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ABSTRACT: In the present paper we analyze the debonding failure of a beam strengthened by a fiber rein-
forced polymer. We propose an analytical approach, whose basic assumptions are that (i) sections inside the
beam remain plane and (ii) the adhesive layer acts as a shear lag. A stress concentration is found at the edge
of the reinforcement length. Two failure criteria are proposed to study the debonding process. The former is a
stress assessment criterion, i.e. failure takes place whenever the maximum tangential stress reaches a limit
value (the interfacial bond strength). The latter is an energy, fracture mechanics criterion, i.e. failure takes
place as long as the strain energy release rate due to debonding reaches a critical value (the interfacial fracture
energy). By means of Castigliano’s theorem, the load vs. deflection graph is drawn, showing the possible ris-

ing of both snap-back and snap-through instabilities.

1 INTRODUCTION

One of the most promising techniques for strength-
ening existing structures is the use of strips made of
fibre-reinforced polymers (FRP), bonded to the ten-
sile side of the structure. The advantages of this
technique are different. FRP strips are easy to install
and cause a minimum increase in dimension; fur-
thermore, they have a high strength, a light weight
and a long durability.

The behaviour of the strengthened members is
substantially different from that of the original struc-
tures. Referring to concrete beams, the FRP retrofit-
ting causes a reduced ductility, a different shear re-
sponse and, more importantly, different failure
modes. Among the various failure modes observed,
a special interest has been devoted to the debonding
of the FRP because of its brittle and catastrophic fea-
tures, the propagation of the interfacial crack being
highly unstable.

In order to predict the critical load at which the
debonding phenomenon takes place, several models
have been proposed to evaluate the interfacial
stresses. They all focus onto the prediction of the
stresses in the vicinity of the edge of the FRP strip.
These stresses are then used to predict the peak load.
A critical review of these models can be found in the
paper by Muckopadhyaya & Swamy (2001); the pa-
per concludes that the existing models are too com-
plex for use in practical design.

However, because of the brittleness of the
debonding process, an energy approach seems to be

more effective, since stress-based failure criteria are
more suitable for gradual and ductile failures. An
energy-based fracture criterion has recently been
proposed by Rabinovitch (2004) and, later, by Co-
lombi (2006), by applying the linear elastic fracture
mechanics (LEFM) concept of energy release rate.
In other words, the debonding process is assumed to
begin when the energy release due to an infinitesi-
mal crack growth is equal or higher than a critical
value, i.e. the interfacial fracture energy. The afore-
mentioned papers show that simplified models as-
suming a constant stress field across the adhesive
layer thickness can be used to predict the energy re-
lease rate. However, its (approximate) evaluation is
performed numerically by comparing the energetic
state of the whole structure before and after a small
interfacial crack growth.

A similar approach, applied to analyse delamina-
tion in a different geometry, has been recently pro-
posed by Andrews et al. (2006). Moreover, among
recent works based on neighbouring arguments, we
cite the papers by Greco et al. (2007) for the evalua-
tion of the strain energy release rate and the paper by
Ferracuti et al. (2006) on numerical approaches to
FRP debonding.

Aim of the present paper is to introduce a model
to analyse FRP strengthened beams. The main sim-
plifying assumption is that the adhesive layer acts as
a shear lag, i.e. only shear stresses constant over its
thickness are considered (for other applications of
the shear lag model see, for instance, Stang et al.,
1990; Pugno & Carpinteri, 2003). The model is



similar to others already available in the literature
(Vilnay, 1988; Triantafillou & Deskovic, 1991; Tal-
jsten, 1997; Malek et al., 1998; Smith & Teng, 2001,
and references herein). The stress field provided by
the model is used to apply the LEFM criterion. With
respect to the papers by Rabinovitch (2004) and Co-
lombi (2006), the novelty is that an analytical ex-
pression for the energy release rate is provided. It is
believed that this can be useful for including
debonding failure assessment in practical design
codes. Furthermore, the present analytical approach
allows one to obtain the complete load vs. displace-
ment diagram, highlighting the possible rising of
snap-back and snap-through instabilities (Carpinteri
1984; Carpinteri 1989a, b).

2 EQUIVALENT BEAM MODEL

The easiest analytical model to handle beams
strengthened by FRP is the so-called equivalent
beam model, based on the assumption of a planar
cross section for the whole structure. Let us refer to
a beam with a rectangular cross section (Fig. 1),
whose width is t. In the following, the quantities
with subscript b refer to the beam to be strength-
ened, the quantities with subscript a refer to the ad-
hesive layer and the ones with subscript r to the rein-
forcement. Thus E,, E;, G, are the Young moduli of
the beam, of the reinforcement and the shear
modulus of the adhesive; hy, h;, h, are their respec-
tive thicknesses. In order to achieve a dimensionless
formulation of the problem, it is convenient to nor-
malise all the quantities with respect to the beam
ones, i.e.:
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For the sake of simplicity, it is convenient to intro-
duce also the mechanical percentage of reinforce-
ment:

= Eﬁ =nd, (2)
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Wishing to get analytical expressions as simple as
possible, we can neglect the heights of the adhesive
and of the reinforcement with respect to the beam
height as well as the contribution of the adhesive
layer to the moment of inertia. Thus, with respect to
the bottom of the strengthened beam, the position yg
of the centre of gravity of the whole section is (Fig.

1):
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Figure 1. Geometry of the reinforced cross section.

The moment of inertia with respect to the Xg axis
reads:

1+4p
I+p
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I, =th,’ /12 being the moment of inertia of the
plain beam section.

Let us consider a three point bending geometry
(Fig. 2). The beam span is 2l and P is the concen-
trated load. If z is the axial coordinate with origin at
the beam mid-span, in the left side of the beam the
shear force is T = P/2 and the bending moment is M
= — P (I-2) /2. Therefore, according to the well-
known equivalent beam model, the horizontal nor-
mal stress o, in the reinforcement and the shear
stress T, in the adhesive layer are, in dimensionless
form:

G, _ 3nr H?\,(l_c)’ O<C<Cr (5)
Eb 1+4p o
‘Ca= 3p E, 0<C<Cr (6)
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where I1, , A are respectively the dimensionless
load, axial coordinate and length (i.e. the slender-

ness):
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Figure 2. A FRP reinforced beam under three poinf bending
flexural load. Symmetry is exploited to study only half of the
structure.
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The previous expressions are valid for the reinforced
zone (0 < ¢ <, = z/1); outside they vanish and the
simple beam theory holds.

3 SHEAR LAG MODEL

With respect to the equivalent beam, a more refined
model can be achieved by assuming that the cross
sections remain planar after deformation only inside
the beam to be strengthened. In fact it is argued that,
since the main duty of the adhesive layer is to trans-
fer stresses from the beam to the FRP reinforcement
by means of tangential stresses, the shear stress and
strain inside the adhesive layer have to be explicitly
taken into account to have a more accurate descrip-
tion of the geometry analyzed.

In the following it is assumed that the adhesive
layer acts as a shear lag, i.e. no normal stresses are
considered within its thickness. Although more
complex models can be set by considering also the
normal stresses or describing the adhesive layer as a
2D medium, it is argued that the shear lag model
could be a reasonable compromise for the descrip-
tion of the FRP debonding. The goal of the present
paper is in fact to provide a model that is accurate
enough to describe the basic features of the process
and, at the same time, simple enough to be handled
analytically.

The assumption of planar cross sections reads:

Wy (Y,2) = Woo(2)+ 0 (2) ¥ (3)

where Wy 1s the axial displacement of the beam
points, ¢ is the rotation of the cross section at the
distance z from the midspan and Wy is the axial dis-
placement of the points at the bottom of the beam.
Denoting by &, and g the dilations of the beam
points and of the reinforcement and by v, the shear-
ing strain of the adhesive, the assumption of a linear
elastic behaviour for all the materials composing the
structure yields:
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where 7y 1s the beam curvature.
The problem can now be solved by imposing the
equilibrium. The first two solving equations state the

equivalence of the stress distribution with the axial
force (which is equal to zero) and with the bending
moment M; the third one represents the differential
equilibrium of the reinforcement along z:
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dz

By substitution of eqns(9-11) into eqns(12-14) and
by a further derivation of the last equation, we get:
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This is a system of three equations, the first two al-
gebraic and the last one differential. The three un-
knowns are the deformation functions &uo(z), %n(2)
and &(z). By substitution, it is possible to obtain a
differential equation, which, in dimensionless form,
reads:
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Before solving the differential equation (16), it is
interesting to observe that, if the thlckness of the ad-
hesive layer tends to zero (i.e. p>—0), the solution
tends to the one of the equivalent beam model (i.e.

eqn (5)):

3 I
O R (18)

except in the neighbourhood of the end of the rein-
forcement where the second derivative of g, 1s un-
bounded. Furthermore, it can be easily verified that
the equivalent beam solution (18) is a particular in-
tegral of the differential equation. As well known,
the complete solution is given by the sum of a par-
ticular integral and the solution of the associated
homogeneous equation. Thus:
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In order to determine the constants A and B, two
boundary conditions are needed. The first one de-
rives from symmetry considerations, whereas the
second one implies a zero normal stress in the FRP
at the edge of the reinforced zone:

de, o
d—C_O, if =0 (20a)
g, =0, if {=C(, (20b)

It is interesting to note that both the conditions are
violated by the equivalent beam model, where the
stress at the edge of the FRP is different from zero
and the strain at mid-span is not differentiable.
Observe that, at mid-span, one can also set the strain
in the reinforcement equal to the value provided by
the equivalent beam model. However the effect of
the boundary condition at { = 0 has a negligible ef-
fect at the FRP strip edge ({ = (;). See Smith & Teng
(2001) for a discussion about this point.

By means of the boundary conditions, the final solu-
tion is:
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Function f=f({,C;,p) has been introduced for the
sake of simplicity: in fact it is possible to express all
the quantities as functions of f; and its derivatives
and integrals. Through eqns (11) and (14), the hori-
zontal normal stress and the shear stress respectively
in the FRP and in the adhesive layer read:
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while, from the system (15), the beam curvature is:
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Figure 3. Horizontal normal stress in the FRP versus the axial
coordinate (dimensionless quantities). The thick lines refer to a
bonded length ; equal to 0.8, 0.6, 0.4, 0.2 from right to left.
The dashed line represents the equivalent beam model solution.
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Figure 4. Shear stress in the adhesive layer versus the axial co-
ordinate (dimensionless quantities). The thick lines refer to a

(21b)bonded length &, equal to 0.8, 0.6, 0.4, 0.2 from right to left.

The dashed line represents the equivalent beam model solution.
The thin line is the envelope of the maximum values of the
shear stress.

In order to have a preliminary check of the capa-
bilities of the model, the main quantities are now
plotted with reference to an FRP-strengthened con-
crete beam. However it should be observed that,
when considering a concrete beam to be retrofitted,
the results of the present model are essentially in-
dicative since: (i) the contribution of the concrete
external cover to the interface compliance cannot be
neglected with respect to the contribution of the ad-
hesive layer; (ii) concrete cracking is expected to
take place after debonding, whereas in the present
model the material is assumed to be linear elastic
throughout the debonding process.

Keeping in mind these restrictions, the stress
fields (22) and (23) are plotted in Figs. 3 and 4 for
different bonded lengths &, and for the following
material and geometric properties: t = 100 mm, | =
500 mm; hy = 120 mm, h, = 4 mm, h, = 1.6 mm; E;
=30 GPa, G, = 0.72 GPa, E, = 160 GPa; P = 70 kN.
The dashed lines represent the equivalent beam
model solution, which is independent of &;. It is evi-
dent that, with respect to the simpler beam model,
the shear lag model is able to catch the shear stress



concentration at the edge of the FRP strip, which is
the cause of the FRP debonding. On the other hand,
beyond a certain distance from the mid-span and the
edge of the reinforcement, the two solutions coin-
cide. More in detail, it can be proved that, for h,
tending to zero, the shear lag solution shows a non-
uniform convergence to the equivalent beam solu-
tion.

4 FAILURE STRESS CRITERION

The maximum value of the shearing stress in the ad-

hesive layer is attained at the end of the reinforced

zone, i.e. for { =

Cadpar _ 30 T {H B(1—¢,)sinh(B &;) ~ 1
E, (+4p)p cosh(p ;)

Introducing the shearing strength t,, the dimen-
sionless load I, causing debonding is therefore:

o (4o Ty cosh(B &)

(25)

¢ 3p B, cosh(BC,)+BA—-C,)sinh(BC,) —1
(26)

For the geometry given above, the critical load vs.
reinforced zone length is plotted in Figure 5 for a T,
value equal to 5 MPa. Since the debonded portion of
the FRP strip becomes stress free, the plot in Figure
5 can be interpreted as either the graph of the critical
loads for different initial lengths of the FRP strip, or
the diagram of the load during the debonding proc-
ess for a given initial FRP strip length. In the latter
case, it is interesting to observe that, if the process is
load-controlled, the debonding process is unstable
until the reinforcement length is much shorter than
the beam length (about 20%). Then, an increase in
the load is required to have a further debonding;
however the strengthening effect of the FRP is rather
negligible at that stage.
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Figure 5. Failure load versus reinforced length £, according to
the stress-based failure criterion (dimensionless quantities).

About the validity of the stress criterion (26), a
first drawback is that, for h, tending to zero, the
maximum tangential stress tends to infinity and the
critical load vanishes, a result which is physically
meaningless. Furthermore, finite element analyses
show that, at the edges of the FRP strip, in addition
to shear stresses, localized vertical normal stresses
(along y) are present which are not caught by the
present model. Neglecting this local effect could af-
fect the predictive capability of the stress-based fail-
ure criterion (26). For these reasons, in the following
section a fracture energy criterion, based on LEFM,
is put forward. As a matter of fact, it is argued that
the energy criterion should be more reliable with re-
spect to the local stress failure criterion since it is
based on an overall energy balance. The brittleness
of the debonding phenomenon justifies the use of
LEFM. Finally, it will be shown that the energy cri-
terion provides a finite failure load for an adhesive
layer thickness tending to zero.

5 FRACTURE ENERGY CRITERION AND
RELATED SNAP-BACK AND SNAP-
THROUGH INSTABILITIES

The computation of the strain energy @ must be di-
vided in the sum of four terms, i.e. the strain energy
within the FRP strip (®;), the adhesive layer (®@,),
the portion of the beam above the FRP (@) and the
one where there is no reinforcement (®y;). The first,
the second and the fourth contributions are straight-
forward:

(27a)
(27b)

=—|— dz (27¢)
Eb b
About the third contribution (®y), it should be
noted that, by marking with &, the axial dilation of
the centre of gravity of the cross section (without the
reinforcement, i.e. y = h/2), the classical beam the-
ory yields:

D, = EbAb j € dz+Eolo f
0

(27d)

where A, =t hy. Since the axial force is zero, g, =
pe;. Skipping analytical computations, the strain en-
ergy of the whole structure can be expressed in di-



mensionless form (&) = d)/ Ebhg) by means of eqns
(21-24):

~_7»3H2 9p
D = 2 {1+1+ 4pF(cr,B)} (28)
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Function F can be computed analytically; neverthe-
less, since its expression is rather long, we prefer to
omit it. Details will be given elsewhere. Let us ob-
serve that the unit term within square brackets in eqn
(28) represents the strain energy when no reinforce-
ment is present; hence it is clear that function F is
always negative, except for {; = 0, when it is equal
to zero.

Once the strain energy is obtained, the energy re-
lease rate is provided by deriving the previous ex-
pression with respect to the interfacial crack length
a. Since da = —d&;, we have:

== (30)

We assume a symmetrical debonding growth with
respect to the mid-span. In dimensionless form (g =

g/Ebhb)Z
_1do I p
aeds,  2p? l+4p

F(&.B) 31)

where the prime denotes derivative with respect to
C:. Observe that, since F’ is negative, g is always
positive, as we should have expected.

According to LEFM, the energy criterion states
that debonding starts whenever the energy release
rate reaches its critical value G, (called also fracture
energy): G = G.. The dimensionless critical load Il
is therefore given by (gc = Go/Ephy):
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Figure 6. Failure load versus adhesive layer thickness accord-
ing to the stress criterion (thin line) and to the energy criterion
(thick line) for {; = 0.8, 1, =5 MPa, G, = 65 J/m?; the values of
the other parameters are given in the text.
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Hence, according to the present LEFM criterion, no
FRP debonding is expected if:

I <TI, (33)

Qualitatively, the plot of the critical load Il vs. ¢;
provided by the energy criterion is similar to the
previous one provided by the stress criterion (26):
the difference is mainly due to the different values of
the parameter governing failure (G, instead of t,).
However, the effect of the adhesive layer thickness
1s opposite: as shown in Figure 6, according to the
energy approach, the failure load usually decreases
increasing the thickness, while it increases according
to the stress approach. More in detail, while the
critical value (26) vanishes for a null adhesive thick-
ness, the critical value (32) tends to a constant (i.e.
the same value provided by the equivalent beam
model). It is argued that the failure load is the high-
est among the two predictions, since both energy and
stress requirements have to be fulfilled to trigger the
debonding process. It is worth noting that, if more
failure mechanisms are present (e.g. brittle fracture
and plastic collapse) the critical mechanism is the
one providing the lowest failure load. However this
is not the present case, since the stress criterion (26)
is a local brittle fracture criterion, i.e. it does not co-
incide with the plastic collapse.

From a practical point of view, in order to be ef-
fective, the FRP strip must be glued by a sufficiently
thin adhesive layer, i.e. usually the adhesive thick-
ness is such that the energy criterion prevails.

Since the energy release rate provided by the
equivalent beam model coincides with the value
provided by the shear lag model with a null adhesive
thickness, Figure 6 shows also that, if the energy
fracture criterion is to be used, the equivalent beam
model, for the usual reinforcement lengths, provides
an overestimate of the failure load if compared to the
more refined shear lag model; therefore its applica-
tion may be potentially dangerous.

Because of the above considerations (and the un-
certainties related to the stress fields provided by the
analytical models highlighted in the previous sec-
tion), hereafter we make use only of the estimate of
the failure load based on the fracture energy crite-
rion (32).

In order to analyse the presence of snap-back
and/or snap-through instabilities during the debond-
ing process, the plot of the load P vs. the vertical
displacement v at mid-span has to be sought. This
can be easily achieved by means of Castigliano’s
theorem, since we already know the expression of
the strain energy of the whole system. Therefore, the
strain energy ® must be derived with respect to the
load P:



Tablel. Comparison between analytical approaches and nu-
merical simulations.

Energy Maximum Mid-span
release rate shear stress displacement
J/m’ MPa mm
Shearlag 4 ¢3 3.880 2.832
model
Equivalent
beam 23.55 0.9689 2.820
model
Finite
element Not available  3.266 2.818
analysis
do
v=2— (34)
dP

where the coefficient 2 appears since @ is the energy
contained in half of the beam. In dimensionless form

(n = v/hy):
do 2x3n[
1+

T]:z—:

9p
. F(ar,B)} (35)
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In order to have a preliminary check of the ana-
lytical results obtained so far, we performed also a
finite element analysis of the three point bending
geometry described above. In table 1, the numerical
results are compared to the ones obtained through
the equivalent beam model and the shear lag model.
It is evident that the shear lag model shows results
which are closer to the numerical simulations and,
apart from the mid-span displacement, very different
from the values provided by the equivalent beam
model.

Substituting eqn (32) into eqn (35), we get the
displacement at mid-span at the critical condition:

_ 2% [ 2(1+4p)g, {

3V pF(CB)

Eqgns (32) and (36) can be seen as the equation of a
curve in the plane (I,n) defined parametrically by
means of ;. The curve I1 vs. ) is plotted in Figure 7
according to the geometrical and material data pro-
vided above; furthermore, a fracture energy G. = 65
J/m® has been assumed, which corresponds to the
concrete fracture energy, since the debonding crack
typically runs under the concrete skin. For the sake
of clarity, in Figure 7 also the straight lines corre-
sponding to the beam configurations with a com-
pletely bonded FRP strip or without reinforcement
have been drawn. It is seen that, if the plain beam
does not collapse because of other failure mecha-
nisms, the structural behaviour shows both snap-
back and snap-through instabilities, i.e. function
jumps if the process is displacement or load con-

9
1+ T+dp F(¢, B)} (36)

trolled (Carpinteri 1984; Carpinteri 1989a, b). More
in detail, the snap-back instability appears because
of the positive slope of the softening branch in Fig-
ure 7. The snap-back appears to be rather severe, i.c.
the critical load decreases considerably during the
debonding process. In other words, the analytical re-
sults here presented clearly show that FRP debond-
ing is a highly unstable and brittle phenomenon.
Numerical simulations (Carpinteri et al., in press)
seem to confirm the presence of snap-back instabil-
ity detected by the present analytical approach.

6 CONCLUSIONS

In the present paper an analytical approach to study
the debonding process of FRP strips from concrete
beams has been addressed. The stress field provided
by the model has been used to formulate a LEFM
failure criterion. With respect to other approaches
available in the literature, the present one has the
advantage to be analytical: all the main quantities
have been expressed as functions of dimensionless
(geometrical and mechanical) parameters and of the
analytical function f; (eqn (21b)). It is believed that
these findings can be helpful for standard design
codes requirements to avoid FRP debonding. Fi-
nally, the instabilities associated with the debonding
process have been analyzed.
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Figure 7. Load versus mid-span deflection (dimensionless
quantities) for an initially bonded length £, equal to 0.8. The
dashed line represents the behaviour of a beam without rein-
forcement. The dotted lines represents snap-back (1) and snap-
through (2) instabilities.
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