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Abstract. In this paper, the performance of smeared crack and discrete crack dilatancy models applied
to mixed mode fracture is evaluated. Fixed, rotating as well as hybrid rotating-to-fixed smeared
crack models are considered. For each crack model format-specific input parameters such as the
shear retention factor, the reduction of compressive strength due to lateral cracking, and the transition
point from rotating to fixed are varied respectively. Elementary tension-shear model problems are
considered including validation against recent mixed-mode lab tests. The results indicate that the
fixed crack response is highly sensitive to the choice of shear retention factor, while the rotating
crack results are sensitive to the adopted boundary conditions of the model problem. The hybrid
crack formulation does not provide consistent advantages compared to the fixed or rotating crack
formulations. The discrete crack dilatancy models are found to be more accurate in predicting the
mixed mode response of the tests, although they tend to overestimate the shear strength. Reference is
made to early work by Willam.

1 INTRODUCTION

In the field of civil engineering, the em-
ployment of non-linear finite element analy-
sis (NLFEA) is becoming an increasingly pop-
ular approach for the strength assessment of
concrete structures. The detailed insight into
the structural behaviour that can be obtained
by NLFEA has shown its great potential, and
guidelines [1] have been established to decrease
the model uncertainty and promote a uniform
modelling approach. In performing such analy-
ses, the smeared crack models based on the total
strain concept [2] are frequently adopted. The
total strain based crack model has proven its ad-
vantages in terms of accuracy and robustness,
while the intuitive input in terms of direct en-

gineering stress-strain relations are appreciated
by practicing engineers.

Within the total strain-based smeared crack
framework, various choices are left to the user.
The crack orientation is the most fundamental
one, where a fixed, rotating, or rotating-to-fixed
format can be specified. In the fixed formula-
tion, the crack plane direction remains fixed af-
ter crack initiation. This allows the principal
strain direction to deviate from the crack plane
direction. Consequently, shear stresses on the
crack plane can develop and can, to a certain
extent, be handled by a shear retention factor,
which is a scalar variable reducing the shear
stiffness on the crack plane. Common practice
in the early days was to adopt a constant shear
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retention factor, with typical values in the range
of βs = [0.01 − 0.1]. Such constant shear re-
tention factor may result in shear stresses on the
crack plane that increase excessively. This po-
tentially leads to an overprediction of the resis-
tance, specifically in the case of shear-critical
reinforced concrete beams without shear rein-
forcement. An alternative and more realistic ap-
proach is to use a variable shear retention fac-
tor that decreases with increasing mode-I crack
normal strain. Early fixed smeared crack mod-
els with incremental decomposed strain formu-
lations appeared to be sensitive to stress lock-
ing. This stimulated the development of Rotat-
ing crack models. Rotating crack models de-
scribe the stress-strain relations in the continu-
ously rotating principal strain directions. These
are considered to be more robust and were sup-
posed to provide a lower bound capacity as
no excessive shear build-up along fixed cracks
could happen. Nevertheless, rotating crack
formulations may suffer from so-called over-
rotation. For RC structures this could trigger
delamination of the boundary elements [3] and
potentially give an unrealistic direct load trans-
fer to the supports [4]. The latter tends to over-
predict the resistance as well.

An alternative to the fixed or rotating for-
mulation is provided by the multi-directional
fixed crack model [5] in an incremental and de-
composed strain format. Furthermore, hybrid
rotating-to-fixed crack models have been pro-
posed, which transition from rotating to fixed
once a specified condition is met. From a phe-
nomenological point of view, the rotating-to-
fixed crack formulation seams appealing as it
reflects the fracture process. The tension soften-
ing is characterized by progressive microcrack-
ing, and once these microcracks evolve, they
coalesce to form a macro crack. Up to the
point where the microcracks coalesce, the di-
rection of the major crack is not fixed and al-
lows for rotation by changing the strain state,
hence supporting the transition from a rotat-
ing to a fixed crack formulation. For the mu-
tual comparison between the different smeared
crack formulations often the well-known strain-

driven tension-shear model problem proposed
by Willam et al. [6] is adopted. Further in-
sights can be gained by not only mutually com-
paring numerical modelling results but also by
validating them against experimental data. In
this study, the mixed mode fracture experimen-
tal campaign conducted by Jacobsen et al. [7]
is used for such validation. This experiment
distinguishes itself from preceding studies in
mixed-mode fracture and aggregate interlock by
combining two key aspects: (1) first creating
a partial mode-I crack driven by pure tension,
followed by (2) a certain mixed-mode tension-
shear straining. These tests allow the models
to be validated against experimental data, in
similar fashion as the single element tension-
shear problem. Inspired by the work of Willam
[6], Rots [8], and Feenstra [9], various smeared
crack models are evaluated by means of strain-
driven single element tests and compared with
experimental data.

2 METHODS
2.1 Mixed mode crack experiments

To study the performance of various model-
ing approaches in describing mixed-mode frac-
ture behavior, the experimental campaign con-
ducted by Jacobsen et al. [7] is taken as a ref-
erence. The experiment investigates the mixed-
mode crack development behavior of concrete
using a biaxial testing machine designed to ap-
ply normal and shear loads simultaneously, as
illustrated in fig. 1.

The test setup comprises a very stiff test-
ing frame and support structure, enabling pre-
cise control of displacements in two perpendic-
ular directions. The test specimens are double-
notched concrete blocks with dimensions of
150 mm in width, 80 mm in height, and 75
mm in depth, with notches of 55 mm depth cre-
ating a ligament area of 40 × 75 mm2. The
concrete, with a minimum and maximum ag-
gregate size of 4 mm and 8 mm respectively,
has an anticipated 28-day strength of fc = 30.
MPa and reported material properties of ten-
sile strength ft = 3.3 MPa, elastic modulus
Ec = 31 GPa, and fracture energy in the range
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Gf = [115− 165] N/m.

Figure 1: Loading scheme: Mode I opening phase
(top) and mixed-mode phase (bottom) of the experi-
ment by Jacobsen et al. [7]

The experimental loading procedure consists
of two phases. An initial pure Mode I pre-
scribed displacement ∆Un = Un0 is applied to
initiate a crack (Phase 1), followed by a mixed-
mode phase to analyze the interaction between
normal (∆Un) and shear (∆Us) displacements
(Phase 2). Crack initiation occurs in pure
Mode I, while the mixed-mode opening angle
(α) defines the relative displacement direction
tan(α) = ∆Un/∆Us. Several loading scenar-
ios are applied to the specimens, with varying
initial Mode I openings (Un0) from 0.015 mm
to 0.100 mm and mixed-mode angles α from
40◦ to 60◦. Note that the crack widths initiated
in the Mode I loading phase are still within the
tension-softening regime of the concrete. Clip
gauges mounted on orthogonal rails measure
displacements between the cracked segments.

In particular, the relations between normal
stress and crack opening displacement, as well
as between shear stress and sliding displace-
ment, are of interest. Although multiple ex-
periments with various loading conditions have
been conducted, the focus of this study is on the
models with Un0 = 0.04 mm and α = 45◦.

2.2 Smeared crack approach
The numerical models reflect the experimen-

tal setup with material properties provided by
Jacobsen et al. [7]. To simplify the analy-
sis, the models assume a homogeneous stress
and strain state, reducing the problem to a sin-
gle element subjected to imposed normal and
shear displacements. The model is defined by
a single two-dimensional 4-noded quadrilateral
plane stress element. Under the assumption that
the uncracked part of the specimen has a negli-
gible influence on the fracture process, a square
element with the size of 40 × 40 mm2 is mod-
eled. With a thickness of 75 mm, the resulting
ligament area is identical to the experimental
specimens. A standard 2 × 2 Gauss integration
scheme is adopted, and the loading is applied
in the same manner as in the experiments. First,
a prescribed displacement-controlled load is ap-
plied to the upper nodes, followed by simultane-
ous and equal normal and shear displacements.
The models are subjected to the same loading
conditions as the experiments, focusing on the
mixed-mode phase with Un0 = 0.04 mm and
α = 45◦. The material properties defined in the
numerical models are presented in table 1, and
the numerical models are illustrated in fig. 2.

Table 1: Adopted concrete properties in numerical
models

Property Value Unit
Ec 31000 N/mm2

ν 0.22 -
fc 41 N/mm2

ft 3.3 N/mm2

Gt 0.14 N/mm
GC 35 N/mm
Dmin 4 mm
Dmax 8 mm
hcr 40 mm

In the smeared crack models, the total-strain
based crack model is used (Feenstra et al. [2]).
A full description goes beyond the scope of
this paper; however, the most important features
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Figure 2: Modeling approach

are highlighted. For the purpose of the present
study, the existing models available in the Fi-
nite Element code DIANA are employed, al-
lowing for fixed, rotating, and rotating-to-fixed
crack formulations. The model accounts for the
cracking and crushing behavior of concrete as
well as interaction behavior. It presumes that
incipient cracking occurs perpendicular to the
direction of maximum principal strain, as il-
lustrated in fig. 3a. After crack initiation, the
crack n, t-coordinate system is introduced. Ten-
sion softening is characterized by a fracture
energy Gf based curve adjusted by the crack
bandwidth hcr, following the crack band the-
ory [10]. Specifically, an exponential softening
curve proposed by Hordijk [11] is used. Sim-
ilarly, in the compression regime, a parabolic
stress-strain relation is employed following the
work of Feenstra [12], as illustrated in fig. 3c.
Reduction of the compressive strength due to
lateral cracking is taken into account according
to Vecchio et al. [13], defined by a reduction
factor βc. Additionally, the reduction can be
limited by defining a minimum value of βmin

c .
No increase in compressive strength due to con-
finement is considered. To establish a consistent
comparison between different models, a prede-
fined crack band estimator equal to the element
size of 40mm is used instead of more advanced
projection methods [14]. In this study, the crack
direction format is varied between fixed, rotat-
ing, or rotating-to-fixed. Based on the adopted

crack direction formulation, several options be-
come available, and choices are discussed be-
low.

Fixed crack format

A fundamental aspect of the fixed crack for-
mulation is the way shear resistance on the
crack plane is accounted for. A common ap-
proach is to introduce a shear retention factor
βs, which reduces the shear stiffness term in
the constitutive model. This factor mimics the
transfer of shear stresses across the crack plane
due to aggregate interlock by:

Gcr = βsGc (1)

where Gcr is the shear stiffness on the crack
plane and Gc is the initial elastic shear stiffness
of uncracked concrete. The most straightfor-
ward implementation is achieved by defining a
constant shear retention factor, typically in the
range of βs = [0.01 − 0.1]. A more physically
representative method involves a shear retention
factor that decreases as the material damage ac-
cumulates [16]. Such a model is proposed by
e.g. Al-Mahaidi [17], where the shear retention
factor decreases as a function of the total strain
normal to the crack:

βs = 0.4
ft

Ecεnn
(2)

where ft is the tensile strength of the con-
crete, Ec is the Young’s modulus, and εnn is the
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Figure 3: Total strain based smeared crack model

total strain normal to the crack plane.
An alternative approach is to use a so-called

damage-based shear retention factor, being a
function of the damage parameter, typically de-
noted as ω. In this way, the shear retention fac-
tor is reduced proportionally to the tensile soft-
ening, with the shear stiffness being reduced to
zero when the damage parameter reaches unity,
i.e., when the ultimate crack strain is reached at
the end of the tension-softening regime. As a
third option, an aggregate size-dependent shear
retention factor based on the crack normal strain
is defined as:

βs = 1−
(
2εcrnnhcr

dagg

)
(0 ≤ βs ≤ 1) (3)

where dagg is the mean aggregate size, εcrnn
is the crack normal strain, and hcr is the crack
band width.

In this study, the fixed crack formulation is
evaluated using the described shear retention
factors: a set of constant shear retention factor
of βs = 0.1 and βs = 0.01, a damage-based
shear retention factor, the Al-Mahaidi shear re-
tention factor, and an aggregate interlock-based
shear retention factor.

Rotating crack format

In the rotating crack formulation, the crack
direction is allowed to rotate and is updated
at each iteration to align with the direction of

the maximum principal strain. In this formula-
tion, there is no explicit shear retention factor,
but an implicit shear term that provides coaxial-
ity between principal stress and principal strain.
This allows for a continuously rotating crack
and is expected to provide a lower bound ca-
pacity since the critical shear crack angle can
be adjusted throughout the analysis. However,
in RC applications the rotating crack formu-
lation may suffers from over-rotation, which
can trigger delamination of a boundary of ele-
ments [3,4], leading to an unrealistic direct load
transfer to the supports and potentially overpre-
dicting the capacity. In this study, the rotat-
ing crack formulation is extended by a factor
βc that reduces the compressive strength due
to lateral cracking as proposed by Vecchio et
el. [13]. Various limitations to the reduction
factor are defined with minimum values set to
βmin
c = [1.0, 0.6, 0.4, 0.0].

βc =
1

1 +Kc

≤ 1 (4)

with
βmin
c ≤ βc ≤ 1 (5)

Kc = 0.27

(
−αlat

ε0
− 0.37

)
(6)

ε0 = − fc
Ec

(7)

where αlat is the lateral strain, fc is the compres-
sive strength of the concrete, Ec is the Young’s
modulus of the concrete.
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Rotating-to-fixed crack formulation

A combination of the fixed and rotating
crack formulations is provided by the hybrid
rotating-to-fixed crack model. This model tran-
sitions from rotating to fixed once a speci-
fied condition is violated. The additional input
parameter characterizing the rotating-to-fixed
crack model is the threshold value, which de-
termines the transition point from rotating to
fixed crack. This threshold value is often ex-
pressed in terms of accumulated damage at the
integration point level, or more specifically, the
ratio between the residual tensile strength after
cracking and the initial tensile strength, cfix =
σcr
nn/ft.

Due to the limited use of this rotating-to-
fixed formulation in practice, there is little guid-
ance in the literature regarding the choice of the
threshold value. In the rotating crack model
with transition to scalar damage proposed by Ji-
rasek et al. [18], a threshold value of αfix = 0.3
is reported to provide good results for the se-
lected benchmark problem. This value is mo-
tivated by the adopted bi-linear tension soft-
ening relation, where the transition point con-
veniently coincides with the change in slope
of the bilinear softening curve. Cervenka et
al. [19] reported a higher threshold value of
cfix = 0.7, although no background information
is provided. One could argue that the transi-
tion point should have a physical meaning, such
as the stage where microcracks coalesce into a
macroscopic crack. In a similar experimental
study to [7], Østergaard et al. observed that
when the tension load decreases to 50–70% of
the maximum tensile capacity, the initial crack
band between the notches can be interpreted to
coalesce into a macro crack [20].

In the current implementation of the adopted
total strain formulation, the transition point is
defined by the crack strain in the normal direc-
tion of the crack plane. This approach is mesh
size dependent as the tension softening behav-
ior is defined as a function of the fracture en-
ergy. In this specific case, a predefined and con-
stant crack band width is used, meaning that the

transition point is known a priori. It should be
noted that the rotating-to-fixed crack model pro-
duces meaningful results only when the element
is subjected to mixed-mode loading conditions
before the transition point is reached. If this is
not the case, the model behaves as a fixed crack
model. Conversely, if the crack strain for transi-
tion from rotating to fixed is not reached during
the analysis, the model behaves identically to
the rotating crack model.

Table 2: Transition points in rotating-to-fixed crack
formulation

Name cfix σcr
nn;fix εcrnn;fix1̇0

−3

Fixed 1.0 3.30 0.0
Fixed 70 % 0.7 2.31 0.31
Fixed 50 % 0.5 1.65 0.61
Fixed 30 % 0.3 0.99 1.16
Fixed 0 % 0.0 0.0 5.54
Rotate 0.0 0.0 ∞

2.3 Discrete crack approach
Although smeared crack models are strongly

preferred in nonlinear finite element analysis
(NLFEA) of reinforced concrete structures, a
discrete crack approach is included for com-
parison. Various crack dilatancy models have
been implemented into DIANA in combination
with a tensile softening pre-stage (Feenstra et
al. [21, 22]) and are used herein. The discrete
crack models are defined in a similar manner
as the smeared crack models, yet two quadrilat-
eral elements are now connected by an interface
element. This interface element represents the
crack opening and sliding behavior and is de-
fined by a traction-separation law.{

tn = fn(∆un,∆ut)

tt = ft(∆un,∆ut)
(8)

The crack dilatancy models follow the to-
tal deformation theory, where the interface trac-
tions (tn, ts) are expressed as a function of the
total relative displacements (∆un,∆ut) [23],
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also shown in eq. (8). To describe the devel-
opment stage of Mode I cracking, a fracture
energy-based linear tension softening is em-
ployed. During this stage, it must be decided
how the shear stresses are transferred across the
crack plane, and two extreme options are avail-
able: 1) full shear stiffness is retained until the
critical crack opening displacement is reached,
or 2) the shear stiffness is omitted, allowing for
no shear transfer. In either case, a disconti-
nuity in the shear stress is observed when the
critical crack opening displacement is reached.
In this particular study, the shear stiffness is
neglected in the Mode I crack opening phase.
Once the crack has reached the critical crack
opening displacement, the crack is assumed to
be fully open, and the relations for the Mode II
crack dilatancy aggregate-interlock models are
applied.

In the context of finite element analysis us-
ing a discrete crack modeling approach, the
tractions and relative displacements on a crack
plane can be described using cohesive or in-
terface elements. While numerous models ex-
ist, this study focuses on five representative
crack dilatancy models implemented in Diana
FEA [21, 22]. The formulations for crack di-
latancy can be broadly classified into two cat-
egories: empirical crack models and physical
crack models.

The first category, empirical crack models,
includes the Rough Crack Model by Bažant
and Gambarova [23], which conceptualizes the
crack surface as a regular array of trapezoidal
asperities, leading to shear stress dependence
on the displacement ratio and asymptotic be-
havior for large displacement ratios. Another
empirical model is the Rough Crack Model by
Gambarova and Karakoç [24], which refines the
previous model by incorporating constant con-
finement stress and aggregate size effects, pro-
viding an improved formulation of the normal
traction-displacement relationship. Addition-
ally, the Aggregate Interlock Relation by Wal-
raven and Reinhardt [25] offers linear relations
derived from experimental results, obtained by
fitting shear stress and crack width data.

The second category, physical crack mod-
els, comprises the Two-Phase Model by Wal-
raven [26], which treats concrete as a two-phase
material with stiff spherical inclusions in a plas-
tic matrix, accounting for aggregate distribution
and contact areas to determine shear and normal
stresses. Lastly, the Contact Density Model by
Li et al. [27] assumes a crack plane consisting
of variously inclined contact units, with con-
tact forces computed using an elasto-perfectly
plastic model, and considers the loss of con-
tact area with increasing normal crack displace-
ment. The material properties, boundary con-
ditions, and prescribed displacements are iden-
tical to those used in the smeared crack mod-
els. For a more detailed description of the fi-
nite element implementation of the crack dila-
tancy models, the reader is referred to the work
of Feentra et al. [21, 22].

3 RESULTS
3.1 Fixed crack formulation

Please note that the results reported in this
chapter belong to the boundary conditions as
shown in fig. 2, i.e. the horizontal strain εxx is
confined to zero, while first the vertical strain
εyy is incremented to some level complying
with a partial mode-I crack, whereafter both
εyy and γxy are incremented in some propor-
tion. The results of the fixed crack models are
compared for both the shear and normal di-
rection, where the global stresses are plotted
against the relative displacements. First, the re-
sults from the τ − ∆Us curves from fig. 4a are
discussed. The fixed crack models that adopt
a constant shear retention factor show a linear
relationship between the shear stress and shear
strain. The analysis with a constant shear reten-
tion factor of βs = 0.1 severely overestimates
the shear stresses, although the secant stiffness
at the point where the ultimate shear stiffness is
reached and the corresponding displacement is
reasonably in line with the experiments. This
is not the case for the constant shear retention
factor of βs = 0.01, which significantly under-
estimates the shear stresses at smaller displace-
ments. At higher displacement levels, the shear
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stresses are again overestimated. Similar behav-
ior is observed for the crack strain-dependent
shear retention factor according to eq. (2), al-
though the overestimation at higher load levels
is less pronounced. In this case, the shear reten-
tion factor is scaled linearly with the total strain
in the normal direction to the crack plane. With
a displacement angle of tan(α) = ∆Un/∆Us,
the shear retention factor reaches an asymp-
tote. The most severe overestimation of the
shear stresses is observed for the aggregate size-
dependent shear retention factor eq. (3). Here,
the crack normal strain is used to scale the shear
retention factor, resulting in an overestimation
of the shear stresses at all displacement levels,
exceeding the plot boundaries. The only model
that does not overpredict the shear stresses is the
one that adopts a damage-based shear retention
factor. As expected, the σn − ∆Un curves fol-
low the same softening behavior as specified by
the input tensile softening relation.

3.2 Rotating crack formulation
The same plots are generated for the rotat-

ing crack models in fig. 4b. Due to the rota-
tion of the crack plane, the response is signif-
icantly different from the fixed crack models.
Although no shear stresses exist on the rotating
crack plane, the global shear stresses are con-
siderably higher than those in the fixed crack
models. Evidently, the crack plane is allowed to
rotate, where the referred stresses are presented
in the global coordinate system. Due to the rota-
tion of the crack plane, in combination with the
boundary condition that prohibits any horizon-
tal strain εxx to develop, a significant amount of
inclined compressive stress is allowed to build
up due to the co-rotational formulation. This
build-up of inclined and vertical stress is com-
pletely absent in the fixed crack models, where
the explicit shear retention along the fixed hori-
zontal crack controls the outcome. This behav-
ior can also be observed in the σn−∆Un curves,
where compressive stresses are present in the
post-softening stage. The increase in shear and
compressive stresses are eventually limited by
the crushing of the concrete. With the adoption

of the reduction of compressive strength due to
lateral cracking, the compressive strength is re-
duced with increasing crack strain according to
eq. (4), as observed in the plots, but still the
overall shear stress and normal stress are too
high compared to the experiment.

3.3 Hybrid rotating-to-fixed crack formu-
lation

The rotating-to-fixed crack results are plot-
ted in fig. 4c For convenience, for compar-
ing the various smeared crack models, also the
fixed and rotating crack results have been added
in fig. 4c. The models with transition points
αfix = 0.7 and αfix = 0.5 do not deviate from
the fixed crack formulation. As mentioned in
the previous section, fixation of the crack ori-
entation occurs before the mixed-mode loading
state is reached. Conversely, the models with
a transition point αfix = 0.0 produce results
identical to the rotating crack formulation. The
rotating-to-fixed crack model with a transition
point αfix = 0.3 shows a transition from the ro-
tating to the fixed crack results.

The shear stresses in the rotating-to-fixed
crack model are significantly higher than those
in the fixed crack formulation but lower than
those in the rotating crack formulation. Sim-
ilarly, the verical normal stresses are lower
than those in the rotating crack formulation but
higher than those in the fixed crack formulation.
The σn−∆Un curves exhibit the same behavior
as the rotating crack formulation.

3.4 Crack dilatancy models
The results from the discrete crack dilatancy

models are compared in fig. 4d. The first no-
table observation in the τ − ∆Un plots is the
sudden jump in shear stress, caused by the dis-
continuity in the crack dilatancy stiffness ma-
trix formulation. Up to the point where the ul-
timate crack strain is reached, no shear stiff-
ness is considered. A comparison between
the adopted crack dilatancy formulations indi-
cates very similar results. However, the gen-
eral trend shows that the crack dilatancy mod-
els consistently overshoot both shear and nor-
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mal stresses to some extent, compared to the
experimental results. However, compared to
the smeared crack models, the crack dilatancy
models exhibit more realistic behavior in terms
of maximum shear stresses. In particular, the
Two-phase model produces accurate results.
With increasing displacements, the deviation
between the numerical and experimental results
increases.

4 DISCUSSION
The total strain-based crack model is known

for its robustness and its conceptual simplicity
with direct engineering stress-strain relations,
without compromising the ability to simulate
the complex behavior of concrete at a structural
level. However, the results indicate that for this
specific strain-driven tension-shear experiment
with the specific boundary conditions of fig. 2,
the fixed crack format fails to accurately capture
the shear resistance. Depending on the defini-
tion of the shear retention factor, significant un-
derpredictions or overpredictions are observed.
Enhancing the model with a crack dilatancy
principle could improve the results, as seen in
the discrete crack approach. However, incorpo-
rating a crack dilatancy model makes the stiff-
ness matrix non-symmetric, which is compli-
cating the procedure, potentially compromis-
ing its robustness and deviating from the ini-
tial conceptual simplicity principle of the total
strain-based crack model. An improvement in
the fixed crack formulation can be achieved by
refining the shear retention factor. Preliminary
analysis suggests that an exponential decay of
the shear retention factor as a function of the
crack width would be a suitable approach and a
follow-up study on this (old) topic is currently
under preparation by the authors.

A notable observation in the results for the
specific problem considered is the significant
overprediction of shear resistance by the rotat-
ing crack formulation. The rotating crack for-
mulation appears to produce inclined compres-
sive stress build up for the particular bound-
ary conditions considered (εxx = 0). By the
introduction of the imposed shear strain, the

crack plane is allowed to rotate, leading to a
significant increase in the principal compressive
stresses parallel to the rotating crack plane. The
global shear resistance is implicitly determined
by the stresses in the principal axes, in this case
dominated by the formation of a compressive
strut parallel to the rotating crack plane. This
raises the question of whether the fully con-
strained boundary conditions, as prescribed in
the single element test, are appropriate and rep-
resentative for real strain paths that integration
points undergo in real RC structures. The ini-
tial assumption was that the horizontal strain
(εxx) was confined to zero, fig. 2 However, as
an alternative elastic horizontal strain can be as-
sumed to be possible. To investigate the effect,
the single element test is repeated with modified
boundary conditions, as shown in fig. 5. Now,
the right side of the element is placed on rollers,
the horizontal strain is not prescribed but free to
develop, while the vertical strain and the shear
strain are again prescribed as before. The re-
sults of this test are shown in fig. 6. With the
adjusted boundary conditions, the shear resis-
tance is significantly reduced and is now similar
to the fixed crack model with a damage-based
shear retention factor.

In the rotating-to-fixed crack formulation,
the effectiveness is determined by the threshold
values where the transition from a rotating to a
fixed format occurs. In the analyzed benchmark
problem, the rotating-to-fixed crack model gen-
erally behaves similarly to either the rotating or
fixed format. In the single instance where the
rotating-to-fixed model is active, no significant
improvement in response is observed. Several
factors contribute to this observation. Firstly, a
damage-based shear retention factor is adopted
once the crack direction is fixed. As found
in the fixed crack formulation, this approach
underestimates the shear resistance. Alterna-
tive shear retention factors could affect the re-
sponse. Secondly, the transition from a rotating
to a fixed crack format is based on the normal
crack strain. It remains unclear if the adopted
threshold value is the most suitable approach.
Lastly, in experiments with different initial dis-
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placements Un0 and mixed mode angle α, the
rotating-to-fixed crack model may exhibit dif-
ferent behavior. Although the rotating-to-fixed
crack model has the potential to improve anal-
ysis stability by reducing the stress locking ef-
fect, further investigation is required to deter-
mine its effectiveness.

The discrete crack model offers a more pre-
cise representation of shear resistance com-
pared to smeared crack models, closer align-
ing with experimental observations of shear and
normal stresses. However, it tends to overesti-
mate the aggregate interlock effect, especially at
larger crack widths. Despite the enhanced accu-
racy, the discrete crack model is impractical for
full-scale structural analysis. It is more suitable
when the crack location is predefined, such as
at concrete-to-concrete interfaces between pre-
cast elements and cast-in-place concrete. The
adopted crack dilatancy constitutive model dis-
tinguishes between the Mode I crack formation
stage and the Mode II crack sliding stage, lead-
ing to a discontinuity in the shear stress-strain
relationship. Further research into smoothening
this discontinuity would be helpful.

Un

Us

Un

(1) (2)

(3)(4)

x

y

U(3)
x U(2)

x = U(4)
x

Figure 5: Smeared crack with adjusted boundary
conditions

It is also worth mentioning that in the experi-
ments, a secondary inclined crack was reported
due to the aggregate interlock effect. The ro-
tating crack formulation seems capable of cap-
turing the formation of this secondary crack by
allowing the crack to rotate. However, it does
not yield accurate results for both fully con-

strained and unconstrained elements. From this
perspective, a multi-directional crack formula-
tion could be a more suitable approach. For
now, we leave this for open discussion and will
investigate it further in future research. Another
discussion concerns the level of detail in the
fracture process described by the adopted sin-
gle element test. It is crucial to consider to what
extent the chosen homogeneously strain-driven
single element case can accurately represent the
fracture process in the true full specimen struc-
ture. The authors acknowledge the possibil-
ity of modeling the experiment with a refined
mesh. In that way, a more detailed description
of the fracture process, including the formation
of secondary inclined cracks, could be obtained.
However, the aspects of different strain paths
occurring at local integration point levels in a
global structural analysis, and the marked dif-
ferences between the various smeared crack ap-
proaches in that, remain as a fundamental issue
as noted long before by Willam et al. [6]. As
a final note, the authors would like to mention
that analysis with variations in normal strain ra-
tio’s (εxx : εyy) as well as alternative modelling
approaches, including a three-element and el-
ement assembly model, have been explored.
A discussion of these results goes beyond the
scope of this paper and will be addressed in a
future publication.

5 CONCLUSIONS
The main focus of this study was to exam-

ine the performance of fixed, rotating and hy-
brid rotating-to-fixed smeared crack formula-
tions for strain-driven elementary tension-shear
model problems complying with recent mixed-
mode fracture lab tests. Additionally, a discrete
crack model including crack dilatancy was used
for comparison. The main conclusions are:

• The shear retention factor plays a cru-
cial role in the fixed crack results, in
line with previous research. For the spe-
cific boundary conditions and strain path
adopted, the models fail to capture the
mixed-mode fracture behavior accurately.
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Figure 6: Nominal stress-displacement response rotating format with adjusted boundary conditions; Shear τ -
∆Us (left) and Normal σn-∆Un (right) components

• The rotating crack formulation unexpect-
edly produced over stiff and over strong
results, which was explained from the
specific boundary conditions and strain
path, promoting the development of a ro-
tating compressive strut parallel to the ro-
tating crack.

• The hybrid crack formulation does
not provide any additional benefits for
the tension-shear problems considered
herein, and the results heavily depend on
the chosen transition point for freezing of
the crack directions.

• The discrete crack dilatancy models ex-
hibit more realistic behavior compared to
the smeared crack models. For the experi-
ment under consideration, the Two-phase
model produces the most accurate results.

It is almost 40 years ago that Kaspar Willam
et al. [6] published their findings on fundamen-
tal issues of smeared crack models, based on
a study of a specific strain-driven elementary
tension-shear model problem. The present pa-
per extends their work to different strain-paths
and different boundary conditions. It demon-
strates that the issues raised in [6] are still
highly relevant and only partially understood,
requiring further research.
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