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ABSTRACT: The influence of specimen back-face boundary on the shape and size of the crack-tip fracture 
process zone during crack growth is related to the fracture energy distribution along the crack path. The 
governing mechanism responsible for the size effect on the specific fracture energy of concrete is the 
height variation of the crack-tip fracture process zone. Such a height variation exists in the boundary zone 
where the development of the crack-tip fracture process zone is limited due to the confined space and sharp 
stress gradient. The reduction in the fracture process zone height leads to a decreasing specific fracture 
energy distribution along the crack path in the back-face boundary region. The adhesive thickness effect on 
the critical energy release rate of the adhesive joint sandwiched between two non-yielding substrates and 
the un-cracked ligament effect on the large scale yielding of polymers and metals provide further proof to 
the relationship between the height variation of the crack-tip plastic zone and the specific fracture energy. 
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1 INTRODUCTION 

The size effect on the specific fracture energy Gf 
defined by RILEM (1985) and on the nominal ten-
sile strength of concrete is an important part of 
fracture mechanics of concrete and concrete struc-
tures. The size effect on the nominal tensile 
strength of concrete is dealt with specifically in a 
separate contribution to the conference (Duan & 
Hu 2004). Therefore, the main focus of the present 
paper is on the specific fracture energy Gf and its 
associated size effect. 

In our previous work, we have introduced a local 
fracture energy concept to explain the size effect on 
the RILEM defined Gf (Hu 1990, Hu & Wittmann 
1992). Recently, the same concept has also been 
adopted by others (Abdalla & Karihaloo 2003) and 
confirmed by their experimental results. In our re-
cent work, we have simplified the previous local 
fracture energy distribution using a bilinear func-
tion to approximate the local fracture energy distri-
bution (Duan et al 2001, 2002, 2003c,d). This bi-
linear simplification is necessary because of the 
introduction of the inner zone and boundary zone 
concept. 

It is known that the RILEM defined specific frac-
ture energy Gf is averaged over the entire fracture 

area, which is the same as assuming a constant 
fracture energy distribution. The size effect on the 
RILEM defined Gf exists, simply because the 
imbedded assumption of a constant fracture energy 
distribution is too rough. The local fracture energy 
gf concept refines the RILEM definition by separat-
ing the total fracture area into two different regions: 
the inner zone and boundary zone. Within the inner 
zone, a constant fracture energy distribution (gf = 
GF = constant) exists, which is similar to the 
RILEM Gf definition, except it only covers the in-
ner zone of a specimen. In the boundary zone, the 
local fracture energy gf decreases linearly from GF 
to g0 (≈ 0 for concrete and mortar), the essential 
work of fracture, corresponding to the case without 
the crack-tip fracture process zone (FPZ), or zero 
FPZ height. 

In this paper, we are going to show the variation 
of the FPZ height, hFPZ, controls the size effect on 
the specific fracture energy Gf defined by RILEM. 
Similarly, the crack-tip plastic zone height (also 
denoted by hFPZ for simplicity) controls the adhe-
sive thickness effect on the critical strain energy 
release rate of the adhesive joint sandwiched be-
tween two non-yielding substrates. The well-
established essential work of fracture (EWF) model 
(Cotterell & Reddell 1977, Mai & Cotterell 1980, 
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Atkins & Mai 1985) for large scale yielding of 
polymers and metals provides another convincing 
support to the concept, i.e. the boundary influence 
leads to the variation of the crack-tip plastic zone 
height, which then leads to the common size effect.  

2 MODELLING OF BOUNDARY EFFECT 

2.1 Local fracture energy model 

The specific fracture energy Gf defined by RILEM 
is given by: 

( ) ∫ ⋅⋅
−⋅

= δdP
aWB

G f
1

                             (1)  

The recent work (Duan et al 2001, 2002, 2003c,d) 
has found that even a simple bi-linear function can 
capture the major boundary influence on the 
RILEM Gf. As illustrated in Figure 1(b), the FPZ 
size or height hFPZ remains constant in the inner 
zone away from the specimen back-face boundary, 
and so does the local fracture energy gf as shown in 
Figure 1(a). In the boundary zone illustrated in 
Figure 1(b), the FPZ size or height hFPZ decreases 
because of the decreasing un-cracked ligament and 
sharp stress gradient in the boundary zone. As a 
result, the local fracture energy gf also decreases as 
shown in Figure 1(a). g0 is the essential work of 
fracture for hFPZ = 0. As a first approximation, a 
linear distribution has been assumed for gf in the 
boundary zone. 

in which B is the specimen thickness, a is the crack 
length, and W is the specimen width. The total frac-
ture energy, ∫P·dδ, determined by the complete 
load and load-point-displacement (P-δ) curve is 
averaged over the entire fracture area measured by 
B·(W-a).  The RILEM Gf is illustrated in Figure 1(a) 
by the dash line, i.e. a constant fracture energy dis-
tribution over the crack path (W-a) is assumed. In 
other word, RILEM has assumed a constant “local 
fracture energy” distribution. 

The concept of the local fracture energy (Hu 
1990, Hu & Wittmann 1992) believes The RILEM 
Gf definition Equation 1 is too rough, as it has vir-
tually assumed the crack-tip FPZ, in which the 
fracture energy dissipation occurs, could remain 
constant during the entire crack growth process. 
The specific fracture energy should be related to 
the localized fracture energy dissipation and then 
the corresponding FPZ. Therefore, the local spe-
cific fracture energy gf was introduced, gf = gf(x), 
where 0 ≤ x ≤ (W-a). According to the energy con-
servation principle, it can be established that: 

G f =
1

W − a( )
⋅ gf ⋅ dx

0

W −a
∫                                      (2) 

For a fixed specimen size W, the RILEM Gf often 
varies with the initial crack length a (Hu & Witt-
mann 1992). As a result, the relationship Gf = Gf(a) 
can be measured in experiments for 0 < a < W. The 
Gf(a) function can then be used to determine the 
local fracture energy distribution gf(a) as a function 
of the position parameter a (Hu 1990, Hu & Witt-
mann 1992), i.e. 

g f = Gf (a) − W − a( )⋅
dGf (a)

da
                           (3) 

Therefore, the local fracture energy gf distribu-
tion is well defined using the RILEM Gf measure-

ments, and no assumption is required for the gf 
distribution. 
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Figure 1. Separation of inner and boundary zones by al* 
in a specimen of width W and crack a. (a) Corresponding 
bi-linear local energy gf distribution in comparison with 
the RILEM Gf as the average fracture energy. (b) Varia-
tion of FPZ and its height hFPZ in the inner and boundary 
zones. 

 
 
Figure 1(a) illustrates two different situations: 

the crack a in the inner zone, and the crack a′ in the 
boundary zone. The RILEM Gf(a) > Gf(a′) because 
Gf(a′) is only associated with much smaller FPZ 



confined in the boundary zone. Clearly, if the inner 
zone is dominant, as in the case of a very large 
specimen, Gf(a) = GF. 

The inner and boundary zones are separated by 
the reference crack al

*, as illustrated in Figure 1(b). 
Substituting the bi-linear function of the local frac-
ture energy gf as shown in Figure 1(a) into Equa-
tion 2, it can be found that: 

G f =

GF − al
*

2 W − a( )
⋅ GF − g0( ),   W - a ≥ al

*    (a)

g0 +
W − a( )
2al

* ⋅ GF − g0( ),      W - a ≤ al
*   (b)

 

 
  

 
 
 

                                                                             

(4) 

G = g + g         f 0 p

= g0 +
ρp ⋅ Vp

B ⋅ W − a( )
                                               (5) 

The size independent fracture energy GF and the 
essential work of fracture g0 are material properties. 
The reference crack al

*, will change with the 
specimen geometry and loading condition, which 
determine the stress field and then the FPZ and hFPZ. 
For concrete and mortar, the essential work of frac-
ture g0 is close to zero and hence can be neglected 
(Hu 1990, Hu & Wittmann 1992, Duan et al 
2003c,d). Therefore, if g0 ≈ 0, Equation 4 only con-
tains two unknown parameters: GF the material 
constant, and the reference crack al

* or the geome-
try and loading condition parameter. 

In general, GF ≥ Gf ≥ g0, and GF and g0 actually 
become the two asymptotic limits of the RILEM 
defined Gf for very large and very small specimens. 

2.2 “Essential work of fracture” model 

The EWF model was developed to study the behav-
ior of the specific fracture energy Gf associated 
with the large scale yield failure of ductile poly-
mers and metals (Cotterell & Reddell 1977, Mai & 
Cotterell 1980, Atkins & Mai 1985). The Gf defini-
tion used by EWF is the same as that of RILEM 
specified by Equation 1. Although the types of fail-
ure and materials dealt with by EWF cannot be 
more different to concrete and the associated quasi-
brittle fracture behavior, EWF is in fact consistent 
with the boundary effect model outlined in Section 
2.1.  

The typical specimen geometry used by EWF is 
illustrated in Figure 2(a), a double-edge notched 
specimen with two deep notches so that full yield-
ing precedes material fracture initiation. A single 
edge notched specimen shown in Figure 2(b) can 
also be used by EWF if the un-notched ligament 
area B·(W-a) is small. Comparing Figures 1(b) and 
2(b), it is clear that EWF actually models the influ-
ence of the specimen back-face boundary on the 

specific fracture energy Gf, which should be similar 
to Equation 4(b) for very short ligament. 

EWF assumes that Gf can be separated into two 
different energy measurements: the essential work 
of fracture g0 corresponding to zero plastic zone 
height (hFPZ = 0), and the plastic work gp per unit 
projected area. The total plastic work is determined 
by the volume of the crack-tip plastic zone Vp times 
the plastic work density ρp, which is assumed to be 
a material constant. Therefore, 

Let us still use hFPZ to represent the crack-tip plas-
tic zone height. In general, Vp = constant·B(W-
a)·hFPZ. For the circular shape assumed by EWF, 
the “constant” = π/4, and hFPZ = W-a. Therefore, 
Equation 5 can be rewritten as follows: 

G f = g0 +
ρ p ⋅ constant ⋅ B ⋅ W − a( ) ⋅ hFPZ

B ⋅ W − a( )

     = g0 + Cρ ⋅ hFPZ =  g0 + Cρ ⋅ W − a( )
         (6) 

where Cρ is constant. It is clear that although EWF 
deals with the ligament effect on Gf, it actually 
models the influence of the plastic zone height hFPZ 
on the specific fracture energy. 
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Figure 2. (a) Common EWF specimen showing the in-
fluence of deep double notches on the plastic zone and 
then Gf, and (b) deep single notched EWF specimen 
showing the influence of specimen back-face on the 
plastic zone and then Gf. 



 
Since Equation 6 models the specimen back-face 

influence as indicated in Figure 2(b), EFW pro-
vides a direct support of the boundary effect model 
summarized in Section 2.1. In fact, within the 
boundary zone shown in Figure 1(b), the boundary 
effect model, Equation 4(b), and EWF, Equation 6, 
are identical. 

It can be easily proven from Equation 3 that a 
linear Gf function is defined by a linear local frac-
ture energy gf function. Therefore, the suitability of 
the bi-linear gf distribution illustrated in Figure 1(a) 
is justified by the combination of the constant Gf 
distribution assumed by RILEM, and the linear Gf 
modeling result from EWF in the boundary region. 

2.3 Modeling of adhesive thickness effect 

The adhesive and non-yielding metal substrate sys-
tem shown in Figure 3 offers the most direct evi-
dence on the influence of the plastic zone height 
hFPZ on the specific fracture energy Gf because the 
adhesive thickness is identical to hFPZ. 
 

Figure 3. Common DCB specimen used to measure the 
critical strain energy release rate GC of adhesive joint. 
The adhesive/substrate system is linear elastic up to the 
critical load PC. The initial crack is long so that GC = Gf. 

 
 
The critical strain energy release rate GC is 

commonly used to characterize the fracture tough-
ness of the adhesive joint. For the double-
cantilever-beam (DCB) geometry, the typical load 
and load-point displacement curve remains linear 
up to the maximum load at which unstable fracture 
occurs. The initial crack of the DCB specimen is 
long enough so that GC = Gf at the unstable fracture 
point, and the maximum plastic zone can be fully 
developed for the given adhesive thickness t. 

It has been recently proven (Duan et al 2003a,b) 
that the critical strain energy release rate GC (or the 
specific fracture energy Gf) is given by: 

GC = Gf

=  

g0 +
Gmax − g0( )

tmax
⋅t  ,                             t < tmax

Gb + Gmax − Gb( )⋅ t
tmax

 

 
 

 

 
 

−C⋅
Gmax
tmax

 

 
  

 

 
  
,    t > tmax

 

 

 
  

 

 
 
 

                                                                              (7) 
The essential work of fracture g0 and Gb are the 
material properties of the bulk adhesive. The scal-
ing constant C is 7.32 for t in mm, and Gmax in 
kJ/m2, which is determined and confirmed by ex-
perimental results of different sources (Duan et al 
2003a,b). The two remaining parameters Gmax and 
tmax represent the optimum adhesive joint properties. 
The initial slope, Gmax/tmax, is related to the sub-
strate modulus, and the constraint factor defined by 
the t*

B/tB ratio (Duan et al 2003a,b). The thickness 
or plastic zone height measurements, t*

B and tB, 
have been illustrated in Figure 4 together with the 
GC – t (or GC - hFPZ) relationship for the adhesive 
joint.  

 Pc 
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Figure 4. Simplified GC – t (or GC - hFPZ) relationship for 
adhesive joint.  The plastic zone height t*

B is related to 
Gb for the bulk adhesive, tB is related to GC = Gb for the 
adhesive joint.  The initial slope Gmax/tmax is then related 
to the constraint factor t*

B/tB (Duan et al 2003a,b). 
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Gb in Equation 7 represents the critical strain en-

ergy release rate of the bulk adhesive. The maxi-
mum critical strain energy release rate Gmax of the 
adhesive joint is actually higher than Gb because 
the maximum plastic zone height of the adhesive 
joint tmax exceeds the height of a fully developed 
plastic zone t*

B in the bulk adhesive due to the con-
straint effect from the non-yielding substrates. 

Equation 7 for t < tmax (then t = hFPZ) is identical 
with Equations 6 and 4(b). Although three very 
different material systems are studied here, the 
same linear relationship between Gf - hFPZ has been 
established, indicating the variation in hFPZ is the 
dominant mechanism responsible for the size effect 
on concrete fracture, ligament effect on polymer 
and metal fracture, and thickness effect on adhesive 
joint fracture.  

Since the variation in hFPZ occurs in the specimen 
boundary region (in bulk concrete, polymer and 
metal samples) or varies with the bi-material inter-
facial boundaries (adhesive joint), the terminology 
of “boundary effect” is more adequate than “size 
effect”. 

3 ANALYSIS OF EXPERIMENTAL RESULTS 

3.1 Size and ligament effect on Gf  of concrete 

The concrete results of three-point-bend (3-p-b) 
specimens with a span-to-depth (S/W) ratio of 6 
(Nallathambi et al 1984) are selected to work out 
the size independent specific fracture energy GF 
and the essential work of fracture g0 using the 
boundary effect model, Equation 4. Here, GF and g0 
are two material constants, one corresponding to 
the fully developed FPZ (maximum possible hFPZ) 
and the other corresponding to zero FPZ (hFPZ = 0). 

Specimens of different α-ratios (α = a/W) and W 
of 140, 200, 240 and 300 mm were tested, and the 
results are shown in Figure 5, showing clear speci-
men size and α-ratio effects. 

The experimental results can be analyzed in two 
different ways. First, the four sets of data can be 
used together to work out the material constant GF 
and g0, and the results are shown in Table 1. Sec-
ond, GF and g0 can be estimated using a single set 
of data with a fixed specimen size W, and the re-
sults are shown in Table 2. The averaged GF and g0 
from the four sets of data are 134.2 and 5.66 N/m. 
Therefore, both methods give the identical GF and a 
very small g0. Clearly, the essential work of frac-
ture g0 corresponding to zero FPZ can be taken as 
zero without introducing any error on GF (Duan et 
al 2002, 2003c). 
 

Table 1: GF and g0 from four sets of data together  
W (mm) 140 200 240 300 
g0 (N/m) 4.53 4.53 4.53 4.53 
GF (N/m) 134.1 134.1 134.1 134.1 
al

* (mm) 81.92 105.1 117.6 144.7 
al

*/W 0.585 0.526 0.490 0.482 
 
 

Table 2: GF and g0 from one set of data with  
   constant size W  

W (mm) 140 200 240 300 
g0 (N/m) 8.29 0 7.36 7.00 
GF (N/m) 131.3 139.6 135.6 130.1 
al

* (mm) 82.66 106.7 122.4 141.2 
al

*/W 0.590 0.533 0.510 0.471 
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Figure 5. Size and α-ratio effects on Gf of concrete (Nal-
lathambi et al 1984). The span and depth (S/W) ratio was 
fixed at 0.6. 
 

Taking GF  =  134.1 N/m from Table 1 as the ac-
curate answer, the relative errors from Table 2 are 
in the range of –3 % to 4 %. This is an excellent 
result, as it proves the material constant GF can be 
accurately determined from specimens of a given 
size W, but different α-ratios. Clearly, the α-ratio 
or ligament dependence of the RILEM defined Gf 
is the same as the size effect observed from geo-
metrically similar specimens. 

3.2 Ligament effect on Gf of mortar 

The mortar results from Hu and Wittmann (1992) 
are analyzed again to affirm the pertinence of the 
bi-linear distribution of the local fracture energy gf, 
and to estimate the size independent GF and the 
essential work of fracture g0 of the material. 

The wedge-splitting specimen geometry with 
size W = 180 mm was used, and the results are 
shown in Figure 6. In the previous study (Hu 1990, 
Hu & Wittmann 1992), the reference crack al

* was 



assumed to corresponding to α = 0.7, or al
*/W = 

0.3, which gave GF = 43.9 N/m, and g0 = 9.2 N/m. 
Equation 4 can be used to determine GF, g0 and 

al
* from the results in Figure 6, or to determine GF 

and g0 with the assumed ratio of al
*/W = 0.3 fol-

lowing the previous work (Hu 1990, Hu & Witt-
mann 1992). Both curves are also plotted in Figure 
6. The results are: GF = 45.7 N/m and g0 = 0.0 N/m 
with al

*/W = 0.256 from the results in Figure 6, and 
GF

*
 = 46.3 N/m and g0 = 5.3 N/m with the presumed 

al /W = 0.3. Clearly, the size independent GF re-
sults are almost identical.  

For comparison, the two local fracture energy gf 
distributions, based on bi-linear and exponential 
function respectively, from the previous work are 
shown in Figure 7 (Hu 1990, Hu & Wittmann 
1992). A Weibull-like distribution function was 
used to fit the experimental results of the RILEM 
Gf. Equation 3 was then used to work out the expo-
nential gf distribution. Interestingly, a linear func-
tion was obtained even from the exponential distri-
bution within the specimen back-face boundary 
zone. 

 

Figure 6. Ligament effect on Gf of mortar (Hu 1990, Hu 
& Wittmann 1992). Equation 4 gives GF = 45.71 N/m, g0 
= 0.03 N/m and al

* = 46.06 mm, or GF = 46.3 N/m and g0 
= 5.3 N/m with the presumed al

* = 54 mm. 
 
g0 = 9.2 and 7.1 N/m for the bi-linear and expo-

nential function, respectively.  In all cases dis-
cussed in this section, a small essential work of 
fracture is estimated, which is also consistent with 
the concrete results in Section 3.1. 

3.3 Thickness effect on GC of Adhesive joint 

The adhesive joint model, Equation 7, is used to 
provide a further confirmation on the relationship 
between GC (= Gf) and hFPZ. The results of a rub-
ber-modified epoxy adhesive sandwiched between 
two mild steel substrates from Kinloch and Shaw 

(1981) are selected, which were obtained using the 
contoured DCB adhesive joint specimens. The 
elastic modulus of steel is around 207 GPa in com-
parison with a normal epoxy of around 2.4 GPa.  

 

Figure 7. Local fracture energy gf distributions estimated 
from the mortar resutls in Figure 6 (Hu 1990, Hu & 
Wittmann 1992). Both distributions defined similar GF 
and g0, and predicted almost identical linear gf function 
in the specimen back-face boundary region. 
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Figure 8a,b shows the critical strain energy re-

lease rate GC with specimen thickness of 50 and 3 
mm, respectively. Equation 7 is applied to the ex-
perimental results in Figure 8(a) (Duan et al 2003a), 
with the pre-determined bulk adhesive property, g0 
= 0 and 0.5 kJ/m2 (thin and thick lines, respec-
tively). The corresponding maximum plastic zone 
height tmax = hFPZ = 0.887 and 0.893 mm, and Gb = 
1.39 and 1.40 kJ/m2 respectively. Therefore, tmax = 
0.89 mm and Gb = 1.40 kJ/m2 are used. The scaling 
constant C = 7.32 for t > tmax (Gmax in kJ/m2 and 
tmax in mm). 

The same values of C, g0 and tmax are used for the 
results in Figure 8(b) with specimen thickness of 3 
mm. It is obtained that Gmax = 2.3 kJ/m2 and Gb = 
1.65 kJ/m2. The change in Gb represents the transi-
tion from the plane strain to plane stress condition. 
However, in both cases, the linear relationship be-
tween GC (= Gf) and hFPZ (= t) is confirmed for t < 
tmax. This is probably the most direct proof that the 
crack-tip plastic zone height or FPZ height (for 
quasi-brittle materials like concrete, and coarse-
grained ceramics) is responsible for the change in 
the specific fracture energy Gf.  

Similar linear relations between Gf and ligament 
length (= hFPZ) have been found for bulk polymers 
and metals (Cotterell & Reddell 1977, Mai & Cot-
terell 1980, Atkins & Mai 1985). Therefore, the 
same linear relationship between Gf and hFPZ is 



confirmed for all the material systems considered 
in this study. 

 

Figure 8. The thickness effects on the fracture energy GC 
of a rubber-modified epoxy adhesive sandwiched be-
tween two mild steel substrates (Kinloch & Shaw 1981) 
and the predictions using Equation 7. (a) B = 50 mm, g0 
= 0 & 0.5 kJ/m2, tmax = 0.887 & 0.893 mm, Gbulk = 1.39 
& 1.40 kJ/m2, Gmax = 4.41 & 4.11 kJ/m2.  Therefore, tmax 
= 0.89 mm and Gbulk = 1.40 kJ/m2 are used. (b) B = 3 
mm, Gbulk = 1.65 kJ/m2, Gmax = 2.3 kJ/m2. 

 

4 DISCUSSION AND CONCLUSIONS 

The important roles of two specific fracture energy 
measurements, GF and g0, have been defined. GF is 
related only to the maximum possible fully devel-
oped FPZ in a large specimen, and g0 corresponds 
to the situation of zero FPZ. Therefore, both GF and 
g0 are material constants, and they represent two 
extreme limits. 

The specific fracture energy Gf defined by 
RILEM is only an average measurement of the 
specific fracture energy distribution over the entire 
crack area. In general, GF ≥ Gf ≥ g0, which has GF 
as the asymptotic limit of Gf for a very large 

specimen, and g0 as the asymptotic limit of Gf for a 
very small specimen.  

Since averaged over the entire fracture area, the 
RILEM Gf always contains the influence of the 
inner zone with a constant fracture energy distribu-
tion (gf = GF), and the influence of the boundary 
zone (gf decreases linearly from GF to g0). If the 
inner zone is so dominant that the boundary zone 
can be neglected, Gf = GF and there is no size or 
ligament effect. If the inner and boundary zones are 
comparable, the ligament or size effect is obvious.  
Therefore, the size or ligament effect on the 
RILEM Gf reflects the influence of the boundary 
zone contribution. The two cracks, a and a′, and 
the two RILEM fracture energy measurements, 
Gf(a) and Gf(a′), shown in Figure 1(a) illustrate the 
boundary effect. 
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The common characteristic of the three models 
discussed in Section 2 is that the height of a crack-
tip FPZ or plastic zone hFPZ has been directly re-
lated to the local fracture energy gf, and then the 
specific fracture energy Gf. The variation in hFPZ 
leads to the variation in gf, and then in Gf. The 
variation in hFPZ during crack growth requires and 
defines the separation of the inner and boundary 
zones. 

Three very different material systems are mod-
eled, which include heterogeneous and quasi-brittle 
concrete, homogenous and ductile polymers and 
metals, and thin adhesive layer sandwiched be-
tween two hard and non-yielding substrates. How-
ever, the same linear dependence of Gf on hFPZ has 
been identified, which supports the linear local 
fracture energy gf assumption adopted for the 
specimen back face boundary region. Numerically, 
the same linear gf distribution was also confirmed 
by Equation 3 using an exponential Gf function, as 
shown in Figure 7. 

Clearly, the bi-linear gf distribution is the sim-
plest compromise, which is consistent with the 
RILEM defined constant fracture energy distribu-
tion in the inner zone, and consistent with EWF’s 
linear fracture energy distribution in the specimen 
back-face boundary zone. The local fracture energy 
gf concept allows the determination of the size in-
dependent GF using relatively small specimens as 
long as a limited inner zone exists. 

The four sets of concrete specimens of different 
sizes and α-ratios analyzed in Section 3.1 deter-
mine the same GF value, which is probably the 
most convincing result to our best knowledge. 

It is also found that the essential work of frac-
ture g0 is very small for concrete and mortar, and 
thus can be assumed as zero without introducing 



any error in the size independent fracture energy 
GF (Duan et al 2002, 2003c,d). 
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