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Abstract. The study quantitatively investigates to which extent the hydration of ordinary Portland
cement (OPC) contributes to the early-age strength evolution of cement pastes produced with binders
containing OPC and limestone (acronym LPC) as well as OPC, limestone, and calcined clay (acronym
LC3), respectively. A multiscale strength model for OPC pastes is adapted to binary and ternary
mixtures made of CEM I, limestone, and calcined clay. To this end, limestone and calcined clay
are introduced as chemically inert spherical inclusion phases which are embedded (next to reactive
cement clinker grains) in the hydrate foam matrix. The volume fractions are calculated using Powers’
hydration model extended towards consideration of the two additional inert inclusion phases. Elastic
phase properties are taken from the literature. The strength predictions for the OPC, LPC, and LC3
pastes are checked against strength values obtained from compressive strength testing during the first
week after paste production. The study shows that the OPC hydration plays a governing role when it
comes to the early-age strength development of the LPC and LC3 pastes.

1 INTRODUCTION

Compressive strength testing is the most im-
portant technique for the assessment of the me-
chanical performance of cementitious materi-
als. Strength tests are destructive experiments
and require several steps of preparation. The
raw materials are mixed to become a homoge-
neous cement paste. The produced material is
cast into macroscopic molds. This is followed
by curing until the specimen reaches the mate-
rial age at which strength tests are to be per-
formed. Finally, the specimens are crushed.
These steps require manual work and technical
equipment such as casting aids and a testing ma-
chine. Comprehensive studies involving several
different raw materials and and several different

initial water-to-binder mass ratios quickly be-
come a a time- and resource-intensive endeavor.
This is specifically true for blended cements
containing CEM I and up to several types of
supplementary cementitious materials (SCMs),
because of the large number of design variables,
including the OPC replacement ratio, the SCM
dosages, the initial water-to-binder mass ratio,
the curing temperature, and the material age at
testing. Blended cements, such as e.g. lime-
stone Portland cement (LPC) [1] or limestone
calcined clay cement (LC3) [2], have a reduced
clinker content and, therefore, a smaller envi-
ronmental footprint [3]. The strength develop-
ment of the cement pastes depends on the mix
design, the properties of the raw materials used,
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and the curing conditions.
Material modeling complements experimen-

tal efforts. For OPC pastes, a multiscale
strength model was developed [4]. It accounts
for the hydration-induced evolution of the mi-
crostructural phase assemblage in a qualita-
tive and quantitative fashion. In the case of
blended binary or ternary cements containing
reactive SCMs, generally valid and simple-to-
implement models for the evolution of the phase
assemblage are, so far, not available. Thus, ad-
vanced material characterization is necessary to
experimentally determine the phase assemblage
evolution which is required as input for a multi-
scale model model.

This study quantitatively investigates the ex-
tent to which an extended OPC model can
be used to predict the uniaxial compressive
strength of an LPC and an LC3 paste. The val-
idated OPC strength model [4–6] is extended
towards the consideration of inert spherical in-
clusion phases. The modeled strength values
are checked against results from uniaxial com-
pressive strength tests, which have been carried
out during the first week after material produc-
tion [7].

The contribution is organized as follows:
Section 2 provides equations describing the
evolution of phase volume fractions of the ex-
tended multiscale strength model. It is applied
to selected materials in Section 3. This is fol-
lowed by the comparison of modeled and exper-
imental strength values and the discussion of re-
sults in Section 4. Conclusions drawn from the
study are presented in Section 5.

2 PHASE EVOLUTION EQUATIONS
FOR THE EXTENDED MULTI-
SCALE STRENGTH MODEL FOR
OPC/LPC/LC3 PASTES AT EARLY
MATERIAL AGES

The validated multiscale strength model for
OPC pastes [4–6] is extended to account for
the partial replacement of CEM I with up to
two types of supplementary cementitious ma-
terials (SCMs). The input and key equations
of the multiscale strength model are provided

in the following subsections. The focus of
the actual study is on ordinary Portland ce-
ment (OPC) pastes, limestone Portland cement
(LPC) pastes, and limestone calcined clay ce-
ment (LC3) pastes.

2.1 Input for the extended multiscale model
Multiscale modeling requires qualitative and

quantitative input. Qualitative input refers to the
hierarchical organization, characteristic phase
shapes, and phase interaction. Quantitative in-
put refers to phase volume fractions and the me-
chanical properties of the material phases, i.e.
of the quasi-homogeneous constituents of ce-
ment paste.

Material organograms are two-dimensional
sketches illustrating three-dimensional repre-
sentative volume elements (RVE) and thus, the
hierarchical organization, the phase shapes, and
the type of phase interaction. Cement paste
is treated as a two-scale material [4]. The
smaller RVE refers to the scale of the hydrate
foam. It consists of a highly disordered ar-
rangement of hydrate gel needles which are ran-
domly oriented in space and which directly in-
teract with water- or air-filled spherical capil-
lary pores. The characteristic size of the hydrate
foam-related RVE amounts to some 20 µm [4].
The polycrystalline phase interaction is con-
sidered by using the self-consistent homoge-
nization scheme for modeling [8–10]. The
larger RVE refers to the scale of the cement
paste. It is a matrix-inclusion composite, con-
sisting of spherical CEM I particles and inert
inclusions such as limestone and calcined clay,
which are embedded in the hydrate foam ma-
trix. The characteristic size of the cement paste-
related RVE amounts to some 0.7mm [4]. The
matrix-inclusion-type phase interaction is con-
sidered by using the Mori-Tanaka homogeniza-
tion scheme for modeling [11, 12].

The cement paste-related volume fractions
are computed based on Powers’ hydration
model [13]. Herein, the related formulae are
modified to account for additional inert SCM
inclusion phases. This is accomplished by mul-
tiplying the original equations by the factor
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[1−f cp
SCM ], where the cement paste-related vol-

ume fraction of the inert material constituents
amounts to f cp

SCM = f cp
ls + f cp

cc , with

f cp
ls =

ρcem
ρls

mls

mcem∑4
i=1

ρcem
ρi

mi

mcem

, (1)

f cp
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ρcem
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ρcem
ρi

mi

mcem

. (2)

Thereby, f cp
ls and f cp

cc stand for the cement paste-
related volume fractions of limestone and cal-
cined clay. ρi and mi denote the mass den-
sity and initial mass of a specific constituent i,
where i ∈ {1=cem, 2= ls, 3=cc, 4=wat} re-
fer to the cement paste constituents “cement”,
“limestone”, “calcined clay”, and “water”, re-
spectively. The modified Powers’ equations
read as:

f cp
cem =

1− ξ

1 + ρcem
ρwat

mwat

mcem

[
1− f cp

SCM

]
, (3)
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[
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]
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ρwat

mwat

mcem

[
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]
, (4)

f cp
hyd =

1.42 ρcem
ρhyd

ξ

1 + ρcem
ρwat

mwat

mcem

[
1− f cp

SCM

]
, (5)

f cp
air = 1− (f cp

cem + f cp
wat + f cp

hyd + f cp
SCM) , (6)

where ξ denotes the hydration degree, ρhyd the
mass density of the hydrates, and f cp

p with p ∈
{cem,wat, hyd, air} the cement paste-related
volume fractions of “cement”, “water”, “hy-
drates”, and “air”. The sum of all cement paste-
related volume fractions, see Eqs. (1)–(6), is
equal to 1. The cement paste-related volume
fraction of the hydrate foam follows as:

f cp
hf = 1−

(
f cp
cem + f cp

SCM

)
. (7)

The hydrate foam-related volume fractions
of the hydrate gel needles and capillary pores
result from the cement paste-related volume
fractions of water, hydrates, and air as fhf

p =
f cp
p /f cp

hf , with p ∈ {wat, hyd, air} and fhf
por =

fhf
wat + fhf

air. This yields

fhf
hyd =

1.42 ρcem
ρwat

ξ

ρhyd
ρwat

[
ρcem
ρwat

mwat

mcem
+ ξ

] , (8)

fhf
por = 1− fhf

hyd . (9)

The sum of the two hydrate foam-related vol-
ume fractions, see Eqs. (8)–(9), is equal to 1.

The elastic constants of the cement paste
constituents are provided in terms of the bulk
modulus kp and the shear modulus µp. Numeri-
cal values are taken from the literature, see Ta-
ble 1. Since drained conditions are considered,
the bulk modulus and shear modulus of water
are zero [14].

Table 1: Bulk modulus kp and shear modulus µp of
the p OPC/LPC/LC3 paste constituents, where p ∈
{cem, ls, cc, hyd}.

phase p kp [GPa] µp [GPa] source
CEM I cem 116.58 53.81 [15]

limestone ls 73.30 32.00 [16]
calcined clay cc 47.90 19.70 [17]

hydrates hyd 18.69 11.76 [4]

2.2 Upscaling the strength of the hydrate
gel needles to the macroscopic strength
of cement paste; after [6]

A macroscopic uniaxial compressive stress
state Σcp acting in e3-direction on a cement
paste RVE is downscaled to the weakest com-
ponents of the microstructure, the microscopic
hydrate gel needles. This allows for deter-
mining whether or not Σcp induces failure in
the cement paste. The quasi-brittle, pressure-
sensitive shear failure of hydrate gel needles is
modeled by means of a Drucker-Prager crite-
rion, FDP, with the Drucker-Prager constants
kDP
hyd = 60.68MPa and αDP

hyd = 0.258 [6]. It
allows for assessing the integrity (FDP < 0)
or failure (FDP = 0) of hydrate gel needles
based on energy-density-based “higher-order”
stress averages. The latter also account for the
spatial orientation of the hydrate gel needles.
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The scalar volumetric and deviatoric stress val-
ues entering the failure criterion are a func-
tion of the macroscopic stress state imposed on
the RVE, the homogenized elastic stiffness of
the cement paste, as well as the properties of
the hydrate gel needles, i.e. their volume frac-
tion, their bulk modulus, and their shear mod-
ulus [4]. The ultimate compressive stress sus-
tained by the cement paste is determined in two
steps: (i) identifying the direction of the most
heavily loaded hydrate gel needles and (ii) in-
creasing the macroscopic uniaxial compressive
stress to failure (FDP = 0), resulting in the ulti-
mate compressive stress sustained by the mate-
rial, see [4–6, 14] for more details.

3 STRENGTH MODEL APPLICATION

3.1 Materials

The extended strength model is applied to
the three cement pastes analyzed in [7]. They
are made of three binders. The OPC binder con-
tains only CEM I-52.5 R. The LPC binder is a
mixture of 70% by mass of the same CEM I and
30% by mass limestone. The LC3 binder con-
tains 70% by mass of the same CEM I, 15%
by mass limestone, and 15% by mass calcined
clay. The cement pastes are produced with a
water-to-binder mass ratio of w/b = 0.45. The
effective water-to-OPC mass ratio is obtained
from the cement paste recipes:

mwat

mcem

= w/b

[
1 +

mls

mcem

+
mcc

mcem

]
. (10)

Strength test results and the cumulative heat re-
lease obtained from isothermal calorimetry test-
ing can be found in [7].

3.2 Material-specific input

The determination of the volume frac-
tions according to Eqs. (1)–(9) require binder-
specific properties such as the mass density and
the initial cement paste composition, see Ta-
bles 2 and 3. Elastic constants are taken from
Table 1.

Table 2: Mass densities of the cement paste constituents.

mass density source
CEM I 3.13 g/cm2 data sheet
limestone 2.70 g/cm2 [18]
calcined clay 2.60 g/cm2 data sheet
water 1.00 g/cm2 -
hydrates 2.07 g/cm2 [19]

Table 3: Initial limestone/calcined clay/water-to-OPC
mass ratios for the OPC, LPC, and LC3 pastes.

OPC LPC LC3
mls/mcem 0.000 0.429 0.214
mcc/mcem 0.000 0.000 0.214
mwat/mcem 0.450 0.643 0.643

3.3 Material-specific strength prediction
The extended multiscale strength model is

used to predict the early-age strength evolution
of the three cement pastes. Thus, the microme-
chanical model is evaluated for two mwat/mcem

values, i.e. for 0.45 being representative for the
OPC paste and for 0.64 being representative
for the LPC and LC3 pastes, respectively. The
qualitative input is taken from Subsection 2.1.
The quantitative input is taken from Tables 1–3,
and Eqs. (1)–(9). The compressive strength of
cement paste is predicted for hydration degrees
ranging between 0 and 1, see Fig. 1.
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Figure 1: Model-predicted uniaxial compressive strength
of the OPC, LPC, and LC3 pastes, as a function of the hy-
dration degree.
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The model-predicted strength values of the
LPC and LC3 pastes are virtually identical,
as both cement pastes have the same value of
mwat/mcem. Small deviations are only due
to the different stiffness and mass densities of
limestone and calcined clay.

4 DISCUSSION
4.1 Comparison of model-predicted and

experimental data
Model predictions of the uniaxial compres-

sive strength of the cement pastes are illustrated
as a function of the hydration degree, see Fig. 1.
The uniaxial compressive strength is character-
ized as a function of the material age [7]. Thus,
the comparison of the modeled and experimen-
tal strength values needs further discussion.

For OPC pastes, the hydration degree is pro-
portional to the specific cumulative heat re-
lease [20]:

ξ(t) =
Q(t)

ℓh
, (11)

where t is the time variable and ℓh denotes
the latent heat of CEM I. Thus, the multiplica-
tion of the hydration degree by the latent heat
of CEM I, allows for representing the model-
predicted uniaxial compressive strength as a
function of the specific cumulative heat release,
see the solid curves in Fig. 2. The latent heat
is prescribed with ℓh = 500 J/g [20]. This ap-
proach is also applicable for the LPC and LC3
pastes, because limestone and calcined clay are
assumed to be inert material phases. The to-
tal heat release is therefore related to the CEM I
hydration only, similar to the OPC paste.

The experimentally obtained uniaxial com-
pressive strength values are also plotted over
the cumulative heat release per gram of CEM I
in the initial binder composition, see the sym-
bols in Fig. 2. This is possible by reading the
cumulative heat release values, from isothermal
calorimetry testing results, at the same time in-
stants at which strength testing was carried out,
and by referring the strength test data to these
cumulative heat release values.
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Figure 2: Model-predicted (solid lines) and experimen-
tal (symbols) uniaxial compressive strength of the OPC,
LPC, and LC3 pastes, as a function of the specific cu-
mulative heat release per gram CEM I, being available
in the initial binder composition: the hydration degree
from Fig. 1 is scaled by the latent heat of 500 J/g, and
time instants of strength testing are converted to the spe-
cific cumulative heat release using data from isothermal
calorimetry.

The model-predicted strength values agree
well with the experimental strength values.
Thus, the extended multiscale strength model
provides a good estimation of early-age strength
development also for binary and ternary
blended cement pastes, at least for the here in-
vestigated materials. This indicates that the hy-
dration of CEM I plays a governing role for the
early-age strength development of limestone-
and calcined clay-blended cement pastes.

4.2 Limitations of the study and future out-
look

The present study includes the following
limitations. Limestone and calcined clay are
considered as inert material phases. Modeled
and experimental strength values are compared
for only three types of cement pastes which are
composed of one type of cement, limestone, and
calcined clay, respectively. For this, the latent
heat of the pastes was prescribed at 500 J/g.
Future research should expand the range of ma-
terials analyzed by including additional OPC,
LPC, and LC3 pastes, preferable made from dif-
ferent raw materials and different initial water-
to-binder mass ratios [21].
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5 SUMMARY AND CONCLUSIONS
A validated multiscale strength model for or-

dinary Portland cement (OPC) pastes was ex-
tended towards the consideration of limestone
and calcined clay as inert material phases. The
model uses a hierarchical, two-scale material
representation for cement pastes. The cement
paste and hydrate foam-related volume frac-
tions were determined based on modified Pow-
ers’ hydration model with the OPC-related hy-
dration degree as the maturity parameter. A
Drucker-Prager failure criterion was used to
model the microscopic pressure-sensitive shear
failure of the hydrate gel needles under com-
pressive loading, in combination with energy-
density-based stress averages providing the link
between macroscopic loading of cement paste
and microscopic stresses experienced by hy-
drate gel needles with specific spatial orienta-
tion. The model was applied to cement pastes
which were experimentally characterized in [7].
The investigated LPC and LC3 pastes have
similar strength evolutions, when plotted as a
function of the OPC-related hydration degree,
due to their comparable initial water-to-OPC
mass ratios. In order to compare model pre-
dictions of the compressive strength with ex-
perimental data, both types of strength were
plotted as a function of the cumulative heat
release. The model-predicted strength values
agree well with the experimentally determined
strength values. Deviations are particularly ob-
served for the LPC paste one and three days
after paste production. The study reveals that
the extended multiscale strength model allows
for a good estimation of the early-age uniaxial
compressive strength also for blended cements,
at least for the here-investigated materials, and
that the OPC hydration plays a governing role
when it comes to the strength evolution at early
material ages.
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