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Cracks in reinforced FRC beams subject to bending and axial load 

J.F.Olesen 
Department of Civil Engineering, Technical University of Denmark, Denmark 

ABSTRACT: The development of bending cracks in fibre reinforced concrete (FRC) beams with main rein­
forcement bars is modelled applying the fictitious crack model. A beam subject to bending moment and nor­
mal force is modelled. Closed form solutions are given for the bending moment and crack opening, spacing 
and length; all functions of the cross-sectional rotation and the normal force. The model may be conceived as 
an adaptive hinge element, only considering the part of the beam, which is affected by the developing crack; 
this part defined by the length of reinforcement de-bonding. Constant friction is assumed between the de­
bonded bar and the FRC. The stress-crack opening relationship, modelling the tensile behaviour of the FRC, 
is taken as a constant level instantly dropping from the uni-axial tensile strength, and the effect of fibres is 
studied by varying this post-peak stress level. Finally, the model is applied for the determination of beam de­
flections. 

1 INTRODUCTION 

Although the addition of fibres to concrete is known 
to enhance the performance of the resulting material, 
especially with respect to tensional behaviour, fibre 
reinforced concrete (FRC) is hardly ever used for 
structural elements. The reason for this is believed to 
be the lack of test methods and rigorous design 
methods based on consistent theoretical modelling 
and experimental verification. Test methods for the 
characterisation of FRC materials in tension, how­
ever, are not a subject of the present paper. Rather, 
the aim is to provide a consistent theoretical model 
for the development of bending cracks in structural 
PRC beams, i.e. conventionally reinforced beams 
cast with FRC. 

Fibres in concrete add to the fracture energy of 
the FRC compound, and they are responsible for the 
substantial residual load carrying capacity in tension 
observed at fairly large crack opening values. Of 
course the performance very much depends on the 
type and amount of fibres added. The fibres counter­
act the opening of cracks, enabling the control of 
crack growth, and resulting in reduced crack widths 
as compared to similar cracks in conventional con­
crete structures. 

The design of conventionally reinforced flexural 
concrete members is often governed by maximum 
crack width requirements in the serviceability limit 
state. The application of FRC could be an attractive 
alternative to conventional measures of fulfilling 
these requirements. Addition of fibres instead of in-

creasing the amount of main reinforcement or beam 
depth could lead to more optimal designs in terms of 
beam dimensions and economy. 

The approach taken here is based on non-linear 
fracture mechanics utilising a very simple post-peak 
model for the tensile softening behaviour of FRC: 
the post-peak stress is assumed to be at a constant 
level, defining the so-called toughness class of the 
FRC. Furthermore, the interaction between the main 
reinforcement bars and the surrounding FRC mate­
rial is taken to be a constant interfacial shear stress. 
These simplifying assumptions allow for the devel­
opment of closed form solutions for the description 
of the growth of bending cracks in main reinforced 
FRC beams with a rectangular cross-section. 

From the analysis of the mean cross-sectional ro­
tation as a function of the bending moment, given by 
the closed form solutions, it is demonstrated that the 
moment-rotation relationship essentially is bi-linear. 
Thus, it is shown that the behaviour in the post-crack 
regime is well described by the asymptotic linear so­
lution valid for infinitely large rotations. This find­
ing allows for the simple calculation of the beam de­
flection as a function of the moment distribution. 

2 MATERIAL MODELS 

The uni-axial tensile behaviour of concrete and fibre 
reinforced concrete is modelled within the concepts 
of the fictitious crack model, originally suggested by 
Hillerborg et al. ( 1976) for modelling concrete, and 
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later by Hillerborg ( 1980) for the description of 
crack formation in FRC. In this model the response 
of the material is assumed to be essentially linear un­
til peak load at which point a discrete crack is as­
sumed to initiate. The fundamental idea of the ficti­
tious crack model is the assumption that the crack 
faces are not traction free, and that aggregates and 
fibres may transfer stresses across the crack opening. 
The magnitude of the transferred stress is modelled 
as a function of the crack opening, which is denoted 
by w. This function is known as the stress-crack 
opening relationship: O'w(w). Furthermore, the model 
assumes that the stress concentration at the crack tip 
is eliminated by the stresses on the crack faces such 
that the propagation of the crack is governed by the 
tensile strength ft. 

The stress-crack opening relationship may be de­
termined in a direct uni-axial tension test, and it has 
b~e? found that it is reasonably well described by a 
bi-lmear curve (Stang & Olesen 1998). The first part 
of this curve describes the cracking of the concrete 
matrix whereas the second part relates to the de­
bonding and pullout of fibres, see Figure 1. 

Although the bi-linear stress-crack opening rela­
tionship is simple, it is not considered operational in 
a design situation. Therefore, a further simplification 
has been suggested by Stang & Olesen (2000). They 
simply assume that the stress transferred across the 
crack cr111 remains constant during crack opening. The 
magnitude of the transferred constant stress level is 
given as a fraction of the tensile strength according 
to 

er w ( w) = r ft for 0 < w < w * (1) 

The fraction y is called the toughness class and it is 
associated with a maximum crack opening w *. The 
magnitude of yreflects the effect of fibres, the more 
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Figure I. Stress-crack opening relationship normalised with re­
spect to uniaxial tensile strength. Normal strength concrete 
with I% by volume of steel fibres. Results of three tests. 
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F!gure 2. Beam model defining the geometry of the adaptive 
hmge element, the moment and axial loading and the overall 
hinge deformation. 

fibres the larger the value of y. The determination of 
r may be based on the results of a simple bending 
test (Stang & Olesen 2000). 

The behaviour of FRC in compression is mainly 
affected in the post-peak regime by the presence of 
fibres. Here, however, it is assumed that compres­
sive stresses are well below the compressive 
strength, and that the behaviour in compression may 
be assumed to be linear elastic. Furthermore, the 
elastic modulus in tension is taken to be the same as 
in compression: Ee . 

The reinforcement bars are assumed to behave 
linear elastic with an elastic modulus denoted by Es. 
The interaction between a reinforcement bar and sur­
rounding FRC is characterised either by a perfect 
bond or by interfacial friction with a constant shear 
stress r. The de-bonding process is not considered, 
and thus, the de-bonding energy is disregarded. 

3 ADAPTIVE HINGE ELEMENT 

The basic ideas of the model to be presented here 
have previously been described for the case of pure 
bending (Olesen 2000). However, the present model 
has been extended to allow for a non-zero axial load 
to act simultaneously with the bending moment. 
This extension permits the application of the model 
to structures like beam-columns or post-tensioned 
beams. 

Consider a prismatic FRC beam with a rectangu­
lar cross-section and reinforced with a main rein­
forcement bar placed in the mid-plane of the beam 
as shown in Figure 2. The beam is subject to a con­
stant bending moment M around an axis perpendicu­
lar to the beam mid-plane and a constant axial load 
N acting in the mid-plane in the direction of the 
beam axis. Positive directions of the loads are de­
fined in the figure. The beam may have a number of 
main bars, however, the model has only one rein­
forcing bar. More bars at the same depth may be 
considered just by adjusting the width of the model 
beam according to the number of bars, i.e. for a 
beam with two bars at the same level, the width of 
the model beam is set to half the width of the real 
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beam, and only one bar is taken into account. The 
dimensions of the beam cross-section are h and t de­
noting depth and width, respectively. 

When the load on the beam is sufficiently small it 
responds in a linear elastic manner. At some load, 
however, the stress at the bottom face of the beam 
reaches the tensile strength, and a crack is initiated. 
This bending crack is assumed to penetrate upwards 
all across the cross-section, confined to the cross­
sectional plane. When it reaches the main bar, the 
bar is assumed to de-bond from the FRC matrix al­
lowing the bending crack to open and penetrate fur­
ther upwards. The de-bonding length is determined 
by the shear stress acting on the de-bonded inter­
faces and by the length and width of the bending 
crack. However, at this point it is assumed that the 
total de-bonding length s is known. 

The adaptive hinge element is defined as the part 
of the beam affected by the penetrating bending 
crack. The length of de-bonding gives this part of 
the beam, i.e. the hinge element extends s/2 to either 
side of the bending crack (Fig. 1). Since the de­
bonding length is not a constant but a function of the 
load, the beam element must adapt itself accord­
ingly. The vertical boundary lines of the element are 
assumed to remain straight during deformation. 
Moreover, the bar is assumed to have de-bonded 
throughout the length of the element while there is 
perfect bond at the element boundaries. Thus, the 
bar may be seen as attached to the vertical boundary 
lines and following these during deformation. 

In Figure 3 the left half of the adaptive element is 
shown together with the stress distribution in the 
cracked mid-section of the element. Furthermore, 
the angle of rotation of the boundary line with re­
spect to the mid-section line is introduced as <p; the 
depth of the neutral axis is introduced as Yo and the 
depth of the bar as ds. The crack length is denoted by 
c. In the cracked part of the mid-section the stress 
distribution is constant and given by Equation (1) 
according to the simple description of the tension 
softening behaviour of FRC. In the remaining part 
the stress varies linearly, and attains the tensile 
strength,fi, at the crack tip. 

We recall the assumption of a constant shear 
stress, -r, acting on the de-bonded surfaces. Thus, the 
interfacial shear stress per unit length T acting on the 
FRC and the reinforcement bar is given by T = rcD-r, 
where D is the diameter of the reinforcement bar. 
The static equivalent forces Fe account for the action 
of these shear stresses on the FRC, one force acting 
at the left boundary, and the other acting at the mid­
section. This equivalent force is given by Fe = Ts/4 
as shown in Figure 4. 
The normal force in the reinforcement bar varies 
linearly due to the action of the interfacial shear; it 
increases linearly from the boundary towards the 
mid-section. At the left boundary it attains the value 

]B--- --Sl f, 
c~-- -g:F=F,,+f~ 

< s/2 > yf, 

Figure 3. Left half of adaptive hinge element showing the 
normal stress distribution in the cracked mid-section in the 
FRC material. The normal force in the main reinforcement bar, 
Fs, is shown together with the concentrated force, Fe, account­
ing for the shear stress acting on the FRC material around the 
bar. 

s/2 

____.. Fe = Ts/4 

Fso-Ts/4 +--- I: : : :I ____.. Fs = F.10+ Ts/4 

T= nDr 

Figure 4. Left half of adaptive hinge element showing the in­
terfacial shear (FRC and reinforcement bar drawn separately). 
Fe is the equivalent action of the shear stresses on the FRC ma­
terial. Fs incorporates the action of the shear stresses into the 
normal force in the reinforcement bar at the cracked mid­
section. 

Fso - Ts/4 and at the mid-section: Fs = Fso + Ts/4, 
where Fso is the mean normal force in the bar due to 
the deformation of the hinge element and given by 

Fso = 2(ds - Yo)<p EsAs (2) 
s 

where As denotes the cross-sectional area of the rein­
forcement bar. 

At this point we may express the resulting normal 
force at the mid-section in terms of the depth of the 
neutral axis Yo the hinge width s and the rotation an­
gle <p. Thus, from the condition that the resulting 
normal force must equal the axial load N we may de­
rive an expression for y0 in terms of <p. Here it has 
been utilised that y0, c and <pare related through: 

f s c=h-y
0 
-~1---

2Ec<p 
(3) 

The moment M of the sectional normal stresses and 
forces may now be calculated and expressed in 
terms of c and <p. It should be emphasised that the 
width of the hinge element, s, has only been as-
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sumed to be known at this point. The following re­
sults for the crack length and the bending moment 
are expressed in normalised terms according to the 
following normalisations 

8 - hEc - .( <p, 
SJ1 

c 
a=­

h' 
(4) 

where 8, a, µ and p are the normalised rotation, 
crack length, bending moment and axial force, re­
spectively. 

The result for the normalised crack length a is 
given by 

1-
a(8,p) = l W +<I> 

-H <P+28 +~ )+C;n' + r+~-p 
(5) 

and the result for the normalised moment µ is given 
by 

µ(a,8,p) = 

4[1+3<I>(l- 8) 2 
- 3(1+2<I>(l - 8))a 

+ 3(1 + <I>)a2 a 3 ]8 + 6(<I> +l/f + 1- p)a (
6

) 

- 3(1- p) + 3(y- l)a 2 6(<I> + lff)(l- 8) 

where the following symbols have been introduced 

EA 
<I>=-"-·' 

EJ1t' 
8 = ds 

h' 
(7) 

to denote the mechanical reinforcement ratio, the 
relative depth of the reinforcement and the normal­
ised interfacial shear force, respectively. Note that 
expressions given in (5) and (6) implicitly depend on 
the hinge width s. 

The hinge element behaves linear elastic at small 
deformations. The elastic limit, 80, may be found by 
solving Equation (5) with respect to 8, demanding 
that a= 0 and lff = 0: 

8 = 1 +<I> - P (8) 
0 1+2(1-8)<I> 

F'.1·0 + Ts/2 

0'2 < s/2 > yj; 

The normalised moment µo corresponding to this 
elastic limit is given by 

(l-p)+[4-(128(1-p)+6p)(l-8)]<I> 
µo = 1+2(1-8)<I> (9) 

4 DE-BONDING LENGTH 

The de-bonding length determines the size, s, of the 
adaptive hinge element. It enters into the expressions 
(5) and (6) through the parameter lff given in (7), and 
at this point s has been assumed a known quantity. 
To determine the de-bonding length we look at the 
stress distribution in the adaptive hinge element. The 
shear interaction between the reinforcement bar and 
the FRC shifts load from the bar to the FRC as we 
move away from the crack face. The further away 
we move, the larger the stresses in the FRC. At some 
point away from the crack the stress at the bottom 
face reaches the value of the tensile strength, which 
cannot be exceeded. Since at this point a new crack 
may be initiated, the distance between this point and 
the cracked section determines the de-bonding 
length s/2. 

Consider the left half of the hinge element and as­
sume a stress distribution at the vertical element 
boundary line as shown in Figure 5. This stress dis­
tribution must be static equivalent with the stress 
distribution in the cracked mid-section, and expres­
sions for 0'1 and 0'2 defining the lower linear part of 
the stress distribution, are readily obtained. 

The condition which yields the de-bonding 
length, and thus the size of the hinge element, is that 
O'z =fr, since O'z cannot exceed the tensile strength. 
From this condition the following expression is de­
rived: 

_ 
1

_ a 2a 
l/f - ( y) 4 2a - 3(1- 8) (10) 

Since a is a function of lff this equation implicit! y es­
tablishes lff and the total de-bonding length, s. How­
ever, a closed form solution is not obtainable. To 
overcome this problem we must accept the approxi­
mation 1-8 ""' 0, which is introduced into Equation 
( 10) yielding 

a 
lff=(l-y)-

4 
(11) 

Introducing (5) into (11) and solving with respect to 
lffwe get: 

lff = l- [s8(l+<I>)-3(1-y)--JK] 
3W 

where K is given by 

(12) 

Figure 5. Left half of adaptive hinge element showing the as- K = 64<I>(<I> + 28)8 2 + 16(1+3y)(l + <I>)8 
sumed stress distribution at the left boundary line together with ( 13) 
the stress distribution at the mid-section. + 9(1- y) 2 
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The hinge solution is now fully established as a 
function of the independent variable B, the normal­
ised deformation and the normalised axial load p. 
for varying values of B, first establish lfl from (12) 
and (13), then establish the normalised crack length 
a from (5), and finally, establish the normalised 
momentµ from (6). 

5 CRACK OPENING 

The crack opening at the bottom face of the beam, 
often called the crack mouth opening displacement 
CMOD, is determined as the difference between the 
geometrical elongation of the bottom face and the 
elastic extension. The geometrical elongation ug is 
given by 

sft 
ug = 2cp(h- y0 ) = (2aB + 1)- (14) 

EC 

The elastic extension Ue of the bottom face of the 
hinge element is determined by assuming a linear 
declination of stresses from ft at the boundary to yft 
at the crack: 

sft 
Ue = (l+y) 2E 

c 

Thus, 

CMOD=u
8 

1-y sfr 
u = (2aB +--)-

e 2 Ee 

6 BEAM DEFLECTION 

(15) 

(16) 

The mean curvature K of the hinge and thus of the 
beam is given by 

I(= 2p_ = 2fr B 
s hEc 

(17) 

Now, if B may be expressed in term of the normal­
ised moment µ the deflection of the beam may be 
determined by integration of TC In the elastic range, 
i.e. when 0:::; B:::; Bo, Bis given by 

8 =Bo l!:_ 
µo 

(18) 

where Bo and µ0 are given by (8) and (9), respec­
tively. In the cracked non-linear range, i.e. when Bo 
< B, it is not possible to isolate B as a function ofµ. 
However, an asymptotic expression may be derived, 
which is correct in the limiting case of B approach­
ing infinity. Although this expression is only correct 
in an asymptotic sense, the error made by applying it 
as an approximation to the relationship between µ 
and B, is small even at small values of B. Taking the 

expression for lfl given in (12) and (13) to the limit B 
-7 oo we find that 

1-y 
lfl -7 lfl 00 = -4- aoo (19) 

where aoo is the limit value of a found from taking 
(5) to the limit B -7 oo: 

(20) 

The limit expression for µ as B -7 oo is found form 
expression (6), and we obtain the following linear 
relationship 

where 

µI =4<1>{38(2<1>+8)+2<1> 2 

-2(<1> + 28)~<1>(<1> + 28)} 

(21) 

3 (22) 
µ2 = -{ (3+ 4(<1>- p) +y+8 -y8)aoo 

2 

- (1- y)a: -4<1>(1-8)-2(1- p)} 

From the expression in (21) the following linear re­
lation between Bandµ is readily obtained: 

B= µ-ll'l 
µ1 

(23) 

The elastic solution (18) is now extended until inter­
section with the asymptotic solution (23), and the 
point of intersection is given byµ=µ*, where 

* µ0µ2 µ =---
µo-Boµ1 

(24) 

Thus, for µ :::; µ'" ( 18) applies, whereas for µ > µ 
(23) applies. Now, if the distribution of the bending 
moment is known in every point of the beam, the 
curvature distribution may be found from (17), (18) 
and (23), and the overall deflection of the beam may 
be established. 

7 SAMPLE BEAM 

We consider a beam 200 mm wide and 350 mm 
deep, reinforced with two bars 020 mm placed 305 
mm from the top, and loaded symmetrically in four 
point bending, i.e. p = 0. Only the middle part of the 
beam where the bending moment is constant is con­
sidered. The beam is cast with FRC characterised 
through the magnitude of the post crack stress level 
y. The tensile strength of the FRC is assumed to 
equal 3 MPa and the elastic modulus 30 GPa. Fi­
nally, the elastic modulus of the bars is assumed to 

1031 



0.8 

0.6 
I 

E I 

..s 
0 
0 0.4 2 
(_) 

~ 

.J:: 

(.) 

0.2 

0.0 

/ 

20 

e 
40 

c/h= a 

M 

CMOD 

60 

200 E 

~ 
2 
~ 

E 

100 ..s 

Figure 6. Results for the sample FRC beam (p = 0) with the 
toughness class y = 0.6 as functions of the normalised hinge 
deformation, e. 

be 210 GPa and the interfacial shear stress is set to 3 
MP a. 

In Figure 6 the results for this sample beam with y 
= 0.6 are presented. The calculations are straight­
forward, first s is calculated as a function of (), then 
a and µ, and finally M and CMOD are calculated. 
Note that the behaviour of Mis almost bi-linear, in­
dicating the suitability of the asymptotic approxima­
tion made in the previous section. This is remarkable 
considering the non-linearity of a and s. Also 
CMOD is nearly linear, resulting in an almost linear 
relationship between moment and crack opening. 
This is illustrated in Figure 7 for different values of 
the toughness class y. Increasing the amount of fi­
bres in a FRC corresponds to increasing the tough­
ness class. If there are no fibres at all, y almost van­
ishes, whereas, a typical value of y for a FRC with 
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Figure 7. Crack opening at the bottom face of the sample 
beam (p = 0). CMOD plotted against the absolute moment, M, 
for different values of the toughness class, y. 

1 % by volume of commercial steel fibres in a nor­
mal strength concrete is 0.6-0.7. Thus, Figure 7 sug­
gests that the crack opening in a FRC beam with 1 % 
of fibres would be less than one third of the crack 
opening in a concrete beam without fibres, at the 
same load level. 
Results from tests on beams similar to the above 
sample beam have recently been reported by 
Vandewalle (2000). However, a direct comparison 
with the model results is not feasible due to lack of 
information on fracture mechanics parameters. Nev­
ertheless, a qualitative comparison of results is in 
support of the adaptive hinge model. 

8 CONCLUSION 

In order to describe the crack formation in a rein­
forced FRC beam, a so-called adaptive hinge model 
has been derived based on a non-linear fracture me­
chanics approach applying a very simple stress­
crack opening relationship. From this model a bi­
linear relationship is extracted which describes the 
flexibility of the beam enabling the determination of 
the beam deflection as a function of the moment dis­
tribution. The model incorporates the effects of a 
possible axial load. The validity of the adaptive 
hinge model has not yet been assessed through dedi­
cated experiments; however, results for beams in 
pure bending published recently do not contradict 
the feasibility of the model, although the documenta­
tion is not sufficiently detailed to perform compara­
ble model studies. 
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