 
belong to shear span type 1 (T1) and possess 
lower (ρw /ρw,min = 0.7) and higher (ρw /ρw,min = 
1.4) shear reinforcement ratios, respectively. 
All specimens are classified as slender beams 
with a height of 450 mm. The ρw /ρw,min ratio 
ranges from 0 to 1.43 for T1, 0.63 to 1.61 for 
T2, and 0.62 to 0.82  for T3 specimens. The 
load was applied using the hydraulic jack with 
the deformation control method. The uniformly 
distributed load was created through a fire hose 
filled with water as described in [2,21]. 

2.2 Test Results 
The maximum machine load (Pmax) and the 

shear force at d from the support (Vexp,d), 
including loading equipment and self-weight, 
are presented in Table 2. Except for specimen 
S14T1R1.4-b, which exhibited bending failure, 
all specimens failed in shear. No test results of 
specimens S13T1R1.4-b, S22T2R1.0-a and 
S24T2R1.1-a are available. 

The shear resistance (Vexp,d) ranges from 
65.16 kN to 92.12 kN in specimens of type 1, 
from 205.96 kN to 250.67 kN in specimens of 
type 2, and from 177.00 to 219.28 kN in 
specimens of type 3. A low amount of shear 
reinforcement (ρw< ρw,min) has no notable 
influence on the shear resistance of type 1 
specimens, whereas this contribution is 

significant for type 2 and 3 specimens. That 
implies a remarkable impact of loading and 
support conditions on the shear resistance of 
RC beams with similar cross-sections. Further 
descriptions of tested specimens and results can 
be found in [20]. 

3 FE MODELING AND NUMERICAL 
ANALYSIS 

The GID v.15 software [22] is used for 3D 
numerical modeling, while the nonlinear finite 
element analyses are conducted through 
ATENA Studio V.5.9 software [23]. Half 3D 
models are established for specimens in types 1 
(S11 to S14) and 2 (S21 to S24) to simulate 
each side of simply supported beams (Figure 2). 
To reduce the computational burden, the elastic 
material is employed for the parts between the 
intermediate and top support of the cantilevers 
in type 3 (S28 and S29). Hexahedral elements 
are utilized for concrete, while 1D truss 
elements for reinforcement are employed. The 
mesh size is 30 mm. The nonlinear analysis is 
conducted using the Newton-Raphson method 
along with the DCM. 

The application of the DCM in the modeling 
of distributed loads represents a significant 
challenge in structural modeling and numerical 
analysis. Figure 3 demonstrates a direct yet 
burdensome modeling approach for the 
simulation of distributed loading utilizing a 
multi-layer framework that comprises a series 
of rigid beams. This approach is employed in 
[18]. However, due to the discontinuity of the 
loading plates and disparate deformation 
behavior of rigid beams and concrete, it would 
be difficult to achieve a uniform stress 
distribution along the loading surface of the 
beam. This study employs a novel and effective 
method to address these issues. To simulate a 
distributed load, a continuous load distribution 
layer is modeled between the concrete beam 
and the top steel plate, on which the prescribed 
displacement is applied, as shown in Figure 4.a. 

This layer reflects the physical properties of 
the fire hose filled with water. Its mechanical 
properties and boundary conditions are 
calibrated to achieve a uniform stress 
distribution along the beam. 
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Table 2. Specimen description and summary of results [20]  

Specimen Type 
fcm b d ρs ρw ρw / 

ρw,min 
PFEA,max Pexp,max Vexp,d 

MPa mm mm % ‰ kN kN kN 
S11T1R0.0-a T1 34.4 170 406 0.90 0.00 0.00 69.71 68.69 71.74 
S12T1R0.0-a T1 34.3 170 406 0.90 0.00 0.00 69.71 62.11 65.16 
S13T1R0.7-a T1 34.1 170 406 0.90 0.57 0.71 78.10 78.74 81.79 
S14T1R0.7-a T1 33.9 170 406 0.90 0.57 0.72 78.10 69.88 72.93 
S11T1R1.1-b T1 34.4 170 406 0.90 0.85 1.07 83.80 73.83 76.88 
S12T1R1.1-b T1 34.3 170 406 0.90 0.85 1.07 83.80 89.07 92.12 
S13T1R1.4-b* T1 34.1 170 406 0.90 1.14 1.43 99.10 – – 
S14T1R1.4-b† T1 33.9 170 406 0.90 1.14 1.43 99.10 105.03 – 
S21T2R0.6-a T2 38.2 190 408 1.90 0.59 0.63 226.90 241.38 205.96 
S21T2R0.8-b T2 38.2 190 408 1.90 0.76 0.81 198.00 274.28 233.38 
S22T2R1.0-a* T2 42.0 190 405 2.48 1.02 1.03 222.50 – – 
S24T2R1.1-a* T2 37.5 190 405 2.48 1.02 1.10 189.80 – – 
S22T2R1.5-b T2 42.0 190 403 2.49 1.49 1.51 265.80 294.29 250.67 
S24T2R1.6-b T2 37.5 190 403 2.49 1.49 1.61 223.15 252.46 227.81 
S28T3R0.6-1 T3 39.6 190 408 1.90 0.59 0.62 206.80 195.38 177.00 
S28T3R0.6-2 T3 37.0 190 408 1.90 0.59 0.64 206.80 219.32 197.88 
S29T3R0.8-1 T3 40.0 190 408 1.90 0.76 0.79 200.20 232.64 209.51 
S29T3R0.8-2 T3 37.2 190 408 1.90 0.76 0.82 200.20 243.84 219.28 
*No test results  -  † Bending failure 

 
Figure 1. Specimens Overview  [20]
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Figure 2: 3D Modeling of specimens 

 
Figure 3: Multi-layer loading beams with DCM 

To demonstrate the capability of the 
proposed method simulating uniformly 

distributed loading, vertical stress distribution 
(σyy) along the load distribution layer for the 
cantilever specimen S28T3R0.6 is shown in 
Figure 4.b. This figure depicts the stress 
distribution for five load levels, ranging from 
20% to 100% of the peak load Ppeak. During the 
loading process, the stress distribution along the 
load distribution layer is nearly uniform, albeit 
cracking initiates and propagates from the top 
of the cantilever, situated just beneath the 
distributed load. This serves to confirm the 
competence of the proposed method to simulate 
a distributed load applied through a fire hose 
filled with water in the test. 

3.1 Material modeling 
The fracture-plastic constitutive model 

"CC3DNonLinCementitious2" for concrete 
included in ATENA [23] is used. This model 

combines compressive (plastic) behavior and 
tensile behavior based on nonlinear fracture 
mechanics. The plasticity model for concrete 
crushing and the Rankine fracture model for 
cracking are engaged. For the fracture model, 
the "smeared crack" formulation and the crack 
band model are used. The equivalent uniaxial 
stress-strain relationship used for concrete is 
shown in Figure 5. The peak stress values in 
tension and compression are represented by ft

´ef  
and fc

´ef respectively, reflecting the biaxial stress 
state according to [24]. The shear strength of 
cracked concrete is defined considering 
aggregate interlock as given in the  MCFT [5]. 
The fracture energy is determined according to 
Hordijk [25]. The stress-strain relationship for 
the reinforcement is used based on EC 2 [6]. A 
further detailed description of the material 
modeling can be found elsewhere [23]. 

 

 
Figure 5: Uniaxial stress-strain relationship of concrete 

(reproduced from [23]) 

3.2 Numerical Results 
Figure 6, 7 and 8 compare load-displacement 

curves between the test and FE analyses for 
specimens belonging to types 1, 2, and 3, 
respectively. A single FE model is considered 
for identical specimens. For example, specimen 
S11-12T1R0.0-a represents both the 

Figure 4: Modeling distributed load, a) specimen S28T3R0.6, b) vertical stress (σyy) distribution 
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S11T1R0.0-a  and S12T1R0.0-a specimens 
tested. In all specimens, shear failure occurs 
prior to the yielding of the longitudinal 
reinforcement in FEA. Table 2 includes the 
maximum shear forces (PFEA,max) obtained from 
the FEA. Four additional specimens without 
shear reinforcement were also generated and 
analyzed, namely S21T2R0.0-a,  S22T2R0.0-a,  
S24T2R0.0-a, and S28T3R0.0, which were 
created to evaluate the contribution of shear 
reinforcement to the shear resistance of types 2 
and 3 specimens. The test results of these 
specimens are not available. 

Figure 6 illustrates the comparison of test 
and FEA results for type 1 specimens, 
demonstrating a good agreement between the 
test and the FEA. The increase in shear 
resistance due to low shear reinforcement in 
specimen S13-14T1R0.7-a is 12% compared to 
specimen S11-12T1R0.0-a without shear 
reinforcement. That is insignificant when the 
natural scatter of such beams is considered. The 
increases in shear resistance for specimens S11-
12T1R1.1-b and S13-14T1R1.4-b are 20% and 
42%, respectively, revealing that only an 
amount of shear reinforcement higher than the 
minimum makes a remarkable contribution to 
the shear resistance of beams in type 1.  

The comparison of test and FEA results for 
type 2 specimens is shown in Figure 7. 
Compared to specimen S21T2R0.0-a without 
shear reinforcement, an 18% increase in the 
shear resistance in specimen S21T2R0.6-a with 
low shear reinforcement is observed. This 
increase for specimens with near minimum 
reinforcement ratio (S22T2R1.0-a and 
S24T2R1.1-a) is 18% and 13%, whereas those 
are 41% and 33%, for the specimens with shear 
reinforcement ratios higher than the minimum 
(S22T2R1.5-b and S24T2R1.6-b), respectively. 

For cantilever specimens in type 3, the 
increase of shear resistance in specimens 
S28T3R0.6 and S29T3R0.8 due to a low 
amount of shear reinforcement is 20% and 16%, 
compared to specimen S28T3R0.0 without 
shear reinforcement (Figure 8). Compared to 
the specimens in type 1, type 2 and 3 specimens 
exhibit a higher shear resistance, indicating a 
significant influence of support and loading 
conditions. 

 
Figure 6: Comparison of load-displacement curves 

between test [20] and FEA for type 1 

 
Figure 7: Comparison of load-displacement curves 

between test [20] and FEA for type 2 

 
Figure 8: Comparison of load-displacement curves 

between test [20] and FEA for type 3 

4 CONTRUBITON OF LOW SHEAR 
REINFORCEMENT 

Through the evaluation of nominal shear 
stress and shear transfer analysis along the 
shear crack, the contribution of a low amount of 
shear reinforcement to the shear resistance due 
to loading and support conditions is 
numerically investigated. 
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4.1 Nominal Shear stress 
Normalized nominal shear stress 

(vi=Vi/(b.d.√fc)) of specimens is evaluated to 
eliminate the effect of deviation of dimensions 
and mechanical properties on the shear 
resistance.  d, Vi, b, and fc are the effective 
depth, the shear resistance at d, the width, and 
the compressive strength of concrete, 
respectively. The only difference remaining is 
the longitudinal reinforcement ratio (ρs). Figure 
9 shows the normalized nominal shear stress 
(vi) for the test and FEA for all specimens 
categorized into three shear span types. The 
specimens without shear reinforcement in the 
FEA are indicated as FEA-R0.0. 

The normalized nominal shear stress (vi) 
values of specimens of types 2 and 3 are 
significantly higher than those of specimens of 
type 1, which demonstrates the effect of the 
static system and loading condition on the shear 
resistance of RC beams. To indicate this 
influence more clearly, the vi values are 
normalized again by the control specimen 

without shear reinforcement in type 1 (S11-
12T1R0.0-a) and discussed.  

In the FEA, the vi values of specimen S13-
14T1R0.7-a with low shear reinforcement 
exhibited an increase of 13% compared to 
specimen S11-12T1R0.0-a in type 1, which 
remains limited, whereas this increase is 15% in 
the test. The test results are given as an average 
vi of corresponding identical specimens. On the 
other hand, the increase in the vi values in the 
FEA for specimen S11-12T1R1.1-b with 
minimum shear reinforcement is 20%, whereas 
the average increase in the test is 25%. A 43% 

increase in the vi value of specimen S13-
14T1R1.4-b with higher shear reinforcement in 
the FEA is obtained.  

The vi values for S21T2R0.6-a and 
S21T2R0.8-b specimens with low shear 
reinforcement in type 2 increase by 124% and 
95% in the FEA, respectively, compared to the 
control specimens in type 1. These increases are 
153% and 188% in the test. 

The increase in the vi values of cantilever 
specimens in type 3 due to low shear 
reinforcement ranges from 103% to 111% in 
the FEA, and 112% to 164% in the test, 
compared to the control specimen without shear 
reinforcement in type 1. 

The findings illustrate a significant influence 
of support and loading conditions on the shear 
resistance of the investigated beams. The 
incorporation of even a low amount of shear 
reinforcement beneath the minimum shear 
reinforcement ratio has been observed to exert 
a considerable influence on the shear resistance 
of beams classified as type 2 and 3. 
Nevertheless, no discernible impact was 

observed in the case of beams in type 1. 

4.2 Sensitivity analysis 
The sensitivity analysis is carried out by 

FEA, generating several beam models from 
each specimen with shear reinforcement, to 
investigate the effect of shear reinforcement 
locations on the shear resistance of beams. In 
each generated beam model, the position of all 
shear reinforcements is shifted by 10 mm, while 
the spacing and shear reinforcement ratio are 
kept constant. The load-displacement curves 

Figure 9. Comparison of nominal shear stress 
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resulting from each generated specimen with 
shifted shear reinforcement locations are also 
shown in Figure 6, 7 and 8. 

The impact of different shear reinforcement 
locations on the normalized nominal shear 
stress vi is shown in Figure 10, which includes 
the values of the exact test configuration (vi), 
the minimum (vi,min) and maximum (vi,max) 
values considering all generated beams, and 
their average (vi,mean). 

The disparity between the minimum (vi,min) 
and maximum (vi,max) ranges from 13% to 17% 
in type 1, 10% to 23% in type 2, and 19% to 
20% in type 3 specimens, demonstrating a 
significant influence of shear reinforcement 
locations on the shear resistance. That might be 
attributed to the closeness of the shear 
reinforcement to the crack at the onset. If the 
location of the crack is close to the shear 
reinforcement, it can be arrested at an earlier 
stage and prevented from rapidly propagating, 
thereby enhancing the shear resistance. 

 
Figure 10: The effect of shear reinforcement location 

4.3 Shear Transfer Analysis 
The contribution of each shear transfer 

action to the shear resistance can be evaluated 
[26], by investigating the shear transfer 
mechanism at the shear crack. The shear 
transfer mechanism of specimens at the shear 
crack with a low amount of shear reinforcement 
in type 1 (S13-14T1R0.7-a), type 2 
(S21T2R0.6-a), and type 3(S28T3R0.6) is 
investigated by FEA, to evaluate the 
contribution of concrete and shear 
reinforcement to the shear resistance. A free 
body (FB) equilibrium analysis is conducted on 
concrete elements separated by a shear crack, as 
shown in Figure 11.a, b, and c for three types of 

specimens. The shear components are the shear 
resultant in the uncracked concrete (Vcc), the 
total force of shear reinforcement (Vsw), and the 
shear force carried by the cracked concrete 
(Vc,s), representing aggregate interlock, dowel 
action, and residual tensile stresses where direct 
shear transfer portion of the distributed load to 
the support for specimens S21T2R0.6-a and 
S28T3R0.6 is expressed by Vdirect. The relative 
contribution of each shear transfer action is 
demonstrated in Figure 11.d. 

In type 1, the direct shear reinforcement 
contribution (Vsw) is 4.4% in specimen S13-
14T1R0.7-a, where the total increase in shear 
resistance due to a low shear reinforcement 
ratio is 12% compared to specimen S11-
12T1R0.0-a without shear reinforcement (VS13-

14T1R0.7-a /VS11-12T1R0.0-a).  

 
Figure 11: The analysis of shear transfer actions 

The direct contribution of shear 
reinforcement is 5.4% for specimen 
S21T2R0.6-a in type 2, which remains also 
limited, where the total increase in shear 
resistance due to low shear reinforcement is 
18% (VS21T2R0.6-a /VS21T2R0.0-a). That might 
imply that even a low amount of shear 
reinforcement could control the cracking and 
provide a 13% increase in shear resistance, 
which could be attributed to the Vc,s component. 

This limited direct contribution of shear 
reinforcement (Vsw) could be mainly attributed 
to the smeared crack modeling approach used 
in the FEA, resulting in smaller crack widths, 
which is not the case in the test. 

On the other hand, the direct contribution of 
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shear reinforcement to the shear resistance in 
cantilever specimen S28T3R0.6 in type 3 is 
13.8%. The total increase in shear resistance is 
20% (VS28T3R0.6/VS28T3R0.0), indicating the most 
remarkable direct shear reinforcement 
contribution (Vsw).  

5 CONCLUSIONS 
The effect of a low amount of shear 

reinforcement less than the minimum on the 
shear behavior of RC slender beams under 
various support and loading conditions is 
investigated numerically using NLFEA. The 
main conclusions can be drawn as follows: 

The contribution of a low amount of shear 
reinforcement is limited for simply supported 
beams subjected to two-point loading (T1). On 
the other hand, this contribution is significant 
for simply supported and cantilever beams 
subjected to a distributed load (T2 and T3), 
which was revealed by the evaluation of the 
nominal shear stress. 

The shift of shear reinforcement location 
while keeping the shear reinforcement ratio and 
spacing the same has a remarkable influence on 
the shear behavior of specimens in types 1, 2, 
and 3, as the early capture of a crack by a shear 
reinforcement prevents further crack 
propagation and results in higher shear 
resistance.  

The analysis of shear components through 
the shear crack by FEA shows that, in type 3 
specimen, the increase in shear resistance due 
to a low amount of shear reinforcement is 
mostly attributed to the direct contribution of 
the shear reinforcement.  This increase is 
largely ascribed to the shear force carried by the 
cracked concrete in the type 2 specimens.  

The different M/V combinations resulting 
from support and loading conditions 
significantly influence the shear behavior of 
slender RC beams with a low amount of shear 
reinforcement. 
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