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ABSTRACT: The present paper is devoted to numerical study of damage and fracture in cement-based mate-
rials subjected to coupled mechanical loads and drying desiccation process. Firstly, a brief summary of basic 
mechanical behaviour in saturated and unsaturated conditions is given. Based on the experimental evidence, a 
coupled elastoplastic damage model is proposed in the framework of irreversible thermodynamics. After an 
analysis of the different failure mechanisms of semi-brittle materials under tensile and compressive stresses as 
well as in unsaturated condition, a new criterion of damage is proposed taking into account tensile strain gen-
erated by saturation gradient. The plastic behaviour of partially saturated materials is described by introducing 
a generalised concept of effective stress for plastic flow. A particular emphasis is put on the determination of 
effective stress coefficient from suitable experimental data. Both uniaxial and triaxial compression tests are 
simulated and a good accordance is obtained between the numerical results and experimental data. In the last 
part, the constitutive model is implemented in the computer code using extended finite element (XFEM) 
method. The process of nucleation and propagation of cracks during drying shrinkage is investigated. 

1 GENERAL INSTRUCTIONS 

In many engineering applications, cement-based ma-
terials are subjected not only to mechanical loading, 
but also to change of saturation condition and to 
chemical degradation. The durability analysis of 
concrete structures requires modelling of such multi-
physical coupling. A series of experimental data 
have shown that the mechanical behaviour of ce-
ment-based materials is strongly affected by satura-
tion condition (Yurtdas et al. 2004a, b, Gillkey 1937, 
Mills 1960, Bartlett and MacGregor 1994, Popovics 
1986, Burlion et al. 2005). For instance, elastic 
modulus and mechanical strength can vary with the 
variation of saturation degree during drying or wet-
ting. Generally, there are two competitive phenom-
ena related to drying effects on mechanical behav-
iour. Due to the increase of capillary pressure, 
surface tension or disjoining pressure, the material 
strength and modulus can locally increase during 
desiccation. On the other hand, damage by micro-
cracks can be generated by desiccation process, 
leading to deterioration of material mechanical be-
haviour. On the other hand, the desiccation induced 
damage may be resulted by non uniform saturation 
field at structural scale, and by heterogeneous 
shrinkage deformation between cement paste and 
aggregates. In this paper, the emphasis is put on the 
modelling of structural capillary effects on mechani-
cal behaviour of partially saturated cement-based 
materials. An elastoplastic damage model is first 
proposed for cement-based materials in unsaturated 

condition. A generalized effective stress concept is 
used for poroplastic coupling. Damage by micro-
cracks is coupled with plastic deformation. The pro-
posed model is applied to a mortar in triaxial com-
pression tests with different degrees of saturation. 
The elastoplastic damage model is then implemented 
into a FEM computer code. The mechanical re-
sponse of a concrete beam in different saturation 
conditions is analyzed using the proposed model. 
The model’s predictions are in close agreement with 
experimental data. Based on a criterion related to 
critical damage density, the passage from diffused 
damage state to onset of macroscopic crack is de-
scribed using an extended finite element (XFEM) 
method. The proposed method is finally applied to 
modelling of damage and fracture of typical concrete 
structure components. The damage zone evolution, 
the localization of damage, the onset and propaga-
tion of macrocrack during desiccation process are 
analyzed.  

2 SUMMARY OF EXPERIMENTAL 
INVESTIGATION 

2.1 Basic mechanical behaviour 
The basic mechanical behaviour of cement-based 
materials is inherently related to applied stress state. 
Generally, the typical mechanical response in a tri-
axial compression tests is composed of different 
phases: an elastic phase with onset of a small num-
ber of microcracks on aggregates – cement paste in-



terfaces; a plastic hardening phase which can be ac-
companied by quick augmentation of lateral strain 
and unstable propagation of microcracks until reach-
ing peak stress state, a post-peak softening phase re-
lated to strain localization and microcracks coales-
cence together with rapid reduction of compressive 
strength and finally a residual phase with a constant 
residual strength. The relative importance of each 
phase strongly depends on the value of confining 
pressure. There is generally a clear transition from 
brittle to ductile behaviour with increasing confining 
pressure. Under low confining pressures, the plastic 
hardening phase is nearly negligible and the material 
behaviour is essentially controlled by damage by 
microcracks. The residual strength is close to zero. 
Under higher confining pressures, the plastic defor-
mation phase is the dominant mechanism compared 
with damage. When the confining pressure is high 
enough, the post-peak phase may disappear and we 
have a fully ductile plastic response usually accom-
panied by important volumetric compaction. On the 
other hand, under direct tensile stress, the mechani-
cal response is typically brittle in nature; with an 
elastic phase until the peak stress followed by drastic 
material softening before macroscopic fracture. 
Therefore, in order to describe mechanical responses 
of cement-based materials under multi-axial condi-
tions, it is proposed here to formulate an elastoplas-
tic model coupled with induced damage. 

2.2 Mechanical behaviour under partially saturated 
conditions 

Extensive experimental investigations have been 
carried out to study various phenomena and influ-
ences on mechanical behaviours related to desicca-
tion process. It is revealed that, the saturation degree 
has a great influence on the mechanical behaviour of 
cement-based material. The influence exists in both 
elastic and plastic domains. A large review of the 
experimental studies can be found in Yurtdas 
(2003). Figure 1 presents the evolution of compres-
sive strength of samples in different saturation con-
ditions during triaxial compression tests performed 
in a normalized mortar. We can observe an increase 
of about 29% in failure stress after 162 days drying. 
Similar results are also reported on other cement-
based materials (Burlion et al. 2005, Popovics 1986 
just to mention a few). Concerning physical origins 
of mechanical strength increase, discussions are still 
open. However, among various phenomena, the 
most commonly one is the capillary pressure which 
leads to an additional confining effect on material 
skeleton. As this effect can be easily quantified from 
laboratory tests, it will be taken as the main respon-
sible of drying effects in this work. 
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Figure 1. Evolution of the compressive strength of a normal-
ized mortar in triaxial compression tests after different drying 
periods (Yurtdas 2003). 

3 FORMULATION OF CONSTITUTIVE 
MODEL  

Based on the experimental investigations, a coupled 
elastoplastic model is proposed for the description of 
mechanical behaviour of the cement-based material.  
In this work, the assumption of small strains is 
adopted, so in the isothermal conditions, the state 
variables are constituted of total strain tensor ε , sca-
lar damage variable ω , plastic strain pε  and inter-
nal variable for plastic hardening pγ . As classically, 
the total strain could be decomposed into an elastic 
part eε and a plastic part pε , expressed as following: 
 

,d d de p e p= + = +ε ε ε ε ε ε                   (1) 
 
Based on thermodynamic theory, it is assumed 

that the thermodynamic potential ψ can be expressed 
by (Chen 2007, Shao 2006): 

 
1 ( ) : ( ) : ( ) ( , )
2

p p
p pψ = − ω − + ψ γ ωCε ε ε ε      (2) 

 
( )ωC is the fourth order elastic stiffness tensor of 

damaged material, and the function pψ  represents 
the locked plastic energy for plastic hardening of 
damaged material. The standard derivation of the 
thermodynamic potential yields the state Equation: 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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w
                              (2) 

 
The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



For the isotropic material, we have the following 
expression of effective elastic stiffness tensor: 

 
(ω) 3 (ω) 2 (ω)k= +C J Kμ                   (4) 
 

( )k ω  is the bulk modulus of the damaged materials 
and ( )μ ω  represents the shear modulus. The deg-
radation of elastic properties caused by damage was 
taken into account by the following form:  

 
[ ]0 0( ) 1 ( )  ,  ( ) (1 )vk k Hω = − ε ω μ ω = μ − ω          (5) 

 
0k  and 0μ is respectively the initial drained bulk 

and shear modulus of intact material. ( )vH ε  is the 
Heaviside function of volumetric strain vε in order 
to account for unilateral effect on bulk modulus. 

It is here assumed that porous materials are satu-
rated by a liquid phase and a gas mixture. The elastic 
behaviour of partially saturated materials will de-
pend on pressures of different fluid phases. Based on 
the previous works by Coussy et al. (1998) and 
Coussy (2004), the effects of liquid and gas pres-
sures are characterized by an equivalent pore pres-
sure, π , defined as: 

 
( )  ;  g l cp cpd dp S p dp dπ = − π = π∫               (6) 

 
gp and lp is respectively gas and liquid pressure, 
cp g lp p p= −  is capillary pressure and lS denotes 

water saturation. Using this equivalent pore pres-
sure, the elastic constitutive relations are expressed 
as: 

 
2( ) ( ) ( ) 2 ( ) ( )
3

e e
ij b ij ij ijk tr b⎛ ⎞σ = ω − μ ω ε δ + μ ω ε − ω πδ⎜ ⎟

⎝ ⎠
 (7) 

 
( )b ω is the Biot’s coefficient, which also depends 

on the damage variable. 

3.1 Plastic modelling 
As mentioned above, the mechanical behaviour of 
cement-based material is very sensitive to water 
saturation degree in partially saturated condition. In 
the general framework of thermodynamics, the plas-
tic deformation of porous materials is controlled by 
applied stresses and fluid pressures. The plastic yield 
criterion should be a function of all independent 
force variables. However, it is very difficult to ex-
perimentally determine such general criterion due to 
technical limitation. One simplified approach con-
sists in extending plastic criteria of dry materials to 
partially saturated conditions by using relevant ef-
fective stress concept according to the stress equiva-
lence principle. Although the existence of such ef-
fective stresses is theoretically not proved, this 

concept provides an efficient tool for plastic and 
damage modelling in saturated and unsaturated ma-
terials. This concept is adopted and extended here. 
Adopting the equivalent pore pressure defined 
above, we propose to introduce the following effec-
tive stress tensor for plastic modelling of partially 
saturated materials: 

 
( , )pl

ij l ijij Sσ = σ + β σ πδ                       (8) 
 
The generalized effective stress coefficient 

β characterizes effects of the equivalent pore pres-
sure on plastic deformation. Its value should depend 
not only on applied stress state but also on saturation 
degree. The determination of β is discussed in next 
section. Based on some previous work, the following 
function is proposed as plastic function with the plas-
tic effective stresses defined in (8): 
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The parameter sC  represents the hydrostatic ten-

sile strength corresponding to the intersection of the 
failure surface with the mean stress axis. The func-
tion ( )g θ�  allows accounting for the dependency of 
yield function on the Lode angle in the deviatoric 
plane. Various expressions of ( )g θ� have been pro-
posed in literature for geomaterials. The emphasis of 
this work is on the poroplastic modelling of unsatu-
rated materials, the expression of ( )g θ�  is here sim-
plified and taken to be ( ) 1g θ =� . As a non linear 
yield surface is used here, two parameters ( m and η ) 
are used to determine the shape and position of the 
yield surface. Given a set of values of these two pa-
rameters, one can determine the material cohesion. 
And note that the frictional angle in such non linear 
criterion is not constant but depends on the mean 
stress ( p� ). Further, for 1m =  and ( ) 1g θ =� , the 
yield function reduces to the classical Drucker-
Prager criterion. 

The plastic hardening is characterized by the 
variation of the coefficient η , as a function of the 

generalized plastic shear strain noted by pγ ; while 
the value of parameter ( m ) is assumed constant. 
Considering that the softening of mortar is generally 
induced by the initiation and propagation of the mi-
crocracks, the plastic hardening law contains an in-
creasing function of the internal hardening variable 

pγ  but also a decreasing function of the damage 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



variable ω . Based on the experimental data in triax-
ial compression tests, the following function is pro-
posed: 

 

1
( )= 1- ( ) p

p m
pb

⎡ ⎤γ
η γ ω η + η − η⎢ ⎥

+ γ⎢ ⎥⎣ ⎦
0 0（ ）        (10) 

 
The parameter 1b  controls the plastic hardening 

speed; 0η  and mη  present respectively the initial 
yield threshold and ultimate value of frictional coef-
ficient. The internal hardening variable is taken as 
the generalized plastic distortion defined by: 
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ε
γ = = ε − δ
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      (11) 

 
The normalizing coefficient pχ  is introduced 

here to take into account the dependence of plastic 
hardening ratio on confining pressure. 

In order to better describe the volumetric strain 
during plastic flow, based on the experimental evi-
dence and inspired by the works by Pietruszczak et 
al. (1988), the following non-associated rule was 
proposed as the plastic potential function. 
 

( )( ) ln( ) 0a s
c a s

p P CQ q g p P C
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+
= + μ θ + =
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The coefficient p  corresponds to the intersec-

tion point between the plastic potential surface and 
the axis ( ) 0a sp P C+ > . The coefficient cμ  repre-
sents the ratio ( )( )a sq g p P Cθ +� �  at the point for 
which 0Q p∂ ∂ =� .  

3.2 Damage modelling 
In the framework of thermodynamics for time inde-
pendent damage process, the damage evolution is 
determined by a damage criterion which is a func-
tion of conjugate damage force. 

As mentioned above, the failure mechanisms are 
different in compressive and tensile stress state for 
cement-based material. In compression condition, 
the damage is mainly induced by the frictional slid-
ing along the microcracks which can be considered 
as the plastic deformation. On the contrary, in tensile 
stress condition, the damage evolution is mainly re-
lated to the development of opened microcracks 
which is exhibited as positive strain. So the damage 
evolution laws should be considered separately. In 
the present work, we assume that the damage value 
is composed of a compressive part and a tensile part. 
Based on the analysis above, the compressive dam-
age criterion is a function of the compressive dam-

age conjugate force cY ω , and the tensile damage crite-
rion is a function of the positive strain. Based on 
some previous works, the following function is pro-
posed: 

 
,0max( , )c p cY Yω ω= γ                          (13) 

,0max( , )t eq tY Yω ω= ε                        (14) 

23 3
2

01 1 3eq i i
i i

b
k= =

ε = ε + ε − π∑ ∑           (15) 

 
here, the variable eqε  is composed of two parts, the 
first part is the positive strain, and the second part 
represents the influence of the gradient of equivalent 
pore pressure on the evolution of damage due to des-
iccation process.  
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tω  and cω  denote respectively the tensile and 

compressive part of the damage value. The total 
damage is composed of these two parts: 

 
(1 )t c t tω = − α ω + α ω                      (18) 

 
The coefficient tα  is determined by: 
 

t

+σ
α =

σ
                              (19) 

 
+σ is the positive cone of the applied stress tensor. 

4 NUMERICAL SIMULATIONS 

In order to verify the capacity of the proposed 
model, the laboratory test performed by Yurtdas 
(2003) are simulated in this part. Firstly, we present 
the determination of model’s parameters.  

4.1 Identification of model’s parameters 
The plastic hardening law is determined by drawing 
the frictional coefficient ( )pη γ  with the general-
ized plastic shear strain pγ , which is calculated on 
unloading paths. The parameter cμ defines the slope 
of transition boundary between volumetric com-
pressibility to dilatancy; it is then identified from the 
points on volumetric strain curves. The asymptotic 
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moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



damage value, ccω , can be identified from the ratio 
between peak stress and residual strength in post 
failure regime. For the sake of simplicity, cB is de-
termined by fitting post peak stress strain curves. 
The tensile damage parameters tω , tB  and ,0tY ω  
can be determined by fitting the direct tension test.  
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Figure 2. Illustration of procedure for the determination of ef-
fective stress coefficient in unsaturated conditions.  

 
In the poroplastic modelling proposed here, the 

effective stress coefficient for plastic deformation,β , 
plays an essential role in poroplastic coupling. In un-
saturated conditions, the following procedure is pro-
posed to determine the variation of β as a function 
of saturation. The failure surface of saturated mate-
rial is first determined as the reference state. Then 
for a given unsaturated state, the uniaxial compres-
sion strength is measured and compared with that of 
saturated material. The difference between the two 
values is used to evaluate the quantity, l cpS pβ . As 
the capillary pressure is related to isothermal sorp-
tion – desorption curve, the corresponding value of 
β is then obtained. This procedure is illustrated in 
Figure 2.  

Further, due to the lack of relevant experimental 
data and for the sake of simplicity, it is assumed that 
the parameter β  is not affected by material dam-
age. By using this procedure for different confining 
pressure, the influence of this last one can also be 
identified. For the mortar studied here, only two 
confining pressures are available, namely 0 and 
15MPa. Therefore, it appears difficult to give a gen-
eral description of confining pressure effect. Only 
the following relations are obtained respectively for 
the two confining pressures, as shown in Figure 3. 
The values of parameters used in the numerical 
modelling are given in Table 1. 
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Figure 3. Variations of plastic effective stress coefficient with 
saturation degree for two different confining pressures. 

 
 

Table 1. Representatives values of parameters in the model.  
Class name 
Elastic constant E=36400MPa , v=0.19 

Plastic parameters sC =19.0, m =1, η0=0.6, ηm =1.42, 
-5

1=3.0 10b × ,μ=1.5 

Damage characteri-
zation 

,0cY ω =0.0, cB =300.0, cω =0.2, 
0.99tω = , 2500tB = , ,0 0tY ω =  
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Figure 4. Comparison between simulations (continuous lines) 
and test data (points) in the case of (a) uniaxial; (b) triaxial 
compression tests for saturated samples. 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k
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vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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Figure 5. Stress-strain curves of samples with different periods 
of desiccation – comparisons between model’s predictions 
(lines) and experimental data (symbols) (a) uniaxial test (b) tri-
axial compression tests (Pc=15MPa). 
 

Using these parameters, numerical simulation of 
laboratory tests has been performed. Figure 4 shows 
the strain evolution for triaxial compression tests 
under different confining pressures. We can notice 
than the main mechanical behaviours are well repro-
duced by the proposed model, including the soften-
ing behaviour due to progressive growth of micro-
cracks.  

Stress-strain curves in compression tests are pre-
sented in Figure 5. It can be noticed that the influ-
ence of desiccation is clearly reproduced. There is a 
good correlation between numerical predictions and 
experimental data. 

5 THE EXTENDED FINIT ELEMENT METHOD  

In fact for the desiccation process in concrete struc-
ture, two distinct phases can be identified. The first 
stage involves the onset and the propagation of mi-
crocracks in cement matrix and in the interface of 
cement and aggregates. Later in the further desicca-
tion process, the microcracks localize and nucleate 
to macrocracks, and displacement discontinuities 
develop in material. For the first stage, the micro-

cracks are represented by damage, and mechanical 
behavior has been described by the constitutive 
model presented in the previous section. However, 
for the second stage of failure, the appearance of 
macrocracks (moving discrete surfaces, across 
which displacement are discontinuous) causes much 
problem for the traditional numerical method. The 
extended finite element method (XFEM), which is 
firstly used as a method for analyzing crack growth 
without remeshing by employing enriched functions 
to simulate the discontinuity with a fixed mesh 
(Moës et al. 1999), is adopted in current study.  

 

 
Figure 6. Concrete materials damaged by a macrocrack. 
 

We consider a representative volume element 
V of concrete which has been crossed by the crack 

dΓ  depicted in Figure 6. The crack has a direction 
from the end to its head (crack tip). The crack splits 
the volume into two parts: V +  locates at left side of 
crack and V −  at right side (V V V+ −= ∪ ). The dis-
placement field u can be decomposed into two 
parts: a continuous part for classical finite element 
method nu and a discontinuous part for the enriched 
nodes displacement ru , as shown in the following:  

 
( , ) ( , ) ( ) ( , )n ru x t u x t H x u x t= +                (21) 

 
Both the two displacement fields nu and ru are 

continuous function on the represented volume ele-
ment V . ( )H x is the Heaviside step function as: 
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The XFEM are similar to that of classical FEM. 

The only difference lies on the macrocracks onset 
and propagation.   

Physically, the macrocracks are the result of the 
coalescence of microcracks, so it was supposed that 
the onset of the crack is controlled by the damage. 
When the damage arrives at certain level, the macro-
cracks are initiated. Firstly the simple traction test of 
the concrete was simulated by using the damage 
model proposed in the previous section. The results 
are given in Figure 7 (the variation of the axial stress 
and the damage in function of the axial deforma-
tion). The axial stress is normalized by its peak 
value. It is supposed that, when the axial stress ar-
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



rives at its peak value, the macrocracks appear, and 
the material could support no more traction force. At 
this moment, the damage is about 0.4, this value was 
then set as the threshold for the onset/propagation of 
the fractures. While for the crack propagation direc-
tion: since the crack tip is not located exactly at a 
gauss point (the discontinuity is independent of 
mesh), the local stress field cannot be relied upon to 
accurately yield the correct normal vector to a frac-
ture. To overcome this difficulty, the average stress 
criterion proposed by Wells et al. (Wells et al. 2002) 
is employed. It is supposed that the principal axis of 
the averaged stress tensor corresponding to the 
maximum principal stress, and is taken as the normal 
vector of the crack extension.  
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Figure 7. Uniaxial traction test of concrete. 

6 APPLICATION 

In this section, we present a numerical example of 
crack onset/propagation under desiccation and me-
chanical loading based on the framework of XFEM 
in 2D (with the assumptions of plane strain). The 
mechanical behavior of cement based material is de-
scribed by the numerical model proposed in present 
work. We consider one concrete beam with the 
length as 1.5 meters and 0.5metre in height. In the 
length direction, there are totally 61 elements, while 
in the vertical direction there are 50 elements. The 4-
node quadrilateral element is used in this study. The 
two corners at the bottom of the beam are supported 
with two simple articulations (the vertical displace-
ment is blocked); while at the upper side of the 
beam, the horizontal displacements of two centre 
points are fixed. The concrete beam is supposed as 
initially saturated. And then the bottom side of beam 
is submitted to the desiccation loading by the venti-
lation with a relative humidity of 87% during one 
year. 

Due to ventilation, the concrete beam is under the 
desiccation loading; as a consequence, the volumet-
ric shrinkage was developed in concrete matrix. Be-
cause of the structure effects, the damage increase 

rapidly in the lower centre of the beam. The distribu-
tions of damage at different stage are given in Figure 
8. 
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Figure 8. Distribution of damage at the bottom of the beam at 
different time of desiccation. 

 
 

 

 
Figure 9. The distribution of cracks in concrete beam during 
desiccation and the corresponded deformed mesh. 

 
It can be seen that: at the beginning, the damage 

is generated at the lower centre of the beam, and the 
distribution is quasi homogeneous between 0.4 and 
1.1meter. The maximum value however is at the 
centre of beam. The first macrocrack is then initiated 
at about 19 days of loading, while the equivalent 
pore pressure is about 6.7MPa. With the progress of 
desiccation, the damage in the centre of beam is al-
most constant. This, however, is reasonable. Be-
cause of the first crack, the structure rigidity de-
crease, especially at the approximation of the first 
fracture, so even with the increase of desiccation 
loading, the damage in this region has no significant 
increase. While at two sides of the first crack (far 
away from the first crack), the damage increase 
slightly with the desiccation procedure, and then two 
cracks (as marked as crack 2 in Fig. 9) appear. Thus, 
the beam was divided into 4 parts. However, the two 
segments at two ends of concrete beam are longer 
than those two insider segments. With the increase 
of time, the damage in the two long segments in-
crease rapidly, and the two third cracks appears (as 
marked as crack 3 in Fig. 9), while the damage in 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  

 

J•∇=
∂

∂
−

t

w
                              (2) 

 
The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 

 

( ) s
s

s

vg
kc

c

c

vg
k

sc
G αααα +=,
1

                 (5) 

 
where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



centre part rests as constant until the appearance of 
two further cracks. At last, the damage in two centre 
segments has a sudden increase, which results to two 
small cracks (crack 4 as marked in Fig. 9). And then 
the damage rests quasi constant during one year des-
iccation. The onset times for each fracture are re-
spectively 19day, 20day, 27 and 28 day.  

7 CONCLUSIONS 

Based on the evidence of experimental data, a cou-
pled elastoplastic damage model is proposed for the 
cement-based material. By introducing the concept 
of plastic effective stress, the model is extended to 
the partially saturated conditions. The simulation of 
laboratory test both in saturated and unsaturated are 
performed in which a good agreement with experi-
mental data is obtained. The main hydromechanical 
behaviors such as plastic deformation, evolution of 
damage, pressure sensitivity, and softening behavior 
are well reproduced by the model.  

And then based on the framework of XFEM, the 
full failure procedure of concrete beam under desic-
cation loading is studied. The onset and the propaga-
tion of the fractures are controlled by the level of 
damage, and the direction of fractures is derived 
from the average stress tensor. The total schema 
gives a full continuous analysis for the concrete 
beam subjected to desiccation loading, and repre-
sents well the total failure process of material due to 
desiccation process. 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  
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Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
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