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Abstract. Concrete fatigue testing is costly and time-intensive, often requiring high loading frequen-
cies to reduce durations, which impacts fatigue performance due to heat generation. This highlights
the need for a robust model to capture the interaction between loading rate and temperature, aiding
experimental interpretation and enabling faster testing—an area that is not yet addressed by current
modeling approaches. This contribution aims to introduce a unified, thermodynamically-based consti-
tutive model describing concrete behavior. The model integrates viscoplastic effects with cumulative
sliding damage as mechanisms driving the material degradation. Additionally, the effect of temper-
ature is integrated into the thermodynamic framework, coupled with viscoplastic strains, so that the
intrinsic heat generation from internal friction is accounted for. Furthermore, Gibbs free energy-based
formulation facilitates the stress-driven fatigue simulations at the single material point idealization.
Elementary studies examining the behavior of concrete under uniaxial compression are used to ana-
lyze the effects of both loading-rate and thermal factors on both monotonic and fatigue behavior.

1 INTRODUCTION

Accurate predictions of the service life of
critical concrete infrastructure under fatigue
loading are essential, especially given the fast-
changing strategies in global energy supply.
A major challenge, however, is the limited un-
derstanding of concrete fatigue behavior—a key
contributor to the early failure of many struc-
tures, preventing them from achieving their an-
ticipated service life [1, 2, 3, 4].

Fatigue testing of concrete is a time-
intensive and costly process, often requiring
several weeks to complete. To address these
limitations, high-cycle fatigue behavior is com-
monly studied using relatively high loading
frequencies (5–10 Hz), which substantially

shorten the test duration and reduce costs [5, 6].
However, it is well established that loading fre-
quency significantly impacts fatigue behavior,
particularly affecting the number of cycles to
fatigue failure, as depicted in the Wöhler or
S-N curve [7]. Beyond the influence of loading
frequency, heat generation within the specimen
during cyclic loading has emerged as a critical
factor affecting fatigue life. Recent experimen-
tal studies have demonstrated that this thermal
buildup significantly impacts the fatigue per-
formance of concrete [8, 9, 10, 11]. This ef-
fect is particularly pronounced in fatigue tests
conducted at high frequencies, where the rapid
cyclic loading induces substantial temperature
increases within the specimen. An overview
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Figure 1: Summary of the interacting effects of rate/frequency and temperature on the concrete monotonic and fatigue
behavior; (a) individual effects separately; (b) combined effects

of the observed trend due to the interaction of
loading frequency and temperature is shown in
Fig. 1.

Over the past few decades, several mod-
eling approaches have been developed to de-
scribe the fatigue compressive behavior of con-
crete. Phenomenological lifetime-based ap-
proaches, which use the number of loading cy-
cles as the primary variable governing dam-
age, have been widely proposed [12, 13]. For
more detailed cycle-by-cycle simulations, ten-
sorial models have been formulated, where fa-
tigue damage is correlated with strain mea-
sures [14, 15, 16]. Recently, more advanced
models capable of simulating fatigue stress re-
distribution within a single material point have
been introduced, leveraging frameworks such as
the microplane model or lattice discrete mod-
eling approaches [17, 18, 19, 20]. Despite
these advancements, the complex interplay be-
tween loading rate and temperature and its in-
fluence on concrete fatigue behavior remains
unaddressed in existing numerical models.

To address this gap, this contribution intro-
duces a thermodynamics-based framework for
fatigue modeling that accounts for the effects
of loading rate and temperature. In analogy to
previously developed cycle-by-cycle models, a
single material point idealization is adopted to
reproduce the fatigue behavior of concrete ob-
served in cylindrical specimens. To examine
material degradation, the framework employs
the simplest possible formulation of thermody-

namic potentials capable of capturing the ex-
perimentally observed trends, providing a foun-
dation for more comprehensive future develop-
ments within macro- and meso-scale models.

2 GENERALIZED MATERIAL
The algebraic structure of the thermody-

namically based Generalized Standard Mate-
rial (GSM) model has been implemented us-
ing the computer algebra system sympy [21],
which automatically generates a time-stepping
algorithm based on the specified potentials for
free energy and dissipation. To verify and
demonstrate the feasibility and functionality of
the framework, an example of compression-
induced concrete fatigue is implemented for a
single material point.

2.1 Helmholtz free energy
The work and heat transfer to and from the

material are controlled and monitored through
the strain ε, the absolute temperature ϑ, and
the reference temperature ϑ0. The state of the
material is represented by viscoplastic strain,
isotropic hardening, kinematic hardening, and
damage, which are arranged in the vector of in-
ternal/state variables E = {εvp, z, α, ω}. The
Helmholtz free energy is expressed as the sum
of energy contributions from viscoplastic dam-
age, hardening, and thermal effects as

ψ(ϑ, ε,E) = ψmech + ψtherm, (1)
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where

ψmech =
1

2ρ
E (1− ω) (ε− εvp)

2 (2)

+
1

2ρ
Kz2 +

1

2ρ
γα2, (3)

and

ψtherm = cε

(
ϑ− ϑ ln

ϑ

ϑ0

)
, (4)

with cε representing the thermal capacity mea-
sured at constant strain in the thermo-elastic
regime of the material. The conjugate forces
are obtained as

S =
∂ψ

∂E = {−σ, Z,X,−Y }T , (5)

where the individual variables represent the to-
tal stress σ, hardening forces Z and X , and the
stored elastic energy Y . The negative signs en-
sure that σ and Y remain positive as their con-
jugate variables—namely the viscoplastic strain
εp and damage ω. The entropy is then conjugate
to the temperature via

s = −∂ψ
∂ϑ

= cε ln
ϑ

ϑ0

. (6)

2.2 Threshold function and flow rule
To account for the effect of damage on the

evolving elastic limit, the apparent stress σ must
be modified by relating it to the undamaged (in-
tact) fraction of the material, yielding an ef-
fective stress σ

1−ω
. To demonstrate a minimal

setup for simulating concrete fatigue that also
includes thermal effects, we define the follow-
ing threshold function

f :=

∣∣∣∣ σ

1− ω
−X −X0

∣∣∣∣− (fc + Z) e−β(ϑ−ϑ0),

where X0 represents the initial offset of the
elastic domain, fc is the compressive strength,
ϑ0 is the initial temperature, and β controls the
rate of temperature-induced shrinkage of the
elastic domain.

To account for the evolution of damage ω,
the flow potential φ follows the Lemaitre con-
cept [22] and includes both the threshold func-
tion f and the conjugate variable Y

φ = f + (1− ω)
S

1 + r

(
Y

S

)r+1

. (7)

Finally, the evolution equations of the rate-
independent damage-plasticity are obtained as

Ė = λ
∂φ

∂S , (8)

where λ represents the inelastic multiplier. The
discrete time-integration algorithm is derived
by discretizing the consistency condition

ḟ (E ,S(E)) = 0, λ ≥ 0, λḟ = 0. (9)

An iterative scheme for obtaining the admissi-
ble internal variables and the plastic multiplier
follows the approach described in [23].

2.3 Viscoplastic regularization
The rate-dependency is incorporated via the

viscoplastic regularization [24]. Given the rate-
independent solution for the current time incre-
ment ∆t, the plastic multiplier ∆λ∞ obtained
from (8) is scaled using the relaxation time τ ,
which depends on the viscosity, elastic moduli,
and hardening moduli. The final plastic multi-
plier and the relaxation time are

∆λ =
∆t/τ

1 + ∆t/τ
∆λ∞, τ =

η

E +K + γ
(10)

2.4 Thermo-mechanical coupling
Both reversible and irreversible processes

are included in the present combination of
the first and second laws of thermodynam-
ics. Thermo-mechanical coupling includes ir-
reverisble according to the derivation scheme
presented for example in [25, 26]. The rate of
change of internal energy u̇ equals the the rate
of external work σε̇ plus the the heat transfer q

ρu̇ = σε̇+ q. (11)

In case of adiabatic process considered in the
demonstrative examples here, q = 0. Using
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the relation between the rates of internal energy,
Helmholtz free energy, entropy and temperature

u̇ = ψ̇ + sϑ̇+ ϑṡ. (12)

The rate of Helmholtz free energy becomes

ψ̇ =
∂ψ

∂ϑ
ϑ̇+

∂ψ

∂ε
ε̇+

∂ψ

∂E Ė . (13)

The rate of entropy ṡ can be obtained using (6)

ṡ = −∂ψ̇
∂ϑ

= −∂
2ψ

∂ϑ2
ϑ̇− ∂2ψ

∂ϑ∂ε
ε̇− ∂2ψ

∂ϑ∂E Ė .
(14)

Substituting for ψ̇ and ṡ in (12), and using the
relation s = −∂ψ/∂ϑ after rearrangements, we
obtain the heat balance equation (11) as

�
�
�∂ψ

∂ϑ
ϑ̇+

@
@
@

∂ψ

∂ε
ε̇+

∂ψ

∂E Ė +��sϑ̇+ (15)

ϑ

−∂
2ψ

∂ϑ2︸ ︷︷ ︸
cε/ϑ

ϑ̇− ∂2ψ

∂ϑ∂ε
ε̇− ∂2ψ

∂ϑ∂E Ė

 =
S
S
S

1

ρ
σε̇

Substituting the first-order derivatives with re-
spect to the external variables ε and ϑ by their
conjugate variables σ and s, and using the fact
that, as derived for instance in [27], the second-
order derivative with respect to temperature cor-
responds to the heat capacity cε measured in the
elastic regime at constant strain, i.e.

s = −∂ψ
∂ϑ

, σ = ρ
∂ψ

∂ε
, cε = −ϑ∂

2ψ

∂ϑ2
, (16)

the heat balance condition provides the evolu-
tion equation for the temperature

cεϑ̇ = ϑ
∂2ψ

∂ϑ∂ε
ε̇+

(
ϑ
∂2ψ

∂ϑ∂E − ∂ψ

∂E

)
Ė . (17)

The total amount of dissipation, encompassing
all irreversible mechanisms, contributes to the
generated temperature. Note that this approach
allows for an explicit association between each
dissipative mechanism and the resulting tem-
perature increase. For example, plastic dissipa-
tion may be the primary source of temperature
rise, while other externally observable phenom-
ena such as acoustic emission can be attributed
to damage dissipation.

2.5 Gibbs free energy for fatigue loading
In order to enable elementary studies of

stress-controlled fatigue load scenarios at the
level of a one-dimensional compression model,
the implemented GSM framework provides an
automatic derivation of the Gibbs free energy
ϕ(σ, ϑ;E) via the Legendre transformation

ϕ(σ, ϑ,E) = ψ(ε, ϑ,E) − 1

ρ
σ ε.

By inverting the constitutive relation

σ =
∂ψ

∂ε
= Σ(ε) =⇒ ε = Σ−1(σ),

we obtain the stress-controlled state function

ϕ(σ, ϑ;E) = σΣ−1(σ) − ψ
(
Σ−1(σ), ϑ;E

)
.

(18)
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c

ε
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Figure 2: Elementary study on the influence of temperature on the monotonic behavior under compression: a) stress-strain
response; b) corresponding damage evolution; c) temperature evolution
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The implemented GSM framework accepts the
state function in both the form of (12) and (18).
The automated derivation scheme for the time-
integration procedure, including the backward
Euler scheme, return mapping, and viscoplas-
tic regularization (employing the symbolic al-
gebra package sympy [21]), remains the same
for both versions of the potential.

3 MONOTONIC COMPRESSION
Following the standard approach in fatigue

testing, the first step is to identify the mate-
rial strength using a monotonic compression
test [28]. As is well known from experimental
observations, this strength is significantly influ-
enced by both the loading rate and the tempera-
ture [11]. In this section, we examine the ability
of the model to qualitatively capture this depen-
dence.

3.1 Effect of temperature
The compressive behavior of concrete under

varying temperature levels is shown in Fig. 2.
Three distinct temperature levels were investi-
gated to highlight the detrimental effect of tem-
perature increase on concrete strength, consis-
tent with findings reported in [29]. This re-
duction in strength is clearly reflected in the
stress-strain responses displayed in Fig. 2a. The
corresponding damage evolution is depicted in
Fig. 2b. Additionally, Fig. 2c illustrates the tem-
perature evolution during loading, where the
increase is linked to energy dissipation during
the inelastic deformation process, as detailed in
Sec. 2.4. The material parameters used in the
model for this study are summarized in Fig. 2.

3.2 Effect of loading rate
To examine the influence of loading rate on

the compressive monotonic response, three dis-
tinct loading rates were considered, as shown
in Fig. 3a. To investigate the relationship be-
tween damage evolution and the resulting com-
pressive strength under different loading rates,
two scenarios are presented in Fig. 3. In the first
scenario (Fig. 3c), damage growth remains rel-
atively slow or negligible up to the point of ulti-

mate strength. The corresponding stress–strain
responses in Fig. 3b show a clear trend of in-
creasing strength with higher loading rates, con-
sistent with experimental observations reported
by various authors (e.g., [11, 30]). This behav-
ior is attributed to the viscoplastic characteris-
tics of the proposed model.

In contrast, when relatively large lev-
els of damage are permitted to develop up
to the ultimate strength—as illustrated in
Case 2, Fig. 3e—the rapid damage growth
produces a reversed trend: the compressive
strength decreases as the loading rate increases
(Fig. 3d). This highlights a limitation of
the single-degree-of-freedom, single-material-
point idealization, which consolidates all dis-
sipative effects into a single variable. At
the macroscale, concrete behavior arises from
dissipative processes developing in multiple
orientations within the material. More ad-
vanced approaches, such as microplane or lat-
tice discrete models, can capture this phe-
nomenon more accurately because they account
for the anisotropic evolution of damage. Un-
der uniaxial compression, damage in the load-
ing direction is minimal and primarily emerges
in perpendicular or tangential directions, as
noted in prior studies [17] Consequently, the
macroscale compressive behavior is expected to
be governed primarily by viscoplasticity, mak-
ing Case 1 in the first row of Fig. 3 more repre-
sentative of the true loading-rate effect. This as-
pect will be explored further in future publica-
tions employing microplane and lattice discrete
models.

4 FATIGUE LOADING
Even though the specified potentials are

minimalistic, they can still be combined with
the GSM solver to reproduce the observ-
able thermo-mechanical fatigue behavior of
concrete, including the formation of hys-
teretic loops with gradual increases in dam-
age and total strain. Two illustrative exam-
ples are presented, demonstrating the rate- and
temperature-dependence of the fatigue response
of concrete specimens under compression. In
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Figure 3: Elementary study of monotonic behavior under varied loading rates: a) loading histories; b, c) stress-strain
response and damage evolution (case 1: slow damage growth); d,e) stress-strain response and damage evolution (case 2:
rapid damage growth)

both examples, the same set of material pa-
rameters is used, specifically: E = 50 MPa,
γ = 49.5 MPa, K = 500 MPa, S = 0.08 MPa,
c = 7.5, r = 2.7, fc = 44 MPa, η = 20000 MPa
s, ϑ0 = 20, Cv = 0.0001 J/kg−1 K−1, β =
0.001. To examine the ability of the model to
qualitatively reproduce the thermo-mechanical
and viscosity-related trends inherent in fatigue
compression tests, the effect of loading fre-
quency on the fatigue degradation process and
the number of cycles to failure is investigated
for a loading frequency of 1 Hz (Fig. 4) and
50 Hz (Fig. 5). In both studies, uniform stress-
controlled uniform cyclic fatigue loading with
105 load cycles has been applied using four lev-
els of upper load Smax ∈ [0.95, 0.85, 0.75, 0.7]
and constant lower load Smin = 0.1.

4.1 Slow fatigue loading
For the low-frequency loading, the stress–

strain diagrams in Fig. 4 demonstrate the
model’s ability to reproduce the development of
hysteretic loops. While fatigue failure occurred
for Smax ∈ {0.95, 0.85}, lower fatigue loading
with Smax ∈ {0.75, 0.70} did not reach failure

within 105 cycles.
To illuminate the fatigue-driving mecha-

nisms in the irreversible regime, the elastic do-
main displayed in Fig. 4 illustrates the effect of
kinematic hardening, which pulls the elastic do-
main during the first cycle into the compression
regime. It also indicates the inelastic behav-
ior during both loading and unloading, accom-
panied by the irreversible evolution of internal
variables.

In this context, these curves highlight an im-
portant aspect of thermodynamics-based fatigue
modeling. For example, considering the curve
for Smax = 0.95, which fails after 23 cycles, we
observe that the elastic domain moves down-
ward inelastically during all unloading steps.
Without this dissipation during unloading, the
subsequent loading steps would remain on the
path of the previous loading steps, and fatigue
degradation would cease.

Furthermore, let us note that the size of the
elastic domain evolves with the increasing num-
ber of cycles. Focusing on Smax = 0.85 in
Fig. 4, we observe an expansion of the elas-
tic regime from the beginning to the middle of
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Figure 4: Fatigue response illustrating the interaction between viscosity and intrinsic temperature development under
adiabatic conditions at a loading frequency of 1 Hz.

the lifetime, followed by its subsequent shrink-
age. This development demonstrates the inter-
play between isotropic hardening at the onset
and the opposing effects of cumulative damage
and temperature increase. The temperature ob-
tained for this test after 376 cycles is unrealis-
tically high. This is because the intrinsic heat
generated due to thermo-mechanical coupling
could not escape, as no heat flux from the mate-
rial was considered.

The qualitative development of damage, fa-
tigue strain, and the S-N curve displayed in
the second row show plausible trends. The fa-
tigue strain in the middle diagram exhibits a
rapid increase in strain increments between cy-
cles, which is related to the stronger effect of
isotropic hardening during the early stages of
fatigue loading. The second branch shows the
stable growth of fatigue strain, followed by a
rapid increase due to high temperature and cu-
mulative damage once the lifetime exceeds η >
0.75.

To present the results in a form relevant
for fatigue design assessment, the bottom-right

diagram shows the S-N curve. Simultane-
ously, it presents the cumulative energy due
to plastic degradation mechanisms and dam-
age. Apparently, plastic dissipation domi-
nated and increased significantly during fatigue
loading, while damage-induced dissipation re-
mained small and did not change significantly
for the studied loading histories.

Let us remark that the low loading frequency
did not activate the viscous effects in the re-
sponse.

4.2 Rapid fatigue loading
The same load levels were applied in Fig. 5

with a loading frequency of 50 Hz. The high-
rate loading activated viscous effects, which in-
creased the inelastic range during each load cy-
cle. As a result, degradation was accelerated,
and all four levels of Smax failed within the stud-
ied range of 105 cycles. The difference in the
degradation process is evident from the compar-
ison of the evolution of the elastic domains in
Figs. 4 and 5. Specifically, during rapid load-
ing, the elastic domain moves only slowly to-
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Figure 5: Fatigue response illustrating the interaction between viscosity and intrinsic temperature development under
adiabatic conditions at a loading frequency of 50 Hz.

wards overstress, resulting in a larger inelastic
range during each cycle and thus a faster degra-
dation process.

It is also interesting to note that for low
fatigue loading, Smax = 0.7, only a very
small inelastic range is active during unload-
ing. Nonetheless, this small inelastic range is
sufficient to accumulate the necessary amount
of damage, initiating the final branch of fatigue
localization as indicated in the bottom-middle
diagram of Fig. 5.

Finally, the results summarized in the
bottom-right diagram, presented as an S-N
curve in a semi-logarithmic scale, confirm a lin-
ear trend. The qualitative trends observed for
1 Hz loading in Fig. 4 are similar to those ob-
served for 50 Hz loading. The rates of plastic
and damage dissipation are significantly slower
due to the lower number of cycles to failure.

5 CONCLUSIONS
In this work, we have proposed a thermo-

dynamically consistent constitutive framework
that rigorously captures the interplay of rate-

and temperature-dependent mechanisms in con-
crete fatigue. By deriving the governing equa-
tions directly from thermodynamic potentials,
we ensure a physically robust treatment of dis-
sipative processes, the evolution of state vari-
ables, and damage accumulation. This ap-
proach, currently formulated at a single mate-
rial point, already demonstrates its effectiveness
for investigating how internal friction-induced
heating, loading rates, and fatigue interact.

The single-point constitutive model pre-
sented here is an important and necessary first
step toward a full thermo-mechanical descrip-
tion of concrete’s fatigue behavior. By firmly
establishing the fundamental dissipative and
state-variable evolution laws at the material-
point level, we lay the groundwork for future
expansions.

Looking ahead, the symbolic framework
based on the concept of a general standard ma-
terial offers substantial benefits for developing
material models that can be effortlessly inte-
grated into advanced solvers for initial bound-
ary value problems. This framework can be
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utilized in a variety of applications, including
finite element models that employ microplane
models, as well as in fully discrete thermo-
mechanical simulations. Such applications can
address complex interaction between fatigue
degradation, effect of loading rate end tempera-
ture.

In this form, the full potential of the ther-
modynamically based constitutive law will be-
come accessible within general numerical sim-
ulators, enabling a more comprehensive and re-
alistic predictions of concrete fatigue. Under-
standing the influence of loading rate and tem-
perature will also enable the accurate reinterpre-
tation of accelerated fatigue tests and the appli-
cation of results to real-world scenarios. Simi-
larly, more precise predictions based on in situ
data, accompanied by temperature recordings,
will enhance the reliability of the model in prac-
tical applications.
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