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ABSTRACT: This paper presents analytical analysis of the dynamic behavior of reinforced and post-
tensioned concrete slab strips with an ultra high performance fiber-reinforced concrete (UHPFRC) overlay in 
flexural compression. First, the dynamic equilibrium of 5 large-scale drop weight tests was established to 
quantify inertia effects in the slab strips. The dynamic equilibrium demonstrated the significant influence of 
inertia effects during the first 20ms after the impact and allowed verification of consistency of several meas-
urement systems. Then, a mass-spring model was used to determine equivalent static force-deflection curves 
for each test, which were compared to static test results on comparable slab strips. The slab strips with the 
UHPFRC overlay in flexural compression showed an increase in apparent strength of up to 18 % due to the 
dynamic effects. The study demonstrated that the advantageous material behavior of UHPFRC can be well 
exploited in structural members subject to impact-type loading. 

1 INTRODUCTION  

UHPFRC is a promising material for strengthening 
and improvement of existing structures. This has 
been demonstrated for static and long-term behavior 
(Alaee & Karihaloo 2003, Kunieda et al. 2004, Ha-
bel et al. 2006, Habel et al. 2007, Lim & Li 1997). 
Some studies also show the potential for UHPFRC 
to withstand impact type loading (Parant & Rossi 
2004, Maalej et al. 2005).  

In this study, the structural response of reinforced 
and post-tensioned concrete members with UHPFRC 
overlay subjected to impact-type loading was inves-
tigated. The aim was to evaluate the behavior of 
those elements under low velocity impact represent-
ing cases such as vehicle impact, rock fall or ava-
lanches.  

Results of an experimental campaign of drop 
weight tests on reinforced and post-tensioned slab 
strips with UHPFRC overlay were previously pub-
lished in Habel & Gauvreau (2009). The results 
showed the positive influence of UHPFRC with re-
gard to cracking behavior and resistance. Since im-
portant inertia effects occur in dynamic tests, it was 
necessary to further analyze the tests. The objectives 
of this paper were to quantify the inertia effects and 
to analytically determine the equivalent static force-
deflection curves of the drop weight tests with the 
UHPFRC layer in flexural compression presented in 
Habel & Gauvreau (2009). 

The magnitude of the inertia effects was obtained 
by evaluating the dynamic equilibrium during the 
tests. The equilibrium also allowed verification of 

the redundancy between the different measurements 
during the tests and to examine the validity of the 
test results. Equivalent static force-deflection curves 
were determined for the reinforced concrete slab 
strips with a mass-spring model and then compared 
to static reference tests. 

Previous studies have shown that impact-type 
loading can be well simulated with analytical mass-
spring models, when nonlinear springs are incorpo-
rated into the models (Biggs 1964, Bischoff et al. 
1990, CEB-FIP 1988, Schlüter 1987). Although 
these simple tools can only be used to predict overall 
structural response, they often give sufficient infor-
mation for use in design.  

2 TESTS AND TEST RESULTS 

Test results were previously published in Habel & 
Gauvreau (2009). Summarized information is given 
in the following section. 

2.1 Test specimens 

The 3600 mm long reinforced or post-tensioned 
concrete slab strips had cross-sections according to 
Figure 1. The names of the slab strips were com-
posed of the cross-section description and a ‘D’ for 
drop weight or a ‘S’ for static tests. Table 1 gives an 
overview of the tested specimens. All specimens had 
UHPFRC in flexural compression and no reinforce-
ment in the UHPFRC layer. 
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Figure 1. Cross-sections of the specimens. 

 
Table 1. Specimen Overview. 

Name Concrete substrate  
reinforcement 

UHPFRC layer 
(hU) 

Drop weight tests 
R+D reinforced none 
NR+D1 reinforced 40 mm 
NR+D2 reinforced 40 mm 
P+D post-tensioned none 
NP+D post-tensioned 40 mm 
Static reference tests 
R+S reinforced none 
NR+S reinforced 40 mm 
NP+S post-tensioned 40 mm 

2.2 Materials 

The UHPFRC used is described in Habel et al. 
(2008). The water/binder-ratio was 0.20 and the steel 
fiber content was 5.5 Vol-%. The compressive 
strength, tested on three cylinders (100 mm diame-
ter), was 128 MPa at 28 days and 131 MPa at the 
age of testing of the composite slab strips (100 
days). The uniaxial tensile strength was 11 MPa at a 
deformation of 0.15%, exhibiting strain-hardening 
material behavior (Habel & Gauvreau 2006). 

The concrete used for the substrate was a conven-
tional concrete provided by a local ready-mix sup-
plier. It had a compressive strength of 33 MPa after 
28 days and 37 MPa at the time of testing of the 
composite slab strips (250 days). 

The reinforcing bars in the specimen were 10M 
bars with a cross section of 100 mm

2
. Coupon tests 

indicated a yield strength of 470 MPa with a well-
defined yield-plateau and an ultimate strength of 
750 MPa. The post-tensioning bars had a cross sec-
tion of 548 mm

2
 and a nominal ultimate strength of 

1030 MPa. The experimentally determined ultimate 
strength was 1130 MPa. The post-tensioning force in 
the post-tensioned slap strips NP and P was ap-
proximately 250 kN at the time of testing and was 
applied on the concrete substrates only (before cast-
ing the UHPFRC layer of NP).  

The specimens were tested at an average age of 
the UHPFRC layer of 100 days for the drop weight 
tests.  

2.3 Drop weight tests 

The behavior of the composite slab strips under im-
pact type loading was determined by drop weight 
tests. The test setup was a three-point bending setup 
as shown in Figure 2a.  

 

 
Figure 2. a) Test setup, b) drop weight force FDW vs. time: 
overview and detail, b) inertia forces. 

 
The slab strips were impacted by a stiff 211 kg 

weight consisting of a steel case with concrete fill-
ing. The drop height was 3.26 m. The weight 
dropped without noticeable friction, leading to a 
speed of the drop weight at impact of 8 m/s, which is 
in the range of low velocity impact or rock fall.  

A plywood damper was placed on top of the slab 
strip at the impact location. The damper was used to 
reproduce the effect of a cushion layer to the impact 
such as a layer of asphalt on a bridge deck. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



The slab strips were tied down over the supports 
to prevent uplifting of the slab strips at the supports 
at all times. Rollers minimized horizontal restraint at 
the support locations.  

Accelerometers (DW I, DW II) on the drop 
weight were used to directly determine the drop 
weight force (FDW = aDW × mDW). The slab strips 
were equipped with displacement transducers (1..14, 
Fig. 2a), load cells at the supports (A, B) and accel-
erometers (I..VII). The data acquisition rate was 
2.4 kHz for all channels. Further details can be 
found in Habel & Gauvreau (2009). 

Figure 2b shows the drop weight force as a func-
tion of time for all slab strips. Its shape was charac-
terized by a main force peak, followed by several 
lower peaks. The drop weight force became 2 kN 
(i.e. the static force of the drop weight) between 42 
and 100 ms for all slab strips. The maximum drop 
weight force was between 345 and 410 kN at a time 
of 2.5 to 3.3 ms. 

Figure 2c shows the mid-span deflection versus 
time for all five slab strips. The magnitude of mid-
span deflections is proportional to the degree of 
damage introduced during the drop weight test. The 
largest mid-span deflections were reached for the re-
inforced and post-tensioned slab strips that did not 
include a UHPFRC layer, R+D and P+D. Identical 
slab strips NR+D1 and NR+D2 had similar behav-
ior, which proved the repeatability of the tests. The 
lowest mid-span deflection was obtained for NP+D. 
Maximum mid-span deflection rates derived from 
potentiometer readings were 4 to 6 m/s for all 
specimens. 

2.4 Static tests 

Three static three-point bending tests were con-
ducted to investigate the structural response of the 
slab strips with the UHPFRC overlay in compression 
as shown in Figure 3a. The static tests served as ref-
erences to appreciate the effect of high strain rates 
on the structural response of the members. Details 
on test method and results can be found in Habel & 
Gauvreau (2009). 

Force-deflection curves of the static tests are 
shown in Figure 3b. Note that the static test R+S was 
prematurely stopped at a deflection of 80 mm before 
fracture and does not reflect the ductility of the slab 
strip. The addition of a UHPFRC overlay in com-
pression increased the carrying capacity of the slab 
strip (compare R+S to NR+S), which was mainly 
due to the increased static height of the member. The 
post-tensioned slab strip NP+S had the highest car-
rying capacity and lowest deflection at fracture. This 
was attributed to the effect of post-tensioning and 
the increased static height when compared to the re-
inforced concrete slab strips. 

 

 
Figure 3. a) Static test setup (UHPFRC in flexural compression 
shown), b) static force-mid-span deflection curves. 

3 DYNAMIC EQUILIBRIUM 

3.1 Formulation 

The multitude of measurements obtained in the tests 
– drop weight force deduced from impactor acceler-
ometer measurements, support reactions, specimen 
displacements and acceleration (see (Habel & Gau-
vreau 2009)) – allowed establishment and evaluation 
of the dynamic equilibrium of the slab strips. The 
dynamic equilibrium, based on Newton’s second law 
of motion, is defined by Equation (1) below and 
shown graphically in Figure 4. 
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where m : mass per unit length, ü(x,t): acceleration 
of the slab strip at position x at time t, Fsu(t): sum of 
the support reactions at time t, FDW(t): drop weight 
force at time t. 

 

 
 
Figure 4. Dynamic equilibrium: schematic view. 

 
The mass per unit length of the slap strips was de-

termined using an assumed specific mass of the rein-
forced concrete of 2500 kg/m

3
, a measured specific 

mass of the UHPFRC of 2660 kg/m
3
 and the cross 

sections as shown in Figure 1. The acceleration dis-
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
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By the way, if the hysteresis of the moisture 
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relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



tribution over the length of the slab strips was de-
termined in two ways: directly from the accelerome-
ter measurements (Fig. 2a), or indirectly from the 
second derivative with respect to time for deflection 
measurements from potentiometers. Since all these 
values were only point measurements, the accelera-
tion values between the measurement locations were 
linearly interpolated. The sum of the support reac-
tions and the drop weight force were directly ob-
tained by load cell measurements (Fig. 2a). The 
modeling of the supports assumed infinitely stiff tie-
down rods.  

3.2 Results 

Calculated inertia forces along slab strip NR+D1 
versus time are presented in Figure 5 for a time in-
terval from 1.25 ms and 7.5 ms after the impact of 
the drop weight. The maximum acceleration forces 
occurred at 2.5 ms. At this moment, the curve re-
sembled a bell-shape with a maximum force inten-
sity of 30 N/mm in the central region of the beam. 
Then, the acceleration forces decreased quickly, and 
the shapes suggest overlapping of several vibration 
modes with relatively strong damping.  

 

 
Figure 5. Acceleration forces vs. time for slab strip NR+D1. 

 
Figure 6a provides a comparison between the 

measured drop weight force (derived from the accel-
erometers mounted on the drop weight DWI and 
DWII (see Fig. 2a)) and the drop weight forces cal-
culated with the dynamic equilibrium by considering 
accelerometer and deflection measurements for slab 
strip NR+D1. The calculated values were generally 
in good agreement with the measured drop weight 
force for both magnitude and time. This was the case 
for the dynamic equilibrium of all slab strips. 

The initial peak of the drop weight force was sig-
nificantly higher for the calculated values than the 
measured values (Fig. 6a). Also, the calculated drop 
weight force curves were less smooth than the 
measured ones, especially the force derived with the 
values from the potentiometers. This was attributed 
to imprecision caused by the interpolations between 

the measurement points and inaccuracy being cre-
ated by differentiating the deflection measurement 
twice with respect to time. Especially in the begin-
ning of the test, the time intervals between each 
measurement point might have been too large to 
capture all phenomena in detail. 

 

 
Figure 6. a) Dynamic equilibrium expressed as drop weight 
force FDW vs. time of NR+D1, b) inertia forces. 

 
The analysis of the dynamic equilibrium demon-

strated that the different measurements were consis-
tent. It also showed that the drop weight force could 
be well derived from acceleration measurements of 
the drop weight by Newton’s second law. However, 
it was important to obtain the detailed test data to 
fully monitor the behavior of the slab strips under 
drop weight loading. 

Figure 6b shows the calculated inertia forces for 
all slab strips tested in the three-point bending sys-
tem. The inertia forces of slab strip R+D, NR+D1 
and P+D were directly calculated from the accelera-
tion measurements. The inertia forces of NR+D2 and 
NP+D were calculated from the deflection meas-
urements, since the data from the accelerometers 
was incomplete. The scatter in the measurements 
was due to inaccuracies in the dynamic equilibrium 
resulting from the limited number of accelerometers. 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



The calculations showed significant inertia forces 
until 7 ms. The maximum forces were highest with 
values up to 550 kN for the reinforced and post-
tensioned slab strips with UHPFRC overlay 
(NR+D1, NR+D2 and NP+D). Maximum force was 
around 400 kN for the reinforced and post-tensioned 
reference slab strips R+D and P+D. The minimum 
forces were around -100 kN with no significant dif-
ferences being distinguished between the slab strips. 

4 MASS-SPRING MODELING 

4.1 Formulation 

Dynamic behavior is always characterized by sig-
nificant inertia effects, as was shown in the previous 
section. It is well established that the global response 
of members subjected to impact-type loading can be 
analyzed with mass-spring models (Biggs 1964, 
Bischoff et al. 1990, CEB-FIP 1988, Schlüter 1987). 
A single degree of freedom model, as shown in Fig-
ure 7a, was used in this study. The slab strip was 
modeled as mass mB onto which the drop weight 
force FDW, obtained from the test results, is applied. 
The nonlinear spring RB represented the structural 
response of the slab strip in form of an equivalent 
force vs. mid span deflection curve. The mathematical 
formulation of the model is given in Equation (2): 
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with terms according to Figure 7 and t: time. 

The model was used to analyze the test results of 
the reinforced concrete slabs with and without 
UHPFRC overlay as shown in Figure 7b. The mass 
mB corresponded to the equivalent slab strip mass 
according to Equation (3) (CEB-FIP 1988). 
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where mB: concentrated slab strip mass, m : mass 
per unit length of the specimen, Φ: shape function, 
L: span length. 

The shape function was based on the deflected 
shape of the specimen. For the current study, the 
shape function representing the slab strips under 
quasi-static conditions were utilized. Two cases 
were considered: linear-elastic beam behavior and 
the formation of a plastic hinge under the drop 
weight force at mid span. 

The equivalent mass mB was determined to be 
0.42 times the slab strip mass considering linear 
elastic conditions and 0.32 times the slab strip mass 
considering a plastic hinge at mid span.  

The drop weight force FDW was directly obtained 
from the results of the drop weight tests described in 
Habel & Gauvreau (2009). The nonlinear spring RB 
corresponded to the equivalent quasi-static force-
deflection curve of the slab strip and was obtained 
through the model. The nonlinear spring RB was ob-
tained from the static curves, where the force values 
were adjusted by a scalar factor, while the deforma-
tion values were not changed.  

 

 
Figure 7. Mass-spring model: a) model definition, and b) appli-
cation to the slab strips. 

 
It should be noted that the model in its presented 

form was only capable of simulating the first deflec-
tion rise, since it did not consider damping effects. 
Since the test results show that the first deflection 
rise was determinant with regard to deflections and 
cracking of the slab strip, the model was capable of 
capturing the decisive part of the tests. Damping ef-
fects were not incorporated into the model because 
they would have made the model more complex, 
whereas it was aimed to validate a simple tool for 
future design of members under impact-type load-
ing. All slab strips were modeled with the exception 
of P+D because no static test results existed for this 
slab strip configuration. 

4.2 Drop weight test results 

The drop weight force input based on the experi-
mental results (Habel & Gauvreau 2009) of the con-
crete slab strips tested in the three-point bending 
system is shown in Figure 8. The drop weight force 
was approximated by a multi-linear curve fit. The 
equivalent mass was 0.32 times the slab strip mass 
for R+D, 0.36 times the slab strip mass for NR+D1 
and NR+D2 and 0.40 times for NP+D. The factors 
were estimated according to the fracture modes of 
the slab strips described in (Habel & Gauvreau 
2009). R+D had the most concentrated deformation 
at mid span and was closest to the value assuming a 
plastic hinge (0.32 x slab strip mass), NR+D1 and 
NR+D2 showed some indication of deformation lo-
calization at mid span, while NP-D was very close to 
the elastic deflection shape during the modeled first 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



impact and was thus closest to the linear-elastic de-
flection shape (0.42 x slab strip mass). 

 

 
Figure 8. Input data of the mass-spring model for the three-
point bending system. 

 
Modeling results are shown in Figure 9. The slab 

strip deflections under the drop weight were repre-
sented well with the model during the first deflection 
rise, which was the period of validity of the model 
(Fig. 9a). The obtained quasi-static force-deflection 
curves, corresponding to the non linear spring RB, 
are given in Figure 9b. The maximum deflection uB 
in Figure 9b is equal to the maximum deflection in 
Figure 9a. The beginning of the deflection decrease 
in Figure 9a corresponds to the unloading branch of 
Figure 9b.  

The slope of the unloading branch is steepest for 
NP+D, and lowest for R+D. This reflects the resid-
ual stiffness of the slab strips and is an indication of 
damage induced into the specimen during the drop 
weight impact: the steeper the unloading branch, the 
higher the stiffness after the impact and the lower 
the damage in the slab strip after the test. 

Measured and calculated accelerations of NR+D1 
are shown in Figure 9c. The mid-span acceleration 
aB obtained by the model was determined from 
Equation 4. 
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2

dt

ud
a

B

B
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The modeled acceleration followed well the over-

all shape of the experimentally obtained acceleration 
aII (Fig. 9c). The model underestimated the accelera-
tion magnitude measured on the slab strip under the 
drop weight aII during the first peak at 3 ms. This 
was attributed to the significant inertia effects, lead-
ing to localized deformations and thus higher accel-
erations under the drop weight. These localized ef-
fects could not be captured with the presented 
model. Beyond 7 ms, the model reproduced the 
measured accelerations tightly. Similar results for 

accelerations and support reactions were obtained 
for all modeled slab strips. 

 

 
Figure 9. Comparison of modeling and experimental results, a) 
deflection vs. time, b) nonlinear spring RB vs. deflection, c), 
acceleration at mid-span vs. time. 

4.3 Comparison of drop weight to static test results 

Figure 10 shows the results of the reference static re-
inforced concrete slab strips and the drop weight test 
slab strips with the UHPFRC overlay in flexural 
compression. Recall that ‘S’ stands for static and ‘D’ 
for equivalent static curves derived from the drop 
weight tests. It can be seen that the modeled curves 
of the equivalent static response had higher peak 
force values than the corresponding quasi-static ex-
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



perimental curves, which is typical for dynamically 
loaded structural members (e.g. CEB-FIP (1988)). 
The equivalent peak static force during the drop 
weight tests was increased by 5% for NP+D. It was 
18%, 19%, and 17% for R+D, NR+D1 and NR+D2 
respectively, when compared to the force obtained 
during the corresponding static tests. Recall that the 
static test R+S was prematurely stopped at a deflec-
tion of 80 mm before fracture and does not reflect 
the ductility of the slab strip. 

 

 
Figure 10. Comparison of modeled and experimental force-
deflection curve. 

 
For these slab strips, the UHPFRC overlay was 

mainly subjected to flexural compression forces. No 
difference in the amplification factor was observed 
between the slab strips with and without a UHPFRC 
overlay. This suggests that UHPFRC in flexural 
compression had similar changes in mechanical 
properties under high strain rates as conventional 
concrete and that the tensile zone of the structural 
member governs the strength amplification factor. 
The relatively low amplification factor of the 
prestressed slab strip NP+D was attributed to the 
low amount of cracking and high recovery of the 
slab strip after the first drop as described in Habel & 
Gauvreau (2009). 

5 CONCLUSIONS 

The analysis of the test results by establishing the 
dynamic equilibrium and by implementation of a 
mass-spring model led to the following conclusions: 

1. The consistency of the test results was proven 
by establishing the dynamic equilibrium of the 
slab strips. It was shown that acceleration, load 
and deflection measurements were redundant 
and all valid. Inertia forces up to 550 kN were 
observed. 

2. Analysis with the mass-spring model showed 
that compared to the static test results, the peak 
force in the equivalent static force-deflection 
curve of the drop weight tests when the 

UHPFRC overlay was mainly in compression 
was increased by 18% with a reinforced con-
crete substrate and 5% with a prestressed sub-
strate.  

3. In this study, it was demonstrated that simple 
mass-spring models as presented e.g. in (CEB-
FIP 1988) are valid to simulate the global re-
sponse of slab strips with UHPFRC overlay in 
flexural compression. The model proved to be 
valid to simulate the first and main deflection 
rise due to the impact. However, it was not 
conceived to reproduce local inertia effects and 
damping in order to maintain its simplicity. 

4. This paper shows that structural members sub-
jected to impact hazards can be designed with 
mass-spring models to consider both dynamic 
amplification and rate-dependent material re-
sponse.  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k
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vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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