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ABSTRACT: The fracture behavior of concrete depends on the properties and distributions of its primary
phases (cement-based matrix, aggregate inclusions, and matrix-inclusion interfaces). The quality of fracture
simulations at the material mesoscale, at which these phases are explicitly modeled, depends largely on the
discretization strategy. This paper describes a Voronoi-based discretization procedure for fracture simulations
of particulate materials such as concrete. Attention is given to the discretization of individual particles, assumed to be convex polyhedra, within the material domain. Explicit modeling of the matrix-inclusion interface enables more realistic simulations of inclusion debonding. The dependence of interface fracture on particle shape is demonstrated using a lattice-based simulation approach.
1 INTRODUCTION
The fracture behavior of concrete is strongly related
to geometrical and mechanical properties of the aggregates and their interface with the surrounding matrix. At subcritical load levels, fracture in ordinary
concrete consists mainly of debonding along the interfacial zones. This microcracking sets the stage for
the various toughening mechanisms that become active in the post-peak stages of loading.
For mesostructural models of concrete, the size,
shape, and distribution of aggregates are drawn directly from the physical structure of the material.
This is in contrast to conventional continuum models, in which material heterogeneity is represented in
an average sense. Capable simulation models are
needed to study the mechanism of interface debonding amidst multiple cracking, as well as the toughening mechanisms caused by interactions between
neighboring particles. Such simulations rely on an
appropriate level of discretization and controllable
degree of heterogeneity within the modeling framework.
Starting with Le Béton Numérique (Roelfstra et
al. 1985), various simulation models have been developed to study fracture behavior at the concrete
mesoscale (Schlangen & van Mier 1992, Cusatis et
al. 2003). Developments in computing technology
have enabled, in recent years, three-dimensional
simulation of mesoscale fracture. Carol et al. (2001)
and Caballero et al. (2007) used zero-thickness interface elements to investigate the fracture patterns of
concrete materials with angular particles. Yip et al.
(2006) studied the toughening mechanisms of concrete using a lattice model of spherical particles em-

bedded within a mortar matrix. Recent calculations
of the authors have shown that the sphere and angular shape inclusions exhibit quite different debonding behaviors.
This paper describes a novel Voronoi-based approach for discretizing concrete at the mesoscale,
where the material is regarded as a three-phase composite composed of a mortar matrix, aggregate inclusions, and matrix-inclusion interfaces. Fracture
simulations are based on an irregular lattice model
of the three-phase composite, in which the Voronoi
tessellation serves to define both the lattice topology
and properties of the lattice elements. Interface
debonding is simulated for an angular particle embedded within a material subjected to far-field tension. As a step toward studying the interaction of
developing cracks within particulate materials, the
mesostructure of concrete is discretized as sets of
multiple particles.
2 STRUCTURE GENERATION
2.1 Voronoi discretization
Voronoi tessellation of a set of points is an increasingly popular means for partitioning a domain into a
collection of cells. In this research, points are inserted in the problem domain by the process of Random Sequential Addition (RSA) (Widom 1966).
Point insertion relies on knowing the domain dimensions and a minimum allowable distance lm between
neighboring points. With an increasing number of
trial points, the problem domain eventually becomes
saturated with points (i.e., no additional points can
be inserted). Figure 1 shows an internal view of Vo-
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Figure 3. Point generation of surface of a spherical particle
and its corresponding Voronoi facet with enlarged view of
basic lattice element at the interface; b) Voronoi discretization produced from a saturated point set.

matrix occurs only after the sequence of features
(vertex, edge, and face) construction has been completed. Details of this process will be described in a
forthcoming paper.
3 ANALYSIS METHOD: LATTICE MODEL
Topology of the lattice network is defined by the
dual Delaunay tessellation of the nodal points. Each
lattice element ij is composed of a zero-size spring
set located at the area centroid C of the corresponding Voronoi facet (Fig. 3a). Each node has three
translational and three rotational degrees of freedom.
The spring set (not shown in the figure) is composed
of three uniaxial springs, oriented normal and tangential to the Voronoi facet, and three rotational
springs about the same local axes. Due to the Voronoi (Aij/hij) scaling of the spring constants, the lattice is elastically homogeneous under uniform modes
of straining. This Voronoi-based lattice also provides energy conserving, grid size insensitive repre-

Figure 4. a) Referenced polyhedral particle, and b) evolution of debonding along the particle-matrix interface.
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where the first term (gel isotherm) represents the
physically bound (adsorbed) water and the second
term (capillary isotherm) represents the capillary
water. This expression is valid only for low content
of SF. The coefficient G1 represents the amount of
water per unit volume held in the gel pores at 100%
relative humidity, and it can be expressed (Norling
Mjornell 1997) as
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where kcvg and ksvg are material parameters. From the
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can calculate K1 as one obtains
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The material parameters kcvg and ksvg and g1 can
be calibrated by fitting experimental data relevant to
free (evaporable) water content in concrete at
various ages (Di Luzio & Cusatis 2009b).
2.2 Temperature evolution
Note that, at early age, since the chemical reactions
associated with cement hydration and SF reaction
are exothermic, the temperature field is not uniform
for non-adiabatic systems even if the environmental
temperature is constant. Heat conduction can be
described in concrete, at least for temperature not
exceeding 100°C (Bažant & Kaplan 1996), by
Fourier’s law, which reads
q

= − λ ∇T

(7)

where q is the heat flux, T is the absolute
temperature, and λ is the heat conductivity; in this
Figure 5. Graded distribution of: a) spherical; and b) convex
polyhedral inclusions.

general case of non-spherical particles. The computational expense associated with large three dimensional simulations is also an issue.
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