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ABSTRACT: The role of FRP-composite plates for strengthening of reinforced concrete structural elements 
subjected to axial loads is analyzed, with particular emphasis to the evolution of crack pattern and its conse
quences on tensile deformability. A non-linear model is developed, where cohesive stresses in concrete across 
cracks, non-linear bond-slip between steel bars and concrete, and linear constitutive laws at the concrete-FRP 
interface are considered. The non-linear governing equations are solved via finite difference method. A nu
merical example is presented, simulating a test with displacement control on a plated and an unplated rein
forced concrete member, where the evolution of the crack pattern along the tensile member is followed. The 
example confirms that external FRP-plating can be effective in reducing crack width and, consequently, in in
creasing stiffness of tensile members. This is mainly due to the fact that the transfer length of bond-slip phe
nomenon at the concrete-plate interface is significantly smaller than the concrete-steel bar counterpart. 

I INTRODUCTION 

External plating by means of Carbon or Glass Fiber 
Reinforced Plastics (FRP) plates or sheets is one of 
the most promising and efficient reinforcement 
techniques for axial, bending or shear strengthening 
of reinforced concrete (RIC) elements. FRP rein
forcement is considered effective both in increasing 
ultimate loading and in reducing deformability due 
to crack opening. 

Nevertheless, in spite of the significant increasing 
number of applications of this strengthening tech
nique in common engineering practice, a lack of in
formation can be registered as far as reliable theo
retical models and experimental results are 
concerned. In literature several studies can be found 
on the ultimate behavior of reinforced concrete 
beams strengthened by external plates in standard 
conditions (e.g. Saadatmanesh & Ehsani 1991, 
Nanni 1993, Varastehpour & Hamelin 1997). On the 
contrary, only a few studies concern their service
ability behavior. Moreover, some important local 
phenomena (related to the complexity of con
crete-FRP interface mechanism) have not been suf
ficiently investigated up to date, even though they 
represent the principal mechanisms of structural 
failure (Jones et al. 1988, Malek et al. 1998, Garden 
& Quantrill 1998). 

Local phenomena should be understood in order 
to obtain a correct evaluation of safety margins of 
rehabilitation design with respect to ultimate and 

serviceability limit states. 
As far as theoretical studies are concerned, solu

tions based on simple shear-lag models (as initially 
proposed by Volkersen 1938), are not in general suf
ficiently accurate. Neglecting bending of bonded 
plates, shear-lag models do not allow to compute the 
so-called secondary stresses, such as the peeling 
stress, which are often very important since they can 
represent the onset of plate debonding. 

To evaluate primary and secondary stresses, con
crete element and composite plate have been mod
elled as beams linked by the layer of glue (e.g. Bres
son 1971, Roberts 1989a, b, Taljsten 1997a). 
Usually, these linear-elastic models are devoted only 
to the analysis of stresses close to FRP-plate ex
tremities. Recently, Ferretti & Savoia (2000) ana
lyzed the stress state close to a transverse crack in a 
RIC tensile member. Their study showed that, as 
stiffness of concrete-plate interface is higher than 
concrete-steel counterpart, strain in FRP-plate could 
even be three times greater than steel strain. As a 
consequence, classical hypothesis of plane strain 
profile, typically used for design purposes (see for 
instance FIB TG 4.2 1999, JSCE 1997), should be 
rediscussed. 

For this reason, in the present study a non-linear 
model is developed to study the evolution of crack 
pattern in RIC tensile members retrofitted by FRP 
plates. 
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In transversal cracks, non-linear behavior is taken 
into account by means of cohesive stresses, which 



v 

Figure 1. Kinematic hypotheses and definition of slip between 
plate, concrete, and steel. 

play a significant role due to small crack width. 
Non-linear bond-slip relationship between rein

forcing steel and concrete is considered. Finally, at 
concrete-FRP interface linear constitutive laws are 
adopted. This choice is supported by the fact that 
peeling cracks have never been observed in the 
neighborhood of transverse cracks in concrete, so 
that no damage is introduced. 

The non-linear governing differential equations 
are solved via Finite Difference Method (FDM) in 
the case of force as well as displacement control. 

An illustrative numerical example is presented 
where the evolution of crack pattern is followed and 
different behaviors of plated and unplated members 
are compared. The examples show that the charac
teristic length of bond-slip phenomenon between 
concrete and composite plate is significantly shorter 
than the concrete-steel bar counterpart, so that exter
nal plating is very effective in reducing crack width 
and, consequently, in increasing stiffness in the 
cracked stage. 

2 NONLINEAR MODEL FOR FRP
REINFORCED TENSILE MEMBERS 

2.1 Kinematics 

A displacement-based model is formulated for a RIC 
tensile member reinforced along its length by a 
symmetric couple of composite FRP plates. 

Transverse cross-section of the concrete element 
is assumed to remain plane after deformation. 
Hence, concrete and steel bars are subject to axial 
deformations only, denoted by cc and cs, respec
tively. Moreover, Bernoulli beam theory is adopted 
for the composite plates (i.e. shear deformations are 
neglected), with cp and cpl' denoting axial strain of 
the middle plane and rotation of the transverse cross
section. The notation adopted for kinematic compo
nents is reported in Figure I. Subscripts c, s and p 
denote quantities related to concrete, steel bars and 
composite plates, respectively. Relative displace
ments between different constituents are considered 
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(see Fig. 2). In particular, at the concrete-steel inter
face, tangential slip is defined as the difference of 
displacements 5\ =Us - Uc of two points belonging to 
steel and concrete which were initial! y in contact. At 
the concrete-plate interface both tangential and nor
mal relative displacements are considered. Tangen
tial slip is defined as: 

( 1) 

where u" =displacement of the surface of the glued 
plate; h" =plate thickness. 

Normal relative displacement between concrete 
and plate coincides with the plate transverse dis
placement vp. 

As far as the interface laws are concerned, ac
cording to the notations depicted in Figures 1 and 2, 
concrete - steel constitutive law can be written in the 
general form: 

(2) 

The general equations written for the concrete-plate 
interface 

(3a) 

(3b) 

consider the coupling between tangential and trans
verse normal stresses which is evident, as will be 
discussed in Section 3.3, when interface mi
crocracking occurs. 

If, for the sake of simplicity, uncoupling between 
tangential and normal laws for concrete-plate inter
face is assumed, Equations 2, 3 can be expressed as: 

(4) 

(5a) 

(5b) 

where ks(ss), kpu(sp), kpv(vp) are secant stiffnesses. 
The introduction of secant stiffnesses allows for the 
use of classical numerical techniques for the solution 
of non-linear problem. 

2.2 Equilibrium and compatibility equations 

The notation adopted for stress resultants is reported 
in Figure 2 with reference to a free body diagram of 
infinitesimal length. Making use of Equations 5a, b 
the equilibrium conditions for the differential com
posite plate element are: 
where Kpu=bp kpu , and Kpv=bp kpv are the secant inter
face stiffnesses. 
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Figure 2. Free body diagram of an infinitesimal portion of tensile member. 

3 CONSTITUTIVE AND INTERFACE LAWS 

(6) 3.1 Uniaxial behavior of concrete in tension 

(7) 

(8) 

Moreover, assuming a linear behavior for com
posite plate, Euler-Bernoulli theory gives the fol
lowing compatibility differential equations: 

duP ~- MP hp 
(9) 

dx Ep AP 2EP JP 

dvP 
dx =<pp, (10) 

dcp p MP 
(11) ----

dx Ep JP 

where AP, JP, Ep stand for area, moment of inertia 
and Young modulus of the composite plate. 

Furthermore, compatibility and equilibrium 
equations for concrete and steel bar are: 

~-~ 
dx Es As ' 

(14) 

dN.,. _ v ( ) dx- .l\._s Us -Uc ' (15) 

where Ks=np n; <!.> ks, nb = number of steel bars and 
<P = diameter of steel bars. 
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The behavior of concrete in tension is assumed to be 
linear elastic, with modulus of elasticity Ee equal to 
the initial tangent modulus in compression, up to 
tensile strength fe1· When tensile strength is reached, 
a transversal crack appears. Then, fictitious crack 
model is used to define the cohesive tensile stresses 
in concrete CTc1 as a function of the fictitious crack 
opening w. Cohesive tensile stresses are particularly 
significant for plated members because of the nar-
row crack width. 

When a new transversal crack arises and grows, 
partial closure of previously formed cracks occurs 
especially in a displacement-controlled test. There
fore, both loading and unloading curves are intro
duced according to the cyclic model proposed by 
Hordijk (1992). 

3.2 Steel-concrete bond-slip laws 

Bond behavior between reinforcing steel and con
crete is modeled by extending the classical simpli
fied bond-slip relationship proposed in CEB-FIP 
(1992). Also in this case, cyclic laws are required 
since, when a new crack arises, reduction of axial 
load causes unloading of steel concrete interface, 
with slips that in some cases may also reverse their 
sign. Cyclic loading produces a progressive deterio
ration of steel-concrete bond, which is taken into ac
count according to Eligehausen et al. (1983). 

For the sake of simplicity, the reduced bond re
sistance close to free surfaces (member ends and 
transverse cracks) due to the reduced boundary re
straint is not considered here. This hypothesis is ac
ceptable close to transverse cracks for plated mem
bers because, due to plating, the crack width is 
small. In addition, plates provide for a significant 
confinement also in the transversal direction. 



(B) micro cracks (C) peeling crack 

(A) linear elastic (D) collapse 

Figure 3. Plate - concrete interface behavior: influence of dam
age on plate - concrete interface laws. 

plate glue 

(a) 
s,, 

(c) (b) 

Figure 4. Plate - concrete interface behavior: (a) layer of con
crete aggregates anchored in the film of glue; linear (b) bond -
slip law and (c) normal stress - displacement law adopted in 
the present analysis. 

3.3 Plate-concrete interface laws 

In the last years, several researches considered the 
problem of concrete-plate interface laws. 

At the beginning, experimental studies were de
voted only to the estimate of minimum anchor 
length for efficient force transfer and maximum 
transmissible axial force (Bresson 1971, Ranisch 
1982). These tests did not provide measurements of 
local strains in the plates, so that they cannot be used 
to derive a local interface constitutive law. 

More recently, experimental tests have been per
formed, based on pull-out, single-lap, and double-lap 
tests (Swami et al. 1986, Chajes et al. 1996, Taljsten 
1997b, Lee et al. 1999, Tripi et al. 2000), half-beam 
specimens (Ziraba et al. 1995), or more complex ex
perimental setups (Volnyy & Pantelides 1996). Ax
ial strains along the plate have been measured, so 
giving the possibility of deriving average interface 
shear stresses, i.e. average values between two con
secutive strain gauges. Nevertheless, the difficulties 
in conducting the tests reduce considerably the sig
nificance of the results. In fact, bond and force trans
fer mechanisms are confined in small portions of the 
joints (few centimeters), where many strain gauges 
must be placed to measure the steep decay of strains 
along the plate. Moreover, the axial strains measured 
on the external face of the plate are influenced by 
plate bending, which is very difficult to be avoided 
especially when interface failure takes place. Fi
nally, when micro-cracks in a thin layer of the con-

crete substrate propagate and coalesce in macro
cracks, bond-slip ip-sp and normal stress
displacement CTv-Vp relationships cannot be longer 
considered as uncoupled. 

Hence, due to the complexity of the problem, ex
perimental tests and theoretical models on concrete
plate interface are usually based on the interface 
tangential stress-strain T,p-Sp relationship only (e.g. 
Hankers & Rostasy 1997, Brosens & Van Gernert 
1998, Jansze 1997). 

Tests showed that a layer of concrete aggregates 
anchored in the film of glue participates to bond be
havior. According to Brosens & van Gernert (1998), 
the thickness he of this layer is related to maximum 
aggregate size and concrete external cover. For low 
loading levels, glue and concrete cover exhibit an 
approximately linear elastic behavior (point A in Fig. 
3), so that constitutive interface laws can be ex
pressed as: 

(16) 

(17) 

where Gg, Ex and Ge, Ee are the shear and Young 
moduli of glue and concrete, respectively (Fig. 4). 
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For increasing values of relative displacements Sp 

and Vp between concrete and plate, microcracks start 
growing at the concrete-plate interface and propa
gating in the concrete substrate. Therefore, the two 
laws exhibit a non-linear behavior (point B in Fig. 3) 
until interface failure. The peak stress (point C) is 
reached when microcracks coalesce giving rise to a 
macro crack, called peeling crack (Hankers 1995). 

Usually a concrete failure criterion (e.g. Mohr
Coulomb criterion) is used to detect the onset of a 
peeling crack, starting from principal stresses. How
ever, due to the very steep variation of peeling 
stresses along the plate axis (from the maximum 
value at the plate end to zero in about 10+ 15 mm), 
principal stresses computed in one point can be not 
fully representative of physical evidence. Non-local 
failure criteria are then probably more appropriate. 

When peeling crack appears, load transferring ca
pacity of the interface drops drastically producing a 
softening behavior in both Jaws, with stresses de
pending both on crack slip and crack width (point D 
in Fig. 3). 

Unfortunately, the available experimental data are 
not enough at the present to calibrate the softening 
branch of non-linear constitutive laws. Therefore, in 
the present analysis, linear behavior according to 
Equations 16, 17 is assumed. This hypothesis seems 
acceptable if the analysis is limited to serviceability 
range. 



4 NUMERICAL SOLUTION VIA FINITE 
DIFFERENCE METHOD 

The system of governing differential Equations 4-8 
is rewritten in the compact form: 

y'(x) = A(y,x)y(x) o::;,x ::;,L, (18) 

where y is the vector collecting the unknowns stress 
resultants and displacements 

The boundary conditions defined at the two ends 
x = 0, L of the member can be written as: 

(20) 

Vector a takes different forms if the axial force N 
or axial elongation M is prescribed, to simulate tests 
with force or displacement control, respectively. The 
extended form for matrices A(y, x), Ba , Bb and 
vector Ot are reported in Ferretti & Savoia (2000). 

Equations 18, 20 represent a nonlinear boundary 
value problem that can be solved via finite differ
ence method. 

Following the algorithm proposed in Ascher et al. 
(1988), the interval [0, L] is divided in J nodes at 
uniform distance h, 0=x0 <x1< ... <x1=L. 

For the general j-th interior mesh point (0 <j < J), 
the derivative in Equation 18 is replaced by the cen
tral finite difference approximation (Yj+l -yj)/h cen
tered at XJ+ln Finite difference equations, together 
with boundary conditions, lead to the non-linear 
system: 

SI R, Yo 

S2 Rz Y1 

s, Rj yj 

S1 R1 Y1-1 

B,, Y1 

where: 

1 1 
Rj=+-I--A(Y;+l' xj+i) j=l, 2, ... ,1 

h 2 

and I is the identity matrix. 

0 

0 

0 ' 
(21) 

0 

a 

(22) 

(23) 

To solve the non-linear problem, an incremental 
procedure is used, with prescribed steps of applied 
action (axial force Nor displacement M). The solu
tion for the general step is obtained iteratively by 

923 

updating the secant stiffnesses. A relaxation coeffi
cient is also introduced when strong non-linearities 
may cause problem in the convergence of the 
method. 

The system in Equation 21 is solved by means of 
the iterative biconjugate gradient method using as 
initial guess the solution reached at the previous 
step. Moreover, as a preconditioner, incomplete LU 
factorization of K is adopted. 

When the tensile stress in concrete reaches the 
strength fer in the j-th node, a transverse crack in 
concrete arises. The crack produces relative dis
placement in concrete between two subsequent 
nodes, while continuity is prescribed for steel and 
FRP-plates. This condition is introduced substituting 
the j-th row in Equation 21 by suitable internal 
boundary conditions: 

(24) 

where the crack width w = Uc.j+I - Uc,j is the differ
ence of axial displacements in concrete between two 
contiguous nodes. 

5 AN ILLUSTRATIVE NUMERICAL EXAMPLE 

A displacement-controlled test on a RIC tensile 
member strengthened by two FRP plates has been 
numerically simulated. Geometry and material prop
erties of the specimen are reported in Figure 5. 

The numerical analysis has been performed by 
prescribing an increasing displacement at the right 
end of the reinforcing steel bars, with displacement 
steps equal to 0.02 mm. 

The displacement-force M -N curve obtained 
from the analysis is represented with a solid line in 
Figure 6. 

For M = 0.38 mm, tensile stress Ch reaches con
crete strength fer in a wide central portion, where a 
transverse crack may theoretically occur. 

~te 
1~4<P10 

1150 I L-800mm 

CONCRETE Ac= 150 x 150 mm2 

le = 36.4 N/mm2 

STEEL A_,=3.14mm2 

PLATE hp= 150 mm 
Ep = 108380 N/mm2 

E, = 33640 N/mm2 

leer= 3.64 N/mm2 

E., = 200000 N/mm2 

hp= l.Ol6mm 

Figure 5. RIC tensile member strengthened by FRP-plates: ge
ometry and mechanical properties. 
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Figure 6. Comparison between plated and unplated RIC ten
sile members: axial load - elongation curves. 
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Figure 7 - Distribution of kinematic and static unknowns along the specimen, obtained for !iL = 0.5 mm (two cracks): (a) steel 
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slip; (h) bending moment in plate; (i) shear in plate; U) rotation of plate. 
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In fact, since the member is longer than twice the 
transmission length of bo_nd stresses, in the central 
portion stresses in steel, plate and concrete are con
stant and correspond to stage I hypothesis (perfect 
bond between materials). Within the zone of maxi
mum constant stresses, the exact position of the 
crack cannot be determined, since it depends on 
material heterogeneities, as already discussed in de
tails in Fantilli et al. ( 1998). 

In the present analysis, the onset of the first 
transverse crack has been chosen in the middle of 
the specimen (x = 400 mm). 

Crack formation causes a discontinuity in M - N 
diagram, which is revealed by an unstable vertical 
path (point 1 in Figure 6). As a consequence, the re
duction of applied load N produces unloading which 
justifies the adoption of cyclic relationships for con
crete in tension and steel-concrete interface law. 

Increasing the elongation M, more cracks arise 
along the member. The evolution of the crack pat
tern is documented by the zigzag path in Figure 6. 

The distributions of all the statical and kinematic 
unknowns along the specimen obtained for 
M = 0.5 mm are reported in Figure 7. In particular, 
Figure 7 a shows that plates reduce steel stress CTs 

around the cracks, which is almost uniform and 
smaller than at the edges. On the contrary, signifi
cant plate stress CTp are present in cracked sections, 
much greater than those that can be found in the no
cracked portions of the member close to plate ends 
(Figure 7b). The jumps in displacement (Figure 7d) 
and slip (Figures 7e, f) curves indicate crack width. 
Due to small crack width, cohesive tensile stresses 
across the cracked sections are important and must 
be considered (Figure 7c). 

Figure 8 shows the evolution of steel and plate 
strains in the cracked cross section in the middle of 
the specimen. It is clearly confirmed that in the 
cracked section classical stage II hypothesis (i.e. 
same strain in reinforcing bars and composite plates) 
does not apply. In particular, strains in composite 
plates are greater than in steel bars. The ratio be
tween strains is about £pl f.s = 3.0 after the formation 
of first crack, and about 2,, I f.s = 1.85 at the forma
tion of the last crack. 

Finally, the behavior of the plated tensile member 
has been compared with the correspondent un
strengthened counterpart. The elongation-force dia
gram (Figure 6) shows that no significant differences 
can be noted before the first crack (plates do not 
contribute significantly to stiffness increase), which 
occurs approximately at the same elongation level. 
After cracking, a smaller number of large cracks can 
be noted in the unplated case, resulting in an axial 
elongation about 40% larger. The stress distributions 
and axial displacement for steel and concrete and 
steel-concrete slip for the unstrengthened (dashed 
line) and the strengthened case (solid line) are com
pared in Figure 9, for N = 92 kN. It can be noted that 
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Figure 9. Comparison between plated and unplated RJC tensile 
members (N = 92 kN): (a) steel stress; (b) concrete stress; (c) 
slip between steel and concrete. 

the stress in steel, the steel-concrete slip and the 
crack width are significantly larger for the unplated • 
case in the cracked region, whereas the solution are 
almost coincident in the uncracked zones close to 
member extremities. For instance, the width of the 
central crack is around 0.3 mm for the unplated 
member and 0.05 mm for the plated one. 
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