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Abstract. In this contribution, a time homogenization (TH) scheme is utilized to accelerate the com-
putational simulation of fatigue induced crack propagation in engineering materials, specifically fo-
cusing on concrete subjected to cyclic loads. The proposed approach segregates the problem into
distinct micro- and macro-time scales, improving computational efficiency by extrapolating internal
variables linked to material fatigue. This method, originally applied to multi-scale problems such as
tire life cycle analysis, is now adapted to model fatigue induced damage in concrete structures.

The model is built on a modified phase-field formulation that considers material degradation due to
fatigue and the Representative Crack Element formulation as an energy split. The time homogeniza-
tion accelerates the simulation by upscaling micro-scale behavior over extended macro-time periods.
The model performance has been previously tested against high-fidelity simulations and it has been
demonstrated the method’s potential to effectively model crack growth under various loading condi-
tions. The novelty of this approach lies in its application of a methodology based on computational
homogenization to fracture mechanics. By utilizing this framework, the computational burden is
significantly reduced, providing results that approximate high-fidelity simulations with much shorter
processing times. In this contribution, the time homogenization scheme is extended to experimental
validation, utilizing data from fatigue tests. A comparison between simulation results and experi-
mental observations is presented, demonstrating the method’s accuracy in replicating crack growth
patterns and fatigue behavior. The results confirm that the time homogenization approach offers a re-
liable and efficient alternative to traditional methods, particularly in high-cycle fatigue cases, reducing
computational time without sacrificing accuracy.

1 Introduction
Fatigue fracture, characterized by progres-

sive damage accumulation leading to failure un-
der cyclic loading, poses significant challenges
in engineering. Accurate modeling of fatigue
induced damage and crack propagation are crit-
ical for ensuring structural integrity and relia-
bility.

Traditional methodologies for addressing fa-

tigue failure extend the foundational phase-
field formulation, proposed by [1], with addi-
tional terms to capture fatigue degradation ef-
fects, as developed in [2], [3], and [4]. How-
ever, these approaches face challenges due to
the high computational cost associated with re-
solving fine scale crack propagation and manag-
ing the additional degrees of freedom required
across numerous loading cycles.
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The computational burden of performing
phase-field simulations for each loading cycle
limits their feasibility in practical engineering
applications. To overcome these limitations,
various strategies have been proposed, includ-
ing cycle jump techniques by [5] and [6], as
well as TH or multi-scale approaches as in [7]
and [8] for fatigue modeling.

This study introduces a TH designed for
phase-field formulations in fatigue fracture
analysis. Building on methods initially pro-
posed by [9] for long-term response analysis
of asphalt pavements and by [10] for dynamic
loading of footings, this TH approach signif-
icantly reduces computational demands while
maintaining predictive accuracy. By accelerat-
ing the simulation of fatigue induced damage,
the method enables efficient exploration of var-
ious loading scenarios and design parameters.

2 Theoretical background
2.1 Phase-field formulation for brittle frac-

ture
The phase-field approach for elastic brittle

fracture models the system’s total energy func-
tional as

Etotal =

∫
Ω\Γ

ψ dΩ +Gc

∫
Γ

dA− Eext. (1)

As shown in Figure 1, Ω is the material do-
main, and Γ denotes the crack surface. The
material’s fracture toughness is given by Gc.
The energy functional also includes the external
contributions EExt, as the contributions from
external forces and body forces.

The fracture energy can be regularised into
a volume integral, incorporating a crack density
function γl. The Representative Crack Element
(RCE), as presented in Section 2.2, is used as
a physics based approach for the energy split
method, leading to

Etotal =

∫
Ω

[
ψcrack + g(d)

(
ψsolid − ψcrack)] dΩ

+Gc

∫
Ω

γl(d)dΩ− Eext → min, (2)
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Figure 1: Profile of the phase-field through a crack.

where g(d) is the degradation function and d
is the phase-field variable representing damage
(ranging from 0 for intact to 1 for fully damaged
material).

To account for fatigue effects, an additional
degradation function f(ᾱ) is defined and it
modifies the fracture energy, reducing Gc,0 to
Gc = f(ᾱ) · Gc,0 according to the material’s
loading history. The damage driving energy α
is

α = g′(d)
(
ψsolid − ψcrack) , (3)

and the cumulative fatigue damage ᾱ(x, t) is
integrated over time, considering only the load-
ing phases, where α̇ ≥ 0. The fatigue degrada-
tion function f(ᾱ) is adapted based on the ac-
cumulated damage, as described in [2].

2.2 Representative Crack Element (RCE)
This study adopts the RCE framework in-

troduced in [11] and [12]. This approach is
preferred as it provides a specialized method
for describing material behavior in the presence
of cracks, complementing conventional mate-
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rial models used for intact materials, denoted as
ψsolid. The RCE framework enables the char-
acterization of crack behavior through a phys-
ically grounded model. RCEs are continuum
mechanical models designed to represent cracks
discretely via computational homogenization,
integrated with the phase-field model. In this
approach, each RCE encompasses a small rep-
resentative section of a discrete crack, where the
crack is assumed to be approximately planar,
and the bulk displacement gradient is nearly ho-
mogeneous. As depicted in Figure 2, the RCE
domain, B̄, is symmetrically divided into two
subdomains, B̄1 and B̄2, separated by the crack
surface B̄Γ.
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N1
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N3l2

l3
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Deformed

B̄Γ

Figure 2: Representation of an RCE in undeformed and
deformed states.

The detailed mathematical formulation of
the RCE method is beyond the scope of this
study and can be found in [11].

2.3 Time Homogenization (TH)
TH is an algorithm designed to address sys-

tems with distinct temporal multiscale char-
acteristics by separating them into micro and
macro time scales, as depicted in Figure 3.
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Figure 3: Representation of the different time scales.

As outlined in [13], the process begins with
high-resolution simulations to analyze the evo-
lution of internal variables, y, over a represen-
tative micro time period, τmicro. From these sim-
ulations, the homogenized rate of change of in-
ternal variables, ⟨ẏ0⟩, is computed, encapsulat-
ing the system’s key characteristics. This is ex-
pressed as

⟨ẏ0⟩ =
1

τmicro

∫ τmicro

0

ẏ(τ) dτ. (4)

The macro time computation is then carried
out through a sequence of micro and macro
steps. During the micro step, internal variables
are extrapolated, while the macro step ensures
equilibrium. The size of each macro time step,
∆Tmax, is adaptively determined based on the
sensitivity of the internal variables. The pri-
mary goal is to accurately capture the dominant
behavior and characteristics of the system’s in-
ternal variables, achieving computational effi-
ciency without compromising the system’s es-
sential features.

3 Numerical examples
3.1 Ballastless track systems

Ballastless track systems are an alternative
form of railway infrastructure designed to pro-
vide greater stability, durability, and reduced
maintenance compared to traditional ballasted
tracks. Instead of using loose ballast to support
and distribute loads, ballastless tracks consist of
a rigid concrete or mortar layer that directly an-
chors the rails. This configuration offers sev-
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eral advantages, including improved resistance
to dynamic and static loads, enhanced align-
ment retention, and suitability for high-speed
trains. An illustration of the structure of a bal-
lastless track system is shown in Figure 4.

Base plate

Rail
Concrete layer

Track slab

Isolation layer

Figure 4: Structure of a ballastless track system.

The numerical study in this work is based
in the experimental data presented in [14], [15]
and [16], where the concrete used in concrete
layer (see Figure 4) is analyzed. To assess the
material’s mechanical behavior, the study incor-
porates two types of loading conditions: mono-
tonic and cyclic fatigue. These experimental re-
sults serve as a benchmark for validating the nu-
merical simulations, allowing comparisons be-
tween the observed experimental outcomes and
simulated results for both monotonic and cyclic
loading cases.

Figure 5 illustrates the dimensions, geometry
and boundary conditions of the test specimens
used in the experiments and in the simulations.
It consists of a beam subjected to four points
bending test.
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Figure 5: Dimensions of the concrete specimens (all units
in mm).

3.1.1 Monotonic test

The monotonic test involved applying a
steadily increasing load to the specimen until
failure. This test provided a basis for parameter
calibration in the simulations, allowing for the

determination of key material properties. Pois-
son’s ratio is set to ν = 0.3, the elastic modulus
is E = 32.5GPa, and the energy release rate is
calibrated to Gc = 0.03N/mm2.

The ultimate flexural strength ff is calcu-
lated as

ff =
Fl

bh2
, (5)

where F is the ultimate load, l is the span be-
tween supports, and b and h are the width and
height of the specimen.

The average ultimate flexural strength ob-
tained from the experiments is 5.77MPa, with
a variability band of ±15%, as defined by the
authors. In the simulation, the maximum flex-
ural strength achieved is 5.65MPa, which falls
within this range, confirming the model’s accu-
racy in simulating the material’s behavior under
static loading.

3.1.2 Cyclic fatigue test

The cyclic fatigue test involved subjecting
the specimens to repeated loading and unload-
ing cycles to simulate the dynamic conditions
experienced in ballastless track systems. The
loading pattern for the cyclic fatigue test is
shown in Figure 6.
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Figure 6: Load pattern.

The stress levels Smax and Smin, as depicted,
are calculated using the equations

Smax =
fmax

fa
(6)

and
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Smin =
fmin

fa
. (7)

Here, fa represents the average flexural
strength of the specimen and fmin and fmax the
associated flexural strength for a target stress
level. For analysis purposes, the experimental
procedure defined five different groups based on
the Smax values: 0.65, 0.7, 0.75, 0.8, and 0.85,
each with a constant corresponding Smin of 0.1,
according to the experimental plan proposed by
[15] .

Following the cyclic fatigue tests, the numer-
ical results are compared to the experimental re-
sults using an S-N curve, which plots the max-
imum stress levels, Smax, against the number
of cycles to failure, log(N). The S-N curve is
important because it provides a graphical repre-
sentation of the relationship between stress and
fatigue life, allowing to predict the number of
cycles a material can withstand under a given
stress level before failure occurs. This curve is
fundamental for understanding material behav-
ior under cyclic loading, as it helps to identify
the fatigue limit, to assess the durability of ma-
terials, and to optimize designs to prevent pre-
mature failure. This comparison is illustrated in
Figure 7.

3.2 Efficiency of Time Homogenization
The performance of the time homogeniza-

tion scheme proved to be effective, as it demon-
strates good agreement with the experimental
results. This method allows for a more stream-
lined approach, avoiding the need to simulate
every individual cycle. The efficiency gains are
significant, as shown in Table 1, which details
the computational cost savings for each stress
group.

Number of simulations
Smax =
0.75

Smax =
0.80

Smax =
0.85

Full Case [-] 24943 9528 4965
TH [-] 3018 1622 1048

Savings [%] 87.9 83.0 79.9

Table 1: Computational cost savings achieved using the
time homogenization scheme for different stress groups.

By applying time homogenization, the sim-
ulations are completed with reduced computa-
tional resources, maintaining the accuracy of re-
sults comparable to the experiments.

4 Conclusions and outlook
The implementation of the time homoge-

nization scheme in the simulation of fatigue-
induced crack propagation shows promising re-
sults, though further refinement is needed. Pre-
liminary results demonstrate a strong agreement
with experimental data, suggesting the poten-
tial for a reliable and accurate approach. No-
tably, the method offers substantial computa-
tional cost savings, as illustrated in Table 1.
By reducing the need to simulate each individ-
ual step, the time homogenization approach has
shown to significantly decrease computational
effort while maintaining sufficient precision for
life prediction. This efficiency paves the way
for large-scale simulations with more limited
resources.

However, additional work is required, par-
ticularly in refining the degradation function to
better capture the behavior of the mortar under
fatigue loading. Once this aspect is fully ad-
dressed, the approach is expected to provide an
even more robust and comprehensive tool for
structural analysis.
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