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ABSTRACT: In this paper a thermo-plastic damage model for plain concrete subjected to combined thermal
and cyclic loading is developed using the concept of plastic-work-hardening and stiffness degradation in continuum damage mechanics. Two damage variables are used, one for mechanical action and the other for thermal one. The concrete model is based on the non-associated flow theory of plasticity with a scalar hardening
parameter, a multi-criteria yield function. Further, thermo-mechanical interaction strains have been introduced
to describe the influence of mechanical loading path on the physical process of thermal expansion of concrete.
The constitutive relations for elastoplastic response are decoupled with the degradation damage response by
using the effective stress concept. The Efficiency of the proposed the11110-plastic damage model is demonstrated through numerical examples with the experimental counterparts.
I INTRODUCTION
The evaluation of the residual strength of structural
components that have been damaged during their
service life has become imperative for modem civil
engineering. In particular, the assessment of severe
accidental situations such as nuclear disease or fire is
of prime practical importance processes (Baker and
Stabler 1999; Heinfling 1998).
The need to design durable concrete structures, leads
ever more to sophisticated modeling of deterioration
phenomena. Thus, it is essential to consider the coupling and the non linearity of the all the processes
involved in the degradation mechanisms. At the
structural scale, elevated temperatures induce restrained thermal dilatation due to kinematic constraints. Therefore, self equilibrated stresses do rise
and combine with stresses due to mechanical loads
to drive cracks. At the material scale, thermal load
induces strong micro-structural changes that alter the
mechanical behaviour of concrete: loss of stiffness
and strength of the material. This degradation results
mainly from the dehydration of concrete on the micro-level. It may also results from the difference in
thermal dilatation coefficient between the aggregates
and the cement paste, in particular in concrete with
silicious aggregates. Futiher, the low penneability of
concrete induces pressure build up that leads to a
significant degradation of the material and therefore
of its carrying capacity.
This paper focused on damaging processes in concrete ascribed to both combined mechanical loads
and transient high temperature distribution. The
phenomenological behavior of concrete at the mac-

roscopic level is modelled by a coupled elastoplas.tic
damage approach in which the effective stress concept has been introduced (Kachanov 1986). Two
scalar damage variables are introduced in the relationship between the stresses and the effective
stresses. A thennal damage variable describes stiffness degradation due to diffused thermal isotropic
cracking. A mechanical damage variable describes
stiffness degradation process due to more locali11.xi
mechanical cracking process when the carrying capacity of the material decreases with temperature.
These two processes of degradation are considered
to be independent. In this model, the evolution of the
mechanical damage variable is related to the physically observed crack opening represented by the
plastic strain. This makes it convenient to calibrate
the damage evolution from experimental results
naturally based on the stress, without introducing an
additional damage surface based on the strain. Furthennore, it is well known that when loading ranges
between the tensile and the compressive states, the
recovery of degraded stiffness is observed during
unloading from the tensile region to the compressive
region (Reinhardt 1984). The stiffness recovery is a
consequence of the closing of the previously opened
cracks. The mechanical damage variable is then subdivided in two parts, one for tensile loading and the
other for compressive one. This provides the separate evolution of the directional damage and then
allows capturing stiffness recovery. This concrete
model is also based on the non-associated flow theory of plasticity with a scalar hardening parameter. A
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multi-surfaces criterion is used to describe the induced anisotropy.
Moreover, thermo-d1echanical modelling of concrete
should take into account thermal transient creep.
This phenomenon has been carried out by Anderberg
and Thelandersson ( 1976). In the experiment, a reversal of the sequence of applied stress and temperature fields yielded tensile strains when temperature was applied first, but compressive strains
when loaded first. Indeed, creep strain appears due
to compressive stress and is amplified by increasing
temperature. The elaborated model does incorporate
this additional thermo-mechanical interaction strain
component.
The Efficiency of the proposed thenno-plastic damage model is demonstrated through numerical examples with the experimental counterparts.

2 BASIC EQUATIONS
The equilibrium and the heat process, in the considered thermo-mechanical coupled problems, are governed by the two following set of equations in which
the dote represents derivation with respect to time,

div( CT)= 0
p·e=CT:e div(q)

in which C is the specific heat and U0 the initial
temperature of the system. The current material
stiffness tensor E and the second order symmetric
coupling tensor K are given by

(6)
where E 0 is the initial stiffness tensor, K the bulk
modulus, a the coefficient of thermal expansion
and 1 the unite tensor. The independent state variables are therefore the elastic strain r.", the relative
temperature .9 = (} - 80 , the mechanical damage variable D and the thermal damage variable J\.
Furthermore, 't' P is the plastic free energy in which
the internal state variable I< is the hardening parameter that controls the plastic process. The assumption of uncoupling between reversible and irreversible processes has been made. The total strain
tensor s is therefore decomposed to an elastic part
Ee, plastic paii f. P and thermal part s e as

(7)
Moreover, the hardening parameter K can be defined
as the cumulated plastic strain given by

(1)

(8)

e

where CT is the stress tensor, E the strain tensor,
the density of internal energy rate, p the masse density and q the heat flux vector given by Fourier's
lmv

q =-A grade

(2)

where )" is the conductivity coefficient of heat
whose aim to account for thermo-mechanical degradation due to increase of porosity.
In order to model isotropic phenomena of the11110plastic and damage within the framework of irreversible processes of thermodynamics, a set of state
variables is used. The Helmholtz free energy density
\fl is then considered as the thermodynamic potential, which is a convex function of all the state variables

(3)
and is linked to the density of internal energy given
in Eq. I by

(4)

e

where
is the absolute temperature and 17 is the
entropy. In Eq. 3, 't'" denotes the elastic free energy
of the material
2

'f' (c:''.B D,A)=J_c:" :E:r.''-.9K:c:"-J_C.9 (5)
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3 DAMAGE EVOLUTION
The damage variable, associated to mechanical or \
thermal degradation processes of concrete, is interpreted as the surface density of materials defects
(Kachanov 1958; Ju 1989), and will be defined as
the ratio between the area occupied by created micro-cracks, overall material area. This definition
states that damage variable is a non decreasing parameter, since the reduction of the effective resisting
section area will continuously increase until failure
occurs. The effect of thermal damage on concrete
structures is a further decrease of the effective resisting area of a mechanical damaged material. The
successive themrnl damaging process, which is governed by the parameter A, will act on this area, and
it is possible to define the coupled damage parameter
d, which summarizes the coupling of both mechanical and thermal effects
d=l-(1-D)(!-A)

(9)

where D is the mechanical damage variable. Thus,
the stress-strain relationship reads
CT=(l-DXl-A)E 0 :c:" =E:(c:-c:" -c: 0 )
CT=(l

( 10)

DXl-A)O:

where CT is the tensor of nominal stresses and CT 1s
the tensor of effective ones.
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3.1 Mi!clwnica! damage variable
Jn the present analysis, we use an isotropic scalar
damage model. The damage evolution law determines the global shape of the softening curve. The
degree of brittleness of the mechanical effect of progressive micro-cracking due to external loads is described by a single internal scalar variable D which
degrades the culTent Young's modulus of the material such that the stiffness tensor reads

E-(1-D)E
(I

(11)

The damage evolution is considered as of an exponential form

( 12)

I - D.r = eXJ)(- c.\. K .\. )

of the cumulated plastic strain, where ex is a material parameter (Lee 1998; Meftah and al. 2000;
Nechnecb 2000). In order to describe different behavior in tensile (where subscript x = t) and compressive loading (where subscript x = c) observed in
tests data, the mechanical damage variable is subdivided in two parts, one for tensile loading and the
other for compressive one (Mazars 1984; Lee 1998).
The modeling of the crack opening/closing behavior
can be implemented by elastic-stiffness recovery
during the elastic unloading process from tensile
state to compressive state. Thus, the tensile damage
variable is modified by a multiplying parameter p
(Lee 1998; Nechnech 2000).

D(K, 0) = l (1-- D, )(1- p(a)D,)

~ (0;} j ~la;' I

(14)

3 .2 Thermal damage variable
In a similar way as for the mechanical damage, the
thermal damage of heated concrete is described in
terms of experimentally determined relations
E = E(O ), which link the temperature 0 to the current elastic modulus E. Then, combining this phenomenological relation, E = E(O ), with the relation
E ll - /\ )£ 11 • one can determine the thern1al damage function as

E(e)

.

{A 2 o

DAMAGE
Once micro-cracks are initiated, local stresses are
redistributed to undamaged material micro-bonds
over the effective area. Thus, effective stresses of
undamaged material points are higher than nominal
stresses. Accordingly, it appears reasonable to state
that the plastic flow occurs only in the undamaged
material micro-bounds by means of effective quantities (Ju 1989). The plastic response is therefore
characterized in the effective stress space and the
yield surface is given by

F(a,1<,e):::;o

(16)

In our model a non smooth multisurfaces criterion is
used to describe the dissymmetrical material behavior in tension and compression of concrete (Feenstra
1993; Georgin 1998). The employed yield surfaces
ri, are function of invariants of effective stress tenhardening parameter 1< and temperature e.
sor
For the tensile stress state, a Rankine yield function
is used

cr,

(17)

and for the compressive stress state a Drucker-Prager
one is used

where 0- 1 is the major principal stress, / 1 (0-) is the
first invariant of the stress tensor, J 2 (s) is the second invariant of the deviatoric stress tensor
/Ji
(i = 1, 2) are two multiplying factors and
is the
uniaxial equivalent effective stress in tension or in
compression. The carrying capacity of the material
given by the uniaxial equivalent effective stress
is
expressed by an analytically convenient function that
may serve either in tensile case or compressive case.
It is consistent with the fact that experimentally observed stress-strain curves tend to attain zero-stress
level asymptotically. It may be defined by

r

and us: Po 5 l. Here n\cr) is a scalar quantity,
which represents a weight factor.

,

4 COUPLING BETWEEN PLASTfCITY AND

(13)

p(cr) = Po + (1 - Po)· Q(cr)
n(cr) =

ferent temperatures and then cooled progressively in
order to avoid additional degradation due to quick
cooling.

if (;ho

A(BJ= l - - with .
£0
A= 0 else

s,

r

'ix =r.r/(1-d)
rx

/

.
10

[(l +a, )exp(- b, Kx ) - a, exp(- 2h, K, )]

(l

9)

in which ar and b, are material parameters and /, 11
is the initial tensile (x = 1) or compressive (x = (')
strength.

(15)

Furthermore, concrete is a frictional material whish
makes necessary to adopt a non-associated plastic
flow to control the dilatancy since the damage is

Note that the function E\fJ) is obtained by compressive tests on specimens that have been heated at dif-

273

considered here as isotropic. A plastic potential 1s
then introduced

JGI

1G,

F,
=J,(s)+/Jg Ii{a)-/32 'i"(K,T)

=

(20)

where the parameter fJ i; is chosen to give proper
dilatancy. The plastic strain rate tensor is then obtained by

~"

L

-Ii=2
i aci
/l.
I

i=I

(21)

rl~

[Ci

where ,( is the plastic multiplier associated to the
plastic potential function 0; in tension or in compression.

plemented as a part of CASTEM2000 finite element
code. The continuum tangent stiffness (Nechnech
2000) is used to maintain quadratic convergence rate
in solving the nonlinear equations. In this section,
several numerical examples of the present thermoplastic damage model for concrete are presented.
6.1 Cyclic loading test
To compare the present model with the existing experimental results (Karsan and Jirsa 1969 and; Gopalaratnam and Shah 1985), the following material
properties are used.
Table 1. Mechanical material

E0 (N/nun2 )

5 THERMAL TRANSIENT CREEP
During first-time heating of a concrete specimen under sustained load, a significant increase in strains
associated -vvith the increase of temperature occurs.
This phenomenon cannot be solely explained neither
by the thermo-mechanical degradation of the elastic
properties nor by the plastic flow. It has rather been
linked to an additional strain component, which
takes place in a very shoti period of time. This strain
component, called transient thenno-mechanical interaction strain or transient creep strain, is considered as a function of the temperature as well as the
stress. An excellent literature review on this subject
was published Khoury and al. ( 1985). In their study
Anderberg and Thelandersson (1976), proposed a
simple one dimensional formula for the magnitude
of the transient creep strain. This fonnula has been
generalized to a multiaxial stress state by de Borst
and Peeters ( 1989). Is has been successfully incorporated into a thermo plastic model by Khennane and
Baker ( l 992) and by Heinfling and al. (1998). The
proposed model for transient creep can be written as

8°

11
()

Q : cr

v
fc(N/mnh
2
t~(N/mm )

£"

s0

-

s

1111

2.76
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2
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~
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2
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0

+5ilojk )} (23)

where ( /1 11 , y ) are material parameters. The stress
equation as gives by equation (I 0) for now becomes,

a= E : (s

27.6

1

~
0...

6

where Q is a fourth order tensor determined from
transient creep tests.
11

3 l.Oxl0
0.2
34.8
3.48

- - Numerical
Experimental

0...

+(l + r )(oj/,-0

tensile test

3 l.7x!0 3
0.2

Model parameters ac= 11.25
bc=680
Cc=222.25

(22)

ro;JS/;/ +

Compressive test

0

0,001

0,002

0,003

0.004

0.005

Strain
)

(24)

6 NUMERICAL IMPLEMENT A TI ON AND
MODEL VALIDA TI ON
An efficient numerical algorithm for the present
model has been developed (Nechnech 2000) and im-

Figure I. Stress-strain behavior in cyclic tension (top) and cyclic compression (bottom) compared with experimental rcsulh.

Figure I (top), show the numerical result of a cyclic
tensile loading test, and figure 1 (bottom), show the
numerical result of a cyclic compressive loading test.
subject to a cyclic loading in tensile and compressive
case.
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For both cases the degradation of stiffness is simulated at each unloading/reloading cycle as well as the
softening behavior. The hysteresis on reloading cannot be simulated by the model.
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0,2

6.2 Themwl mlidation

0

In this p::irt, the constitutive responses of the model
are simulated on specimens submitted to uniaxial
tensile and compressive load at different temperatures, and therefore by focusing on the capability of
the model to describe transient creep. At last a
structural case is considered, in which a reinforced
concrete slab is analyzed in a fire test.

6.2.1 Uniaxial tensile and compressive tests
Uniaxial compressive tests perf01111ed by Schneider
( 1988) and tensile tests performed by Felicetti and
Gambrova ( 1998) on concrete specimens are simulated here. The simulated stress-strain curves are
therefore compared to those given by the authors. In
the considered experimental tests, the concrete
specimen is submitted to a progressive temperature
increase up to the desired value and then cooled
slowly. After, the specimen is submitted to a compressive or tensile force in displacement control to
get the stress-strain response.
The values of mechanical properties of the concrete
at room temperature and their evolutions are given in
Table 2 <ind in Table.3
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Figure 3. Variation of compressive strength with temperature.
Table 3. Mechanical properties of concrete for the
tensile test.
Values at room temperature

E 0 (N/111111 2)
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Figure 4. Variation of elastic modulus with temperature.

Table 2. fvlcchanical properties of concrete for the
compressive rest.
Values at room temperature
E0 (N/111111 2)
\I

t;

2
(N/111111 )

u. (°C 1)

Variation with temperature
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Figure 5. Variation of tensile strength with temperature.
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Figure 2. Variation of elastic modulus with temperature.

The predicted stress-strain curves obtained with the
present model are shown in Figure 6, together with
the experimental curves for the temperatures repo1ied by the authors (Schneider, 1988; Felicetti and

Gambrova 1998). The agreement between the predicted curves and the experimental ones is perfect.
These results capture the main tends shown in the
experimental data, namely the decrease of both the
strength and the stiffness of the material, and also
the variation of the brittleness of the softening behavior, which becomes more ductile when temperature increases. This is consistent with the obst:(~v.~p ,.
experimental variation of the fracture energy (Nechnech 2000).
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The model prediction, together with the experimental response, is shown in figure 7. The agreement
between the model and the experiment is good. Up
to about 500°C, which corresponds to the yield temperature, the material response becomes elastoplastic due to thermal damage during heating, and
the model predicts relatively well the failure of the
specimen. Note that if the te1111 of thermomechanical interaction strain has not been introduced in the constitutive model (Equation 24), the
failure occurs earlier. This is due to an overestimation of the elastic strain and then of the stress which
is not, in this case, relaxed by the additional term.
In order to carry out, once again, the importance that
has the transient creep tern1, a further test taken from
Anderberg and Thelandersson (1976) is simulated.
The experiment consists in comparing the results
obtained by two identical specimens. One specimen
is first heated up to 400°C and, while temperature is
kept constant, then is loaded axially at a constant
stress level. The other specimen, however, is loaded
first to the required stress and then heated up to
400°C.
0,5

Curve 1: heated then loaded

IO

4
6
1
Strain (10-. )

()

0,4

~: interac.tion

stram neg ected
0,3

Figure 6. Stress-strain behavior in tension (top) and compression (bottcilli) at high temperatures compared with experimental
results.

~
c

0,2
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6.2.2 Trnnsient creep test
To illustrate the influence of stress and temperature
histories on the deformation behavior of concrete,
the experiment conducted by Anderberg and Thelandersson ( 1976), is simulated. The specimens are
heated under three constant stress levels: 22.5 %,
45.0 % and 67.5 % of the initial compressive
strength .f~ 0 . The transient creep parameters used in
0.20.
this test are p0 = 2.36 and

r
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~ -0,2
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Figure 7. Deformation on heating under sustained load compared with experimental result.
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Figure 8. Strain response of concrete under two different loadtemperature histories compared with experimental result.

Figure 8 represents the results of the simulation in
both loading cases, together with the experimental
ones. Curve 1 corresponds to the first case, while
curve 2 corresponds to the second case. Simulation
and experiment agree quite well in both cases when
the themo-mechanical interaction tem1 has been
taken into account. However, the numerical result
highlights a completely different path when this term
is neglected, given by curve 3 in Fig.8, which is supposed to be similar to curve 2. These results validate
the capacity of this model to describe the stress and
temperature history effect and illustrated the influence of thermo-mechanical interaction.
In this example the influence of the thermomechanical damage process on the structural behaviour is studied. The example concerns two one-
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6.2.3 Si11111!atio11 of afire test 011 a reil?f'orced con-

crete s!ah

d

and Vandamme 1982), the variation is assumed to be
identical to the relations that have been proposed by
the DTU (Nechnech 2000).
The values of thermal properties of the concrete at
room temperature are listed in Table 6. For the same
reason as for the mechanical properties, their variations with temperature are assumed to be given by
rules proposed by the Eurocode4 (Nechnech 2000).
The transient creep coefficients have been assigned
to the same values adopted in the previous analysis
/Jo = 2.36 and = 0.20.

r

Table 6. Thermal properties of concrete slabs

·1•=0

a (°C 1)
A (W/111°C)
C (J/kg 0 C)

Figure 9. <ieometry and limits conditions of the thermal calculations of the test.

way reinforced concrete slabs, which have been
subjected to a fire test (Minne and Vandamme,
1982). The slabs are simply supported on the short
sides while the displacements at the other two sides
are free. First, the slabs are loaded by two jacks over
the full width, then their bottom is heated uniformly.
Because of these boundary and loading conditions
the slabs could be analysed as beams. The finite
element idealization of both slabs, which will be denoted as G 1 and G3 in conformity with the experiment, is shown in figure 9. The only difference between the two slabs is the amount of the
reinforcement steel and the position, given by the
distance d in Table 4, of the bars from the bottom
edge of the concrete.

In the first stage of finite element simulations, the
heat equation is solved in order to get the temperature distribution in the slabs, while the bottom edge
is submitted to an imposed temperature whose
variation in time is given by figure 10.

1000
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~
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15
1178
5.4

200

0

2

t~ (N/111111 )
fi (N/mm 2j

E,(N/111111-)
f,y (N/mm-)

100

150

200

250

Slab 03
35
1414
14.6

Figure 10. Temperature imposed on the face heated according
to the time.

In the mechanical finite element simulations, the
temperature gradients and the induced differential
the1mal strains are imposed, in displacement control,
to both the slabs in addition to the external applied
load. The confrontation of numerical and experimental results is perfonned in ten11s of timedeflection curves as represented in figure 11. It is
noted that in the experiment the measurementsj1~e.
been terminated when the deflection of the center of
the slab exceeded 150 mm for slab G 1, while the
measurements of slab G3 have been continued until
structural failure. The overall agreement with the
experimental data is quite reasonable. We observe
that slab G3 exhibits a much more ductile behavior
than slab GI. This is because the concrete cover of
slab G3 is thicker. Consequently, the temperature increase in the reinforcement is postponed leading to a
delayed failure. Note that in this analysis the the1mo-

Table 5. Mechanical material properties of concrete and steel

v

50

Time (min)

Eight-noded plane stress elements with eight Gauss
integration have been in both analyses. The geometrical data and the loading intensity are listed in Table
4 for both slabs. The values of mechanical properties
of the concrete and steel at room temperature are
listed in Table 5. Because the dependence of those
parameters on the temperature is not given in (Minne

p (kg!m 3)
E0 (N/111111 2)

600
400

Table 4. Geometry and loading data for reinforced concrete
slabs
d (111111)
Reinforcement (m111 2)
Line load P (N/111111 2)

l.Ox!0- 5
2.2
920

2500
1
42.5xl0
0.2
43.0
2.6
21.5xl04
504
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mechanical interaction strain tenn bas been considered.
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Figure 11. Measured and calculated time-deflection curves for
reinforced concrete slabs compared with experimental results

7 CONCLUSION
A model for he nonlinear behavior of concrete under
cyclic loading and elevated temperatures has been
presented. The model has been shown to predict the
correct results for all case of loading, as well as to
capture the correct trends in the "sustained stress"
problem. Consequently, it can be conclude that the
present model can represent accurately the behavior
of concrete structures under all thermo-mechanical
case of loading.
The equation of the present model result in an illposed initial-boundaiy value problem for material
softening. Consequently, uniqueness of solution for
the problem is not guaranteed. One result of the illposedness is mesh sensitivity in a finite-element
analysis. One of the solution is to incorporate an localization limeter. It should be noted that coupling
with hydric "pore pressure- shrinkage" is necessary
for a better approach of the phenomena.
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