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Abstract 
crack extension resistance is directly associated the cohesive 

force on the fictitious crack. For detennining the KR-curve, an ........ ..., ... u,...,. 
to carry out numerical experiments to get complete 

curves for standard three-point bending beams. It has 
results obtained numerical experiments agree well 

experiments. Through changing fc, fr and E of concrete, 
concrete materials with the same size of beams are ................... ,,, ... ...,u ..... . 

gated. Furthennore, three sizes of beams the same concrete are inves-
tigated. Then, KR-curves are evaluated by the proposed 
proach. It has been found that the KR-curves depend on the properties of 
concrete and are independent of the sizes of specimens investigated. 
KR-curves evaluated by the new approach can be taken as a new 
of crack propagation for quasi-brittle materials like concrete. 
Key words: Nmnerical experiments, KR-curve, 
sive force, fictitious crack. 
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1 Introduction 

The basic principle of the proposed new approach is that the crack exten
sion resistance is composed of two parts. One part is the inherent tough
ness of a material which resists the initial propagation of an initial crack 
under loading and is denoted with the symbol Krc ini. The other part of the 
crack extension resistance is contributed by the cohesive force distributed 
on the fictitious crack during crack propagation. Therefore, it is a function 
of the cohesive force distribution f ( cr ), the tensile strength ft of the material 
and the length of the propagating crack a. Then, the crack extension resis
tance can be expressed as following equation: 

(1) 

It can be seen that for getting the crack extension resistance for a consid
ered problem, one can carry out highly refined computation like Tvergaard 
and Hutchinson ( 1992) or can gain complete analytical solutions for the 
complete fracture process conesponding to the several stages during load
ing. In this paper, the main attempt is focused on the later. Such an aim 
has been progressively reached through solving three specified crack prob
lems which are the Griffith crack with fictitious crack zones and the semi
infinite crack with a fictitious crack zone in a semi-infinite plate (see Xu, 
Reinhardt and Eligehausen (1997), Xu and Reinhardt (1998)) as well as the 
infinite strip with a finite crack (see Xu and Reinhardt (1997b)). The latter 
can be used to get the crack extension resistance for three-point bending 
beams. Using the analytical solutions the KR-curves can be got. One only 
needs to measure the P-CTOD (load vs. crack tip opening displacement) 
curves for both problems of the Griffith crack and semi-infinite crack in a 
semi-infinite and the P-CMOD (crack mouth opening displacement) curves 
from standard three-point bending notched beams. 

2 Numerical experiments on standard three-point bending beams 

The main aim of numerical experiments is to gain complete P-CMOD 
curves for standard three-point bending notched beams of concrete. Five 
concrete materials were specified for a single size of the three-point bend
ing beams by the compressive strength fc, tensile strength ft and Young's 
modulus E in the computation. Three sizes of the three-point bending 
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beams made the same concrete material were .,., 111
,,.,..

0
".'""' 

results achieved in "'"'""'"' .... 
m experiments, the properties 

basic sizes the beams are those by 
in l . The detailed properties of the concretes 
presented in Table 1. 

Specimen or Specimen size 3-0/D 
concrete mix SxDxB (mm) strength 

fc 

Smaller beam 800x200x80 0.3 26.8 24.62 2.58 20 
Middle beam 1200x300xl20 0.3 26.8 24.62 2.58 20 
Lar er beam 1600x400xl60 0.3 26.8 24.62 2.58 20 
Concrete Cl 800x200x80 0.3 26.8 24.62 2.58 20 
Concrete C2 800x200x80 0.3 39.0 33.80 3. 20 
Concrete C3 800x200x80 0.3 49.4 34.65 3.50 20 
Concrete C4 800x200x80 0.3 67.5 37.20 4.09 20 
Concrete C4 800x200x80 0.3 78.2 40.30 4.41 20 

§§ >--
>-- B I 

/' 
i~~ 

VVJU ....... JL.1..1.F, -'-'-'-'L"-'.LLVU. beam, 
time. 

According to main investigation, 
each three-point bending notched beam was .._, ... ,.__. ....... ._._u .... .., ..... 

experiments to gain the ...,,....,_._u ....... ...,~ 
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simulated for the five specified concrete materials with the same size of the 
beams are plotted in Fig. 2 and those for the three different sizes of the 
beams with a same concrete in Fig. 3. The dead weight of the beams was 
considered in the computation using the data given by Karihaloo and Nal
lathambi( 1991 ). 

Each P-CMOD curve obtained in the numerical experiments can be con
sidered as an average result of each group of specimens tested by Kariha
loo and N allathambi ( 1991). That is why the average properties of the con
crete materials are used in the computation. As a comparison, the values of 
maximwn load P max obtained in the munerical experiments and those meas
ured in the tests for the specified five concrete materials with the same 
beam size are plotted in Fig. 4. It can be seen that both results of the 
maximum load Pmax obtained in the numerical experiments and measured in 
the tests agree very well. 

-n-Concrete C1 fc= 26.8 MPa 

-·-Concrete C2 fc= 39.0 MPa 

-•-Concrete C3 fc= 49.4 MPa 
-•-Concrete C4 fc= 67 5 MPa 
-1!-Concrete C5 fc= 78.2 MPa 

200 400 600 800 1 000 1200 
CMOD(µm) 

Fig. 2. The P-CMOD curves simulated in the numerical experiments for 
five concretes with the same size of the beams 

Besides presentation of the values of maximum load Pmax measured in the 
tests, a complete P-CMOD curve was presented in the literature too. The 
complete P-CMOD curve measured on the specimen Cl-1 is compared 
with that simulated in the numerical experiments. Fig. 5 shows that both 
curves are in good agreement. 

402 



z 
::::.. 12 
a.. 

6 

3 
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Fig. 3. P-CMOD curves from numerical experiments for three 
beam sizes and same concrete 
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Fig. 4. The comparison between the values of Pmax simulated nu-
merical experiments and those measured the tests by Karihaloo 

lathambi ( 199 for the five concretes 
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Fig. 5. Comparison between the complete P-CMOD curve from...,,,.,,.,,...,,,.,,...,,,., 

experiments and tests by Karihaloo and N allathambi ( 1991) 
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3 The proposed approach to evaluate the crack extension resistance 
associated with the cohesive force on the fictitious crack zone 

Three typical crack lengths during the fracture process are defined so that 
the four different situations of crack propagation during subsequent loading 
stages can be distinguished. The three typical crack lengths are demon
strated in Fig. 6. '1-0 is the initial length of the prefonned crack. ac is a criti
cal crack length. At the critical situation the load arrives at its maximum 
value and CTOD achieves its critical value CTODc too. aw is a specifically 

0 

characterized crack length of which the difference a,, - a0 is the maximum 
0 

length of a fictitious crack zone in a loaded body. In other words, a com
plete distribution of the cohesive force to meet the traction-separation law 
will appear in region of a WO - 3\J, i.e. at the position of x = a WO where the 

cohesive force is equal to the tensile strength ft and at the position of x = <lt1 

the cohesive force is zero. Once the crack extension exceeds the length 
ofa,., - ao, a new stress-free crack will be fonned. w0 denotes the stress-

o 

free crack width in the softening traction-separation law. 

(a) The initial length of a preformed crack (b) The critical crack length 

:. 

(c) The characterized crack length 

Fig. 6. Three typical lengths of the crack during fracture propagation 

For the three-point bending beam, the general expression of the crack 
extension resistance is given as follows: 
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where 

F.(!:_ !!.._) = 3.52(1-xla) 
1 a'D (l-a/D)3'' 2 

Now, one only needs to give the -.u._,.,. ... ,.~._,.'Ll,_Jl 

along crack zone 
loading stages sequel. 
detailed expressions of KR-curves for a 
three-point bending test can be gained (see 
Specially, case 2 presented in the following was solved 
(1985) and resolved by Xu and (1997a). 

According to four different stages 
tion functions of cohesive force 
sented as follows: 

(a) Case 1: a= ao 

u(x) = 0 for a= ao 

(b) Case 2: ao ~ a ~ ac 

cr(x) = a(w)+ -cr(w))(x 

c) Case 3: ac ~a ~aw 
0 

Case 4: a >aw 
0 

{

0"1(X)=0 

a(x) = u 2 (x) = a(CTODJ(x-a-a
0 

0"3 (x) = a(Cf0Dc) +[J; -a(CJODc)] 
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In equation (2) K;;i denotes the inherent initiation toughness of a mate

rial. In the above-mentioned expressions, fl ac = ac-ao; w is the crack 
opening width at the tip of the prefonned crack; cr ( w) is the cohesive force 
at the point of the tip of the prefonned crack which is detennined by the 
traction-separation law proposed by Reinhardt et al. (1986). In order to 
evaluate KR-curves, detailed procedures to calculate the propagating crack 
length a, the point-forces a (w) and a (CTODc) can be seen in the work of 
Xu and Reinhardt (l 997b ). 

4 The characteristics of the crack extension resistance of softening 
quasi-brittle materials 

Using the complete P-CMOD curves simulated for the five different con
cretes which were shown in Fig. 2, the crack extension resistance curves 
during the complete fracture process in the computed three-point bending 
beams with the same size were calculated and are presented in Fig. 7. 

It can be seen that all KR-curves depend on the compressive strength fc of 
the concrete materials and have almost the same shape and developing 
trend with the increase of the related crack length aJD. Especially, one can 
observe a point of inflection on almost the same position on the horizontal 
axis. This point on the KR-curves is at the position of about a/D = 0 .415. 
Further investigation of this characteristic point has shown that it is the 
critical point of unstable crack propagation for the softening quasi-brittle 
material considered. 

-- Concrete C1 -·-Concrete C2 

-o- Concrete C3 -- Concrete C4 ~·+----1.h'.'----

-·- Concrete C5 

0.3 0.4 0.5 0.6 0.7 0.8 0.9 
a/D 

Fig. 7. The KR-curves for different concretes 
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The KR-curves gained for the three different sizes of three-point bending 
notched beams with the same concrete denoted by C 1 were plotted in 
8. It can be seen that when the material is the same and sizes of 
the specimens are different, the corresponding KR-curves are almost · 
pendent of the sizes. Therefore, the KR-curve as obtained according to 
approach proposed in this paper can be taken as a criterion to describe 
crack propagation in the complete fracture process in softening 
materials. 
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Fig. 8. KR-curves of three beams of different size 

5 Conclusions 

The features of the crack extension resistance curve (KR-curve) were 
vestigated in this paper. According to new approach -.....-.-r.,-......n.,~ar11 

authors the crack extension resistance of a quasi-brittle 
posed of two parts. One part represents the inherent toughness re-
sists the initial propagation of an initial crack. 
tributed by the cohesive force distributed on 
crack propagation. 

KR-curves for different concretes and specimen 
through combining munerical experiments and 
fictitious crack. The results show that the crack extension ,,.."""'' 0 -i--·-. .... ,..."" 

is dependent on the properties of the materials 
of specimens. The effect of specimen geometry on 
investigated in further work. 
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