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Abstract The fundamental mechanism of the compressive behav-
ior of cylindrical concrete specimens reinforced by steel fibers is
explained through a dual viewpoint of bifurcation and fracture.
Asymptotic bifurcation theory is employed as a means to testify
if the bifurcation that triggers the softening of the stress versus
strain curves of specimens is taking place or not. These curves are
classified into two categories: their peak loads are governed by (1)
bifurcation and by (2) splitting or cracking. The curves governed
by bifurcation are simulated well by means of the so-called bifurca-
tion equation, whereas such are not the case for those undergoing
splitting or cracking due to premature failure. The need of the dual
viewpoint of bifurcation and fracture in the compressive behavior
of concrete has thus been clearly demonstrated.
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1 Introduction

The tensile failure of concretes has successfully been described by
the fracture mechanics. Yet it is quite problematic to make clear
‘the fundamental mechanism of their compressive failure that cannot
be explained solely by the fracture mechanics.
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Figure 1 Classification of compressive failure mechanism.

A clue to overcome this problem can be found in the field of soil
mechanics, in which “bifurcation” has come to be acknowledged as
a major source of shear failure. For example, a shear band analysis
of granular materials was performed by Vermeer (1982) as an ex-
tension of the plastic bifurcation by HIll and Hutchingson (1975).
Tkeda and Goto (1993) and Ikeda et al. (1997a,b) employed imper-
fection sensitivity laws to assess the presence of bifurcation for sand
specimens and to explain the variation of the shear strength of sand
specimens. Furthermore, this method is successfully applied to the
compressive failure of concretes by Ikeda and Maruyama (1995) and
Tkeda et al. (1997c).

The aim of this paper is to make clear the fundamental mecha-
nism of the compressive behavior of cylindrical concrete specimens
reinforced by steel fibers through a dual viewpoint of bifurcation
and fracture. The asymptotic bifurcation theory is employed as
a means to testify if the bifurcation that triggers the softening of
the stress versus strain curve is taking place for a specimen or not.
By observing a series of compressive stress versus strain curves of
those specimens based on this theory, we classified them into two
categories: their peak loads are governed by (1) bifurcation and by
(2) splitting or cracking, as shown in Fig. 1. Experimental data
are shown to accurately follow the law for imperfection sensitivity.
Further, we simulate the stress versus strain curves by means of the
bifurcation equation. As a consequence of these, we assess the ma-
jor assumption of the paper that the bifurcation is actually taking
place in concrete specimens under compression.
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Figure 2  General view of force versus displacement curves for a
bifurcation point.

2 Bifurcation Theory

In this section we offer a systematic means to describe the asymp-
totic influence of initial imperfections on the bifurcation behavior as
a summary of Tkeda et al. (1997b). This serves as a synthesis and
an extension of the pre-existing bifurcation theories, such as Koiter

(1945), Thompson and Hunt (1973), and Ikeda et al. (1997a).
Consider a system of nonlinear equilibrium equations

F(u,P,¢) = o, (1)

where u indicates a nodal displacement (or position) vector; P de-
notes a loading parameter (axial stress in this paper); e denotes
the magnitude of an initial imperfection. We assume F' to be suf-
ficiently smooth. We consider a bifurcation point (ul, P?) for the
perfect system (shown as (o) in Fig. 2), at which the Jacobian
JY = (OF /0u)® becomes singular. Here (-). refers to the critical

point and (-)? to the perfect system.

2.1 Imperfection sensitivity laws
Imperfection sensitivity laws to testify the presence of bifurcation
with reference to curves of experimental stress versus strain are
introduced. The analyses presented in the sequel are all asymptotic
and are valid only when € is small.

We define the variables as below:

o (u?, P?): the bifurcation point (shown as (o) in Fig. 2),

® (u., P.): the limit point for an imperfect one (shown as (e)),
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e du = up — (u;)’: the increment of the displacement for a par-
ticular i = ¢* [(u;)? is abbreviated as u? in the sequel],

e Su. = (up)e— (up)Y: the increment of the critical displacement,
e 6P = P — P’ the increment of the load, and
e OP. = P, — PCO: the increment of the critical load.

From the equilibrium equations (1), we can derive an incremental
force versus displacement curve:

Jsign(s) <6u — 6—5—) l(SP +p <(5u - %)} +ge+hot. =0, (2

where E' is the parameter denoting the tangent of the main path of
the perfect system; p is the parameter associated with the curvature
of the bifurcation path; ge represents the influence of the initial im-
perfection; sign(s) is equal to 1 or —1; and h.o.t. means the higher
order terms. It should be remarked that the applicability of equa-
tion (2) relies on the (reasonable) assumption that the bifurcation
mode does not have the component of the displacement w.
In what follows, we consider an imperfect system with ¢ # 0.
First we remark that (2) readily implies
‘ 3p1/342/3
6P, = — s1gn(s)—2%%—~
which is nothing but the famous Koiter’s two-thirds power law (cf.,
Koiter, 1945).
We generalize the Koiter law (3) by considering a straight line

6P + héu=0 (4)

shown by the dashed-and-dotted line in Fig. 2 (where h is a con-
stant and h = 3p/(1 — 3p/E) corresponds to the Koiter law). A
substitution of the equation (4) of this straight line into (2) a,nd the
use of the Koiter law (3) results in

6P, = —y*oup + h.o.t. (5)

where éuy, denotes the incremental displacement on the intersec-
tion point [shown as (A) in Fig. 2] of the straight line (4) and an
imperfect P versus u curve, and

. 3 B 1/3 h 2/3
72%1’(”5)} ["‘“P(”E)J - (©6)

e® + h.o.t., (3)
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The equation (5) denotes a linear relationship between a pair of
physically observable variables éuy, and 6P that passes the origin

duy,,0P.) = (0,0). Namely, (buy,,6P,) for different values of € all
I I

lie on the line (5) with a common slope —v*.

2.2 Determination of the values of parameters

In the application of the asymptotic formulas (2) and (5) to an ex-
perimental curve of a system subject to bifurcation, the values of
the parameters p, ge, and E and the location (u?, P, d) of the bifur-
cation point have to be estimated since it cannot be known a priori.
A procedure to determine them is presented in this subsection.

A search type method is suggested for use in determining the lo-
cations of a few bifurcation points. The information to be extracted
from the curve is the location éuy, of the intersection point of the
straight line (4) and the curve for different values of the slope h of
the line. This is based on the fact that the law (5) holds for any
values of the slope h, say (h; | i=1,2,---). If we employ a number
of different values of h we can estlmate PCO, ul, §P., p and F on the
basis of the equation (5) from the observed values of éuy, for h = hy,
ha, ---. To derive such estimates we could resort to iea,st—squa,re—
type methods. In this paper we adopted the following somewhat ad
hoc but an easy-to-implement method using four different values of
h.

The use of the law (5) for two different values of h = h;, h; leads

to
h] 1/3 h] 2/3
Sup, _ 7 _ (1 * "E‘) ["” “’(1 + ’E‘)]

Suyp, H hi\ /3 h\1%/3
b (eg) (e 3)]

by equation (6). With the use of three different values of h, accord-
ingly, the values of p and E are determined by equation (7). With
four different values of h, we can arrive at four sets of three different
values (hg, h37 h4) (hl, h3, h4) (hl, hz, h4) and (hl, hQ, ]’L3) accord-
ingly, four different values of E, (E; | ¢ = 1,---,4), are obtained.
Then the location (u?, P?) can be determined as a point where the
sample variance among (F; | i = 1,---,4) is minimized.

(7)

3 Compression Tests on Concrete Specimens

Compression test on cylindrical concrete specimens with a diameter
of 10 cm and a height of 20 cm was conducted to obtain a series of
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Figure 3 Stress versus strain (o — €) curves for concrete specimens
reinforced by steel fibers.
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Figure 4 Classification of the stress versus strain (o — €) curves in
Fig. 3.
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Figure 5 Contour map of sample variance VarE among E; (¢ =
1,---,4).

compressive stress versus axial strain (o — €) curves in Fig. 3. The
mix proportion is listed in Table 1. In order to avoid premature
splitting or cracking, these specimens were reinforced by the use
of 0.5 % steel fibers, which are of the length of 29 mm and of the
diameter of 0.5 mm with hooks at both ends. These curves are
investigated in the sequel by means of the method introduced in the
previous section, which holds also for this case merely by replacing

P—o, u—e. (8)

Table 1  The mix proportion for the experimental specimens.

w/c| s/a | Unit content (kg/m’)*| AE
(%) | (B)| w [ ¢ s (% —c)
50 | 100 | 313625 1255 0.01

¥ 11b/ft°=16.02kg /m’.

The stress versus strain (0 — ¢) curves in Fig. 3 were classified!
into two types as shown in Fig. 4, according to whether their peak
loads are governed by (a) bifurcation or by (b) splitting or cracking
(cf., Fig. 1).

The technique of the search of the bifurcation point presented in
§2.2 is applied to a stress versus strain curve in Fig. 4(a), whose

Y The development of a more systematic means for the classification is the topic requiring
further studies.
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Figure 6 Simulation of stress versus strain curves. o: bifurcation
point.

peak is governed by the bifurcation. The rectangular area in Fig. 3
denotes the search area employed, whereas Fig. 5 shows the contour
map of the sample variance among E; (i = 1,---,4) in the rectangu-
lar area. Figure 5 clearly shows the presence of the local minimum,
where the bifurcation point is located. At the course of this search
to locate the bifurcation point, the values of the parameters shown
in Fig. 6 were determined. Figure 6 shows the simulation of the
experimental stress versus strain (o-¢) curves of three representa-
tive sets of specimens. It is to be noted that, in agreement with
the concept of the present theory, the same set of the values of the
parameters but different values of the initial imperfection € were em-
ployed for these specimens. The theoretical curves correlate fairly
well with the experimental ones.

We plot in Figure 7 the incremental strain (5Ea)|h versus incre-
mental maximum stress |60.| = |0, — 00| interrelationships, where R
is the reliability coefficient and (a) corresponds to all curves in Fig.
3 and (b) to those in Fig. 4(a) subject to bifurcation. The relation-
ship in 8b) accurately follows the imperfection sensitivity law (5),
which corresponds to the straight lines in this figure. Moreover, the
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Figure 7 |6 F,| versus 6 ¢, relationships.

value of reliability coefficient for (b) is greater that that for (a), in
agreement with the fact that the law (5) holds for systems subject to
bifurcation. This testifies the validity of the present method, which
explains the variation of the curves of concretes by the variation of
initial imperfections.

5 Conclusion

As we have seen, the bifurcation and splitting or cracking is the two
major causes of the failure of concrete specimens. The reinforcing of
concrete specimens by steel fibers has prevented premature cracking
and made clear the presence of bifurcation that hitherto has been
disregarded. A future study on the compressive strengt of concretes
should be made based on the viewpoint of bifurcation so as to arrive
at the true constitutive relationships.
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