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Macroscopic probabilistic modeling of concrete cracking:
First 3D results
J.-L. Tailhan, P. Rossi & S. Dal Pont
Laboratoire Central des Ponts et Chaussées, Paris, France

ABSTRACT: The paper proposes an original approach for simply modeling the complex cracking processes
of cementitious composites structures. The basic idea of the model is to take into account the heterogeneous
nature of concrete and the presence of initial defects as the main factors influencing cracking processes for a
given stressed material volume. In this sense, the model considers volume effects, random distributions of
mechanical properties and crack localization in its formulation. Therefore, the model is able to bridge the gap
between the local description of the mechanisms at the material level and the global response at the structural
level. 2D and first 3D simulations and validation tests are presented.
1 INTRODUCTION
The description of cracks is crucial for predicting the
life expectancy of concrete structures such as dams,
nuclear power plants vessels, waste (nuclear or not)
storage structures, tunnels, etc. The development of
models providing information on the characteristics
of cracks in concrete (crack openings and spacings),
for a given environment, loading and limit conditions set is still a challenging task. Moreover, a pertinent model should also take into account some
characteristics being behind cracking processes for a
given volume of concrete: not only scale effects, but
also phenomena related to the heterogeneous nature
of concrete such as initial defects in the material,
cracking nucleation and propagation.
The objective of this paper is to provide a macroscopic model capable of bridging the gap between
the local description of the mechanisms at the material level and the global response at the structural
level. In the proposed model, finite elements are
classically considered as elementary volumes of material. As far as the concrete is heterogeneous, mechanical parameters are defined via statistical distributions (requiring only two parameters) based on a
large experimental campaign held at LCPC
(Rossi et al. 1994). The model is also aimed to represent crack initiation, propagation and localization
by a simple macroscopic probabilistic dissipative
mechanism (elastic-perfectly plastic and brittle) depending on the element size.
This kind of approach allows to obtain a pertinent, statistical global response, and, simultaneously,
local information (such as crack mouth opening and
distribution) that can be exploited, for example, in
the coupled modeling of fluids transfers.

This modeling strategy is developed in 2D and in
3D, and results are compared to original experimental tests (four point bending test and Brazilian test)
performed at LCPC. The comparison will be given
not only in terms of the global answer but also on
cracks opening and distribution.
2 HETEROGENEITY OF CONCRETE AND
CRACKING PROCESSES
Concrete is a porous multiphase material where the
solid matrix is formed by cement paste and aggregates and where voids are filled with liquid and gas.
In other words, concrete is, by nature, a heterogeneous material, which always contains inner defects
such as pores and cracks (even under no external
loads). Moreover, heterogeneity is the main cause of
concrete statistical volume effects, which influence
scale effects at the structural level (Bazant 2000) via
the cracking processes. Heterogeneity and volume
effects are aspects which are strictly correlated and
that should be specifically taken into account when
dealing with concrete modeling.
Rossi (Rossi et al. 1994), after having performed
a huge experimental campaign on tensile behavior of
concrete, interpreted cracking processes as the following: stresses develop in concrete due to the external load and aggregates tend to concentrate them
in their neighborhood; on the other hand, the cement
paste and also the bound between the paste and the
aggregate are the places where defects are located,
i.e. are places of lower strengths; cracking arises
when a high stress meets a low strength, and then
propagates through the cement paste; and aggregates

eventually play the role of barriers or material
bridges in the propagation of cracks.
Volume effects are the consequence of the impact
of the heterogeneity on the behavior of the stressed
volume. The closer, to the scale of the stressed volume, the scale of the local stress concentration (generated by the heterogeneity) is, the larger is its influence on the macroscopic behavior.
Moreover, as far as heterogeneities and defects
are randomly distributed in the material, the mechanical properties are random parameters. In the
experimental study (Rossi et al. 1994), authors
showed, for example, an increase of the mean value
and the dispersion of the tensile strength vs. a decrease of the material volume for a same concrete
mix design. This effect has been found for different
types of concretes, but with different magnitudes.
An empirical scale effect law has been then established for the mean tensile strength m( f ) and the
standard deviation σ( f ) as functions of easily
measurable quantities such as the ratio “volume of
the specimen Vs over volume of the coarsest grain
of the concrete Vg” (the ratio Vs/Vg can be related to
the size of the major heterogeneity) and the “standard compressive strength of concrete fc” (considered here as a good indicator of the cement paste
quality).
t

t

3 NUMERICAL PROBABILISTIC MODELING
OF CRACKING PROCESSES
The numerical modeling takes place in the general
framework of the finite-element method (FEM). The
underlying, and basic, idea is to consider a finite
element volume like a material volume and to assume that physical mechanisms influencing the
cracking processes remain the same whatever the
scale of observation. Considering the heterogeneity
of the material, mechanical properties are randomly
distributed over the mesh: the scale laws cited in the
previous section have been extrapolated to the volume of the finite element and used as input data in a
numerical modeling based on a probabilistic approach.
Considering the modeling of cracks – initiation,
propagation and localization – two strategies are
here presented: a discrete explicit model and an
original continuum based approach.
3.1 A discrete Approach
Rossi (Rossi et al. 1992) originally presents a probabilistic model implemented via a discrete-explicit
approach in which interface elements are used to describe the discontinuities. The volume of the massive elements which are adjacent to the considered
interface element, acts as the reference (material)
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where kcvg and ksvg are material parameters. From the
maximum amount of water per unit volume that can
fill all pores (both capillary pores and gel pores), one
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stress locking and together with the proposed probabilistic approach proved to be mesh independent.
For these reasons, this model has been retained for
the further probabilistic analysis.
4 EXPERIMENTAL VALIDATION
The continuum modeling presented in the previous
sections has been firstly compared to an original experimental test performed at LCPC. The experiment
consists of a four point displacement-controlled
bending test on a plain concrete beam. The beam
geometry is a 70x20x15cm prism. The span is 60 cm
long. The constant moment zone is 20 cm long. The
concrete used is an ordinary concrete (E=35GPa,
fc=50MPa, ft=3MPa, values experimentally determined). Displacements (are measured on the front
face via 6 LVDTs, and the bending vertical displacement is also recorded.
The numerical probabilistic approach is performed according the following steps:
- 30 computations are performed with the discrete
approach for simulating the uniaxial tensile behavior
of the concrete. A mean behavior is deduced from
these results.
- An inverse analysis is done on the mean behavior to determine the parameters of the continuum
approach
- These parameters are used to the modeling of
the bending behavior. Again 30 computations are
performed.
The beam has been modeled via T3 regular elements (see Figure 3); the Rashid-like model has
been used. Results are given Figure 2.

Figure 2. Global behavior: experimental (bold), numerical answer (grey) and mean (circles).

The correlation between the experimental result
and the mean curve is quite good as the experimental
result is contained in the set of the numerical answers and is very close to the mean answer. The
macroscopic model provides not only a global an-
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The water content w can be expressed as the sum
of the evaporable water we (capillary water, water
vapor, and adsorbed water) and the non-evaporable
(chemically bound) water wn (Mills 1966,
Pantazopoulo & Mills 1995). It is reasonable to
assume that the evaporable water is a function of
relative humidity, h, degree of hydration, αc, and
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs)
Figure
6. Applied load vs.sorption/desorption
diametric expansion curves.
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where ∂we/∂h is the slope of the sorption/desorption
isotherm (also called moisture capacity). The
governing equation (Equation 3) must be completed
by appropriate boundary and initial conditions.
The relation between the amount of evaporable
water and relative humidity is called ‘‘adsorption
isotherm” if measured with increasing relativity
humidity and ‘‘desorption isotherm” in the opposite
case. Neglecting their difference (Xi et al. 1994), in
the following, ‘‘sorption isotherm” will be used with
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etc.). In the literature various formulations can be
found to describe the sorption isotherm of normal
concrete (Xi et al. 1994). However, in the present
paper the semi-empirical expression proposed by
Figure
of horizontal
displacements
on bothit
Norling8. Distribution
Mjornell (1997)
is adopted
because
faces of the specimen.

Proceedings of FraMCoS-7, May 23-28, 2010

1

5 CONCLUSIONS

1

g α c − α c )h
−

10(

K (α c α s )⎢e
⎢
,

− ∂ = ∇•J
∂

−

explicitly
accounts
for the
evolution
of hydration
Again, the
correlation
between
the experimental
reaction
SF content.
Thisgood,
sorption
result
andand
the simulation
is quite
as farisotherm
as only
readsresult is shown here (Figure 6 to Figure 8). Nevone
ertheless, the simulation clearly shows the 3D character of the cracking process
in the specimen,
⎡
⎤ leading
to
a
strong
dissymmetry
between
both
faces.
⎢
⎥
we (h αpattern
α s )⎢ −
+ The
⎥
c α s ) = Gand(α cthe
crack
horizontal
displacement
are
∞
(g α
α )h ⎥
−and
⎢
c
c
also clearly dissymmetric
Figure
7
Figure
e
⎣
⎦
(4)8.
These facts have been also⎡ experimentally
observed.
∞
⎤
1

⎣

⎥
⎥
⎦

1

where
firsta term
isotherm) cracking
representsprocthe
In
this the
paper,
model(gel
representing
physically
bound (adsorbed)
water and
the second
esses
in concrete
through a robust
continuum
apterm (capillary
isotherm)
capillary
proach
coupled with
a simplerepresents
numericalthe
modeling
of
water.
This
expression
is
valid
only
for
low
content
discontinuities is presented. 2D and 3D validation
the amount
of
of SF.areThe
coefficient
tests
depicted.
OneGshould
not forget
that the
1 represents
water per unit
volume
held in
the gel pores
at 100%
simplicity
of the
numerical
modeling
is meaningful
relative
humidity,
andisitcoupled
can be expressed
(Norling
only
if the
approach
with the statistical
Mjornell
1997)
as
distribution of properties and the given scale laws.
This solution strategy allows to properly take into
account
c effects sand sthe heterogeneous nature
α α scale
c s ) = kproviding
vg α c c + k vg aα sreliable
ofG (concrete,
global answer(5)
as
well as local information such as crack patterns and
s
crack
enhancement
of the model
tomaterial parameters.
From the
where opening.
kcvg and kThe
vg are
wards
3D
is
a
necessary
step
to
take
into
accounts
maximum amount of water per unit volume that can
the
complex
three capillary
dimensional
andpores),
geometry
fill all
pores (both
poresnature
and gel
one
of
and Kgiving
a satisfactory
obtains description of the
cancracks
calculate
1 as one
local-global behavior of a structure.
,

1

w

α s + 0.22α s G

− 0.188
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