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ABSTRACT: A mixed mode fracture model has been implemented within the framework of the eXtended Finite Element Method (XFEM). The applied mixed mode model is build on the basis of elastoplasticity combined with damage, and consists of a friction part and a cohesion part. The friction part is deformation state
dependent, and is therefore capable of reducing the friction capacity when the crack opens, and rebuild it
when it closes. The cohesion part is coupled with damage, which makes the model capable of exhausting the
cohesion in an irreversible process when the crack opens. A generalized crack-tip element based on XFEM
has been applied. The XFEM element is built on the basis of Linear Strain Triangular (LST) element. The
element can be used as both fully and partly cracked, which makes it possible to model continuous crack
growth. A double notched specimen in a mixed mode test setup has been modelled with the present formulation, and the results are compared with experimental work.
1 INTRODUCTION
In reinforced concrete beams cracks initiate in the
tension part. In the beginning the cracks will be
dominated by opening (Mode I). The initiated cracks
will propagate towards a rebar, where they will initiate new cracks along the rebar (debonding). These
cracks are mainly governed by sliding of the crack
faces (Mode II). This means that the fictitious crack
model by Hillerborg (1989) which only describes
Mode I opening, is not sufficient when modelling
cracks in reinforced concrete where both Mode I and
II occur. A detailed constitutive model describing
this mixed mode fracture process is needed. Work
by Carol (1997) suggests such a mixed mode model.
This model has a lagging capability of a realistic
unloading of the crack faces. This is included in a
new model by Nielsen (2009), so it not only can
handle monotonic loading of the crack, but also different load combinations of the crack e.g. opening
followed by closing and finally sliding of the crack
faces.
When modelling cohesive crack growth the eXtended Finite Element Method has proven to be an
efficient tool, see Belytschko (1999). Applying this
method a discrete crack can freely propagate through
the element mesh. Recently a lot of work has been
put into formulations of partly cracked crack-tip
elements. A crack-tip element is suggested by Zi
(2003), which is appealing simple, but does not have
the precision to give a realistic stress field within the
tip element, and therefore a non smooth loaddeflection response. Further enrichments within the

crack-tip element have been introduced by Mougaard (2009). This new crack-tip element gives a
rather precise solution in the near surroundings of
the crack-tip. This means that the overall behaviour
of the cohesive crack can be captured using relatively few elements along the crack. So far only a
simple constitutive law including Mode I have been
applied with the XFEM elements.
The overall scope of this work is to be able to
model reinforced concrete. A reinforced concrete
beam could with the present work be modelled using
XFEM elements to formulate cracks in the pure concrete and interface elements to formulate cracks
along rebars. The modelling presented in this work
can be seen as preliminary tests before modelling reinforced concrete structures. Experiments with the
intension to describe material point behaviour of
concrete fracture will in the present work be modelled as a structure.
2 XFEM
The mixed mode specimen is modelled using Linear
Strain Triangular (LST) elements. At crack initiation, XFEM elements are introduced.
Applying XFEM a set of additional shape functions are used within each cracked element. These
additional shape functions (enrichments functions)
are traditionally chosen identical to the original
shape functions. This concept gives the possibility of
a complete decoupling of displacements over the
discontinuity (the crack) i.e. two separate continu-

ums. One very strong benefit from this, is that cracks
can be introduced without any re-meshing.
A generalized crack-tip element which can be
used both as partly and fully cracked is used. The
crack-tip element is presented in Mougaard (2009).
The element is based on two symmetrical placed enrichment fields, which makes the element capable of
reproducing equal stresses on both sides of the crack
at the crack-tip. Applying this enhanced crack-tip
element accurate results can be obtained even with
rather coarse meshes as reported in Mougaard
(2009).

Figure 1. Displacement field for the crack-tip element. Displacements are shown perpendicular to the element plane.

So far, when modelling cohesive crack growth
with XFEM a simple cohesive traction-separationlaw has been applied. Here the tractions and stiffness
are explicit given by the opening of the crack, see
Hillerborg (1989). In the present work a more general constitutive law is introduced for the cohesive
crack. In that context it is essential to know how the
constitutive points (CP’s) are positioned in the element.
For the fully cracked element the CP’s are located
in each end of the crack, where they are fixed. For
the partly cracked element one CP is placed where
the crack enters, and one is placed at the crack-tip
see Figure 2. The CP at the crack-tip will move
when the crack propagates, in general when a CP is
moved it needs to be updated from the old constitutive state. Here it is a little simpler, since the CP is
placed at the crack-tip, where the constitutive state is
known, and cannot change.

Figure 2. Location of constitutive points in the partly and fully
cracked XFEM element.

Using one CP at each end of the crack in the
XFEM element a linear stress distribution can be
modelled. This is a sufficient approximation remembering that the stresses only can be of linear variation within the other parts of the element.
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5.1 Material parameters
The material outside the crack is assumed linear
elastic with parameters as reported from the experimental results.
Table 1. Material parameters for the elastic parts outside the
crack.
E
[GPa]

ν
[-]

40

0,2
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Figure 8. The applied FE-mesh
and the achieved crack path.
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Inside the crack the material parameters describing the mixed mode model is divided in two groups,
one for the cohesion submodel, and one for the friction submodel.
Table 2. Material parameters for the cohesion submodel.
Ec
[MPa/mm]

Gc
[MPa/mm]

µc
[-]

cc
[MPa]

ft
[MPa]

600

250

0,75

7,5

3

Δuf
[mm]

Δu0
[mm]

0,02

0,005

Parameters are all for the cohesion submodel to
avoid inconsistence subscript c is used on some parameters. Ec and Gc is the initial normal/shear stiffness µc is the friction coefficient, cc is the cohesion,
ft is the tensile strength, Δu0 is a threshold for the
damage initiation, Δuf is a scaling factor for the
damage evolution.
Table 3. Material parameters for the friction submodel.
Ef
[MPa/mm]

Gf
[MPa/mm]

µf
[-]

cf
[Mpa]

β
[Mpa]

600

250

1,30

7,5

5,22

ρ0
[MPa]

α
[-]

W
[mm]

we
[mm]

20

1,5

0,15

0,15

Ef and Gf is initial normal/shear stiffness, µf is the
friction coefficient, cf is the cohesion, β controls the
yield surface gradient discontinuity at the cusp (controls the angle interval where friction is not activated) ρ0 is the initial value of the deformation state
parameter, w is a scaling parameter for the evolution
of the displacement state parameter. α and wc is parameters controlling the evolution of the deformation state dependency in the elastic regime.
5.2 FE- mesh and crack path
The applied mesh is shown in Figure 8, Figure 9
shows the crack path in detail.
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The proportionality coefficient D(h,T) is called
moisture permeability and it is a nonlinear function
of the relative humidity h and temperature T (Bažant
& Najjar 1972). The moisture mass balance requires
that the variation in time of the water mass per unit
volume of concrete (water content w) be equal to the
divergence of the moisture flux J
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The water content w can be expressed as the sum
of the evaporable water we (capillary water, water
vapor, and adsorbed water) and the non-evaporable
(chemically bound) water wn (Mills 1966,
Pantazopoulo & Mills 1995). It is reasonable to
assume that the evaporable water is a function of
relative humidity, h, degree of hydration, αc, and
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs)
= age-dependent sorption/desorption isotherm
(Norling Mjonell 1997). Under this assumption and
by substituting Equation 1 into Equation 2 one
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where ∂we/∂h is the slope of the sorption/desorption
isotherm (also called moisture capacity). The
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where the first term (gel isotherm) represents the
physically bound (adsorbed) water and the second
term (capillary isotherm) represents the capillary
water. This expression is valid only for low content
of SF. The coefficient G1 represents the amount of
water per unit volume held in the gel pores at 100%
relative humidity, and it can be expressed (Norling
Mjornell 1997) as
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c

q

= − λ ∇T

s

(7)

where q is the heat flux, T is the absolute
temperature, and λ is the heat conductivity; in this
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