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Abstract. This paper extends the discussion on critical numerical objectivity issues in finite ele-
ment analysis of reinforced concrete beam elements, highlighted in previous studies by the authors.
We address these challenges using enhanced displacement-based beam finite element models that
incorporate bond-slip effects, warping deformation modes, and fracture energy regularization. The
introduction of enriched kinematics aims to reduce mesh dependency and more accurately capture lo-
calized damage, particularly cracking phenomena. Comparative numerical simulations demonstrate
the limitations of classical beam elements and the advantages provided by the enhanced ones, laying
the groundwork for future developments in force-based models.

1 INTRODUCTION AND LITERATURE
OVERVIEW

Numerical objectivity is an essential require-
ment for finite element models, ensuring that
results are independent of mesh size. In rein-
forced concrete (RC) beam analysis, classical
displacement-based (DB) [1] and force-based
(FB) models [2, 3] often struggle with objectiv-
ity due to limitations in capturing the complex
interactions between concrete and steel rein-
forcement, particularly bond-slip effects. These
deficiencies can lead to unrealistic crack distri-
butions and strain localizations [4, 5].

Fracture energy regularization is commonly
used to control tensile concrete softening
[6], however, while this technique is widely
adopted, it is considered a weak regularization
method that ultimately leads to non-objective
results and fails to converge in certain scenar-

ios [7, 8, 3]. This is particularly evident when
applied to reinforced concrete beam elements,
where the regularization does not fully capture
the complex material behavior, leading to unre-
alistic predictions of damage localization [4].

The previous study [5] demonstrated that,
even with local regularization techniques, clas-
sical DB models exhibit significant numerical
issues when analyzing RC beam elements. This
advancement explores enhanced DB beam fi-
nite element models incorporating bond-slip ef-
fects and warping deformations [9, 10, 11, 12].
These modifications aim to address the ob-
served objectivity issues and improve the real-
ism of crack modeling.

Research has sought to enhance DB models
to better capture RC behavior. Bond-slip mod-
eling, which incorporates the relative displace-
ment between concrete and steel reinforcement,
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has shown promise in improving crack repre-
sentation. In [5], the authors propose bond-
slip models that introduce nonlinear springs at
the interface, while implicit formulations em-
bed bond-slip behavior directly into the ele-
ment’s kinematics. Integrating bond-slip effects
and warping deformation modes significantly
enhances DB model performance by localiz-
ing cracks within single elements rather than
spreading them unrealistically across the mesh
[4].

The inclusion of warping, i.e. out-of-plane
deformation of beam cross-sections, is another
relevant enhancement [12, 13, 14]. Traditional
plane sections assumptions can fail in reproduc-
ing realistic cracking scenarios, where warping
becomes significant. By incorporating warping
into beam kinematics, enhanced DB models can
represent realistic crack-induced deformations
more accurately.

The tests in this study were conducted in
a MATLAB environment, specifically using a
custom finite element code to simulate the be-
havior of RC beam elements. This setup en-
ables detailed modeling of a new enhanced
2D DB beam that considers bond-slip effects
and warping deformations in the context of RC
structures.

2 WARPING AND BOND-SLIP SEC-
TION FORMULATION

The classical element local and basic config-
uration without rigid body modes for a 2D beam
element are reported in Figs. 1 and 2.

The enhanced element used in this paper is
formulated according to [4] and its basic config-
uration without the rigid body modes is shown
in Fig. 3. Nodes are assigned for Lagrangian
interpolation based on the required polynomial
order for each degree of freedom. For exam-
ple, transverse displacement uses four nodes for
cubic interpolation, while other DOFs require
fewer nodes for consistency with the beam for-
mulation. It is a 2D DB beam employing 5
nodes with 19 degrees of freedom:

- 3 displacements and rotations in the end
nodes uj , φi and φj;

- 4 additional displacements and rotations
in the internal nodes u2, φ2, v3 and v4;

- 9 additional DOFs for the warping inter-
polation;

- 3 for the bond-slip interpolation.

The vector v contains the generalized displace-
ments in the basic configuration of the element:

v = { uj φi φj u2 φ2 v3 v4

αi α2 αj βi β2 βj λi λ2 λj (1)
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Figure 1: Local configuration for classical beam FE.
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Figure 2: Basic configuration for classical beam FE.

where u and v represent nodal axial and
transverse displacements respectively, φ are the
nodal rotations, α, β, λ are the nodal warp-
ing displacements, and ub are the nodal slip
displacements. By adopting a fiber section
discretization, displacements and strains at the
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Figure 3: 2D basic configuration of the DB FE with warping and bond-slip [4].

fiber level can be computed considering the ax-
ial displacement ua, the effect of the rigid sec-
tion rotation f1 = −yϑ, selected warping shape
functions f2, f3, . . . multiplied by the warping
DOFs α, β, . . .. The bond displacement ub is in-
cluded if the fiber lies into the slipping domain,
which depends on δb (that may be 0 or 1):

u(x, y) = ua(x)− yϑ(x) + f2(y)α(x)+

f3(y)β(x) + f4(y)λ(x) + δbub(x)

v(x, y) = v(x) (2)

The displacement vector can be expressed as:

um(x, y) = as(y)N(x)v (3)

where N(x) are the element shape functions and
as(y) contains the section warping shape func-
tions. Compatibility equations are derived in
strong form as:[

ε(x, y)
γ(x, y)

]
=

[
∂
∂x

0
∂
∂y

∂
∂x

] [
u(x, y)
v(x, y)

]
(4)

that, in compact form, read:

εm(x, y) = D(x, y)um(x, y) (5)

where εm(x, y) is the section strain. Nonlinear
constitutive relationships are used:

km =
∂σm

∂εm
=

[
∂σ
∂ε

∂τ
∂ε

∂σ
∂γ

∂τ
∂γ

]
(6)

where σm = {σ(x, y) τ(x, y)}T is the section
stress response. Using the virtual work princi-
ple, the basic forces q and stiffness matrix k are
computed, resulting as:

q =

∫ L

0

∫
A

aT (x, y)σm(x, y) dAdx (7)

k =

∫ L

0

∫
A

aT (x, y)km(x, y)a(x, y) dAdx

(8)
where a is the compatibility matrix defined by
inserting Eq. 3 in Eq. 5:

a(x, y) = D(x, y)as(y)N(x) (9)

3 NUMERICAL SIMULATIONS
To assess the effectiveness of the enhanced

DB beam model, numerical simulations were
performed on a RC beam specimen. These anal-
yses were carried out with classical formula-
tions, both including and excluding warping ef-
fects.

Figure 4: Schematic representation of beam specimen
denoted as J4 in [15].
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Concrete Steel
Ec [MPa] 26200 Es [MPa] 203395
ft [MPa] 2.4 σy [MPa] 309.65
fc [MPa] 33.24 b [-] 0.01
Gf [N/mm] 0.0875 As [mm2] 1000

Table 1: Geometric and mechanical parameters of beam
J4. b is a Menegotto and Pinto parameter that can be rep-
resented as the ratio between the hardening and the elastic
tangent.

3.1 Test Setup
The analyses focused on a simply supported

RC beam subjected to a midspan concentrated
load, with material properties and geometrical
dimensions matching those used in the previous
study [5]. Simulations were carried out using
different meshes to ensure objectivity.

To demonstrate the advantages introduced
by the enhanced DB beam model, simula-
tions incorporated bond-slip and warping ef-
fects. The goal was to highlight the enhanced
numerical objectivity and the more accurate
representation of crack behavior.

The numerical tests were conducted on the
beam shown schematically in Fig. 4, corre-
sponding to beam J4 in [15]. Geometric and
material properties are summarized in Table 1.
The same materials as [5] are used for concrete,
steel and bond-slip. For simplicity, only half
of the beam was modeled, with the left end re-
strained at the midspan to guarantee symmetry.

Numerical tests were also conducted in [5],
where experimental comparisons are provided
for validation. In this paper, only good bonding
conditions were considered to demonstrate the
model’s ability to capture flexural cracks, con-
sistent with the expected cracking pattern.

3.2 Non-Objective vs Objective Numerical
Results

The results show the performance of the
models, highlighting:

- non-objective crack patterns and global
response curves in classical beam ele-
ments;

- objective, localized crack representation
and global response curves in enhanced
beam elements with bond-slip and warp-
ing.

When a classical DB beam model is used,
non-objective results are obtained as detailed in
[5] when the number of elements (NE) is pro-
gressively increased. In the previous work, not
only the crack pattern and the local results show
mesh dependency, but also non-objective global
response curves are obtained, which is the only
case reported here, for the sake of brevity, in
Fig. 5. The load and displacement values are
the nodal quantities in the midspan. However,
when the enhanced DB element with warping
and bond-slip is used, both the global and the
local strain and crack results improve, as shown
in Fig. 6. Even though a relatively fine mesh is
used, good results are obtained in this case even
with coarser meshes, and the cracks’ locations
and distribution prediction is in line with the ex-
perimental and the analytical outcomes [15].

The slip displacement distributions in Fig.
7 show that cracks occur at the expected loca-
tions, where the slip displacement goes from
positive to negative. The curvature spikes also
indicate where the cracks have formed: even
though they are different, as expected as the cur-
vature is supposedly infinite in the discontinu-
ity, they tend to localize in the same area al-
though with a reduced error compared to classi-
cal elements.

Finally, by looking at the steel fiber strain,
the results converge when the NE, i.e., the num-
ber of degrees of freedom, is increased. Fig. 8
shows that classical beam elements fail to cap-
ture the correct reinforcement steel strain, and
therefore stress, whereas the enhanced beam el-
ements show much improved results when the
mesh density is increased. Practically identical
results are instead obtained before yielding oc-
curs, while more sparse results were obtained
for classical beam elements.

4 CONCLUSIONS AND FUTURE WORK
This study demonstrates the potential of en-

hanced DB beam elements incorporating bond-
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Figure 5: Structural midspan load vs midspan displacement response using classical DB beam elements. ρ is the ratio
between the steel area and the concrete area, while infty represents the infinite fracture energy limit case.

0 1 2 3 4 5 6 7

Displacement [mm]

0

20

40

60

80

100

120

140

160

Lo
ad

 [k
N

]

NE = 10

NE = 20

NE = 40

NE = 80

NE = 160

1st crack

2nd crack

3rd crack

4th crack

Figure 6: Objective structural midspan load vs midspan displacement response using enhanced DB elements with warp-
ing and bond-slip.

slip and warping effects to address numerical
objectivity issues in RC beam analysis. Three
main advantages are shown when using en-

hanced elements:
Mesh independency: simulations using clas-
sical beam elements show significant mesh de-
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Figure 8: Steel strain in the midspan vs the midspan vertical displacement for classical beam elements (top) and enhanced
beam elements (bottom).

pendency, where cracks unrealistically spread
across elements with increased mesh density. In
contrast, the inclusion of bond-slip localizes the

cracks within single elements.
Impact of warping: introducing warping no-
tably improves the section kinematics, allow-
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ing the model to capture realistic deformation
patterns. Simulations demonstrate convergence
and accurate crack localization when warping is
included.
Comparative analysis: results comparing clas-
sical and enhanced beam elements underline
the advancements. The classical model ex-
hibits non-objective behavior, while the en-
hanced beam shows convergence and reduced
strain localization. While these improvements
mitigate mesh dependency and enhance crack
modeling, further work is needed to extend
these advancements to FB models. Future re-
search will explore the integration of higher-
order formulations to achieve robust, objective
simulations for diverse structural applications.
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