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Bond analysis model of deformed bars to concrete
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ABSTRACT: Bond slip responses between concrete and reinforcement are known to be highly non-linear due
to the interfacial properties of the two different materials, steel and concrete. A simple expression is derived
to predict bond strength of reinforcing bars with rib deformation to the surrounding concrete for the case of
splitting bond failure. Finite element analysis is used to model the confining behavior of concrete cover that
provides confinement. The roles of the interfacial properties on bond strength are examined. Values of bond
strength obtained using the analytical model are in good agreement with bond test results from previous studies. The analytical model provides insight into interfacial bond mechanisms and the effects of the key variables on the bond strength of deformed bars to concrete.
1 INTRODUCTION
Several researchers have studied the deformation
characteristics of ribbed bars to predict the ultimate
strength of lapped reinforcing steel using analytical
expressions. Notable works among these studies are
those by Tepfers (1979), Cairns (1979). Earlier studies have demonstrated that there is a limit to the role
of the face angle of ribs, measured with respect to
the bar axis, on the bond strength. Lutz & Gergely
(1967) showed that slip of a deformed bar with a
high (more normal to bar axis-see Fig. 1) face angle
causes crushing of the concrete in front of the ribs,
producing a flatter (smaller rib face angle) rib. They
concluded that high rib face angles are flattened by
crushed concrete, which reduces the effective face
angle to a smaller value (Fig. 1).
face angle of crushed concrete( α)

between concrete and epoxy-coated surfaces than
that obtained for uncoated surfaces. They have also
demonstrated that the relative bond strength of epoxy-coated bars compared to uncoated bars can be
increased by increasing the relative rib area of bars.
2 BOND RESISTANCES IN SPLITTING AND
SHEARING RAILURE
A splitting failure occurs in the concrete along the
bar when cover or bar spacing is insufficient to resist
the lateral concrete tension resulting from the wedging action of the bar deformations. As in a previous
study by Cairns (1979), this wedging action makes it
possible to resolve bond forces into normal stress σn
and tangential shear stress τ as shown in Figure 2.
The resultant of normal components along the bar is
what places the surrounding concrete in tension.
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Figure 1. Flattened rib face angle by concrete crouching
(Tepfers 1979).

The importance of the interfacial properties between steel bars and concrete, as well as bar geometries has been addressed in studies of epoxy-coated
bars. Work by Choi et al. (1991) has demonstrated
that the lower relative bond strength of coated bars is
due to the lower coefficient of friction and cohesion
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Figure 2. Stresses acting on rib of bar (Cairns 1979).
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Figure 4. Radial stress around bar circumference (Cairns, 1979).

3.1 Model for concrete confining force
Fx in Equation (11) is the confining force. It is made
up of the resistance by concrete cover or by transverse reinforcement, including stirrups or ties. Resistance by cover is related to the splitting tensile
strength of concrete, the magnitude of the fracture
energy, and the area of failure surface.
The confining force by cover, Fx, is obtained
from the finite element study to simulate surface
fracture of concrete cover. The cracks observed in
the bond test specimens, mainly beam-end specimens, consistently reveal a splitting failure with a
dominant fracture surface or running crack. Hillerborg et al. (1976) proposed the fictitious crack model for predicting crack propagation in concrete. In a
concrete specimen, it is presumed that, although the
tensile strength is reached, a micro-cracked zone, the
so-called fictitious crack, can transfer tensile stress.
This stress transfer capability is represented as a
stress-displacement curve (Petersson 1980). As the
crack width reaches w0, all of the energy that can be
absorbed by the concrete is accounted for and the
tensile stress becomes zero. The area under this
stress-displacement curve represents the energy absorbed per unit area of the crack surface in opening
the crack from zero to w0 and can be calculated as:
wo

0

s

e
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3 FINITE ELEMENT ALNALYSIS

Gc = ∫ σdw

J =at− D
( h, T )∇the
h tensile stress in the
is the displacement
which
concrete becomes zero.
For the current study,
fictitious crack
model is D(h,T)
The the
proportionality
coefficient
employed in the moisture
finite element
analysis
to
represent
permeability and it is a nonlinea
the splitting crackofthat
at humidity
the specimen
theforms
relative
h andcentertemperature
line. The crack is
represented
using
rod
elements
& Najjar 1972). The moisture mass balanc
perpendicular to that
a defined
fractureinplane
at mas
the variation
time located
of the water
the specimen centerline.
In
the
initial
elastic
revolume of concrete (water content w) be eq
sponse prior to the
rod elements
tensile
divergence
of theattaining
moisture aflux
J
stress sufficient to begin cracking, the elements are
intentionally modeled
as very stiff, using a modulus
− ∂wGPa.
= ∇ •For
J the current study, reof elasticity of 2.75
∂t
garding the area inside this stress-displacement
curve, the fracture The
energy
assumed
to be
100
wateris content
w can
be expressed
a
kN/m, a Gc value
corresponding
to
the
compresof the evaporable water we (capillary wa
sive strength of the
concrete
used in this
study.
vapor,
and adsorbed
water)
andThe
the non-e
tensile strength is(chemically
set at 2.75 MPa
basedwater
on a 41.5
bound)
wn (Mil
MPa compressivePantazopoulo
strength. This&stress-displacement
Mills 1995). It is reas
relationship is converted
to a the
stress-strain
assume that
evaporablefunction
water is a fu
for the nonlinear relative
material humidity,
model of the
rod
elements,
h, degree of hydration
as shown in Figure
5. of silica fume reaction, α , i.e. w =w
degree

(12)

in which, Gc is the fracture energy, σ is the tensile stress at the crack, w is the crack width, and w0

−

∂w ∂h
e + ∇ • ( D ∇h) = ∂we
h
∂α
∂h ∂t

∂w
α&c + e α&s + w
∂α
c
s

where ∂we/∂h is the slope of the sorption/
isotherm (also called moisture capac
governing equation (Equation 3) must be
by appropriate boundary and initial conditi
The relation between the amount of e
water
andfor relative
humidity is called ‘‘
Figure 5. Stress-strain function
rod elements.
isotherm” if measured with increasing
humidity and ‘‘desorption isotherm” in th
3.2 Analysis andcase.
numerical
resultstheir difference (Xi et al.
Neglecting
theout
following,
Analysis is carried
in two ‘‘sorption
steps. Theisotherm”
first step will be
reference
to
both
sorption
and
c
represents the splitting of the concrete, whiledesorption
the
By
the
way,
if
the
hysteresis
of
the
next step represents the interfacial action using
isotherm
would
be taken
account, two
Equation 11. In the
first step,
previous
finiteinto
element
relation,
evaporable
water
vs
relative
analysis results for the beam-end specimen are used humi
be used according
of the varia
to obtain the confining
force, Fxto. the
Thesign
element
relativity
humidity.
The
shape
model for the beam-end specimen included repre- of the
for bar,
HPCthe
is influenced
by many p
sentations for theisotherm
deformed
concrete, and
especially
those
that
influence
extent
the splitting crack plane, connected by the rod ele- and
chemical
reactions and,
in turn, determ
ment. To obtain the
lateral load-lateral
displacement
structure
and
pore
size
distribution
curves, loads were applied at the nodes where the re- (waterratio,be cement
composition,
SF
inforcing bar would
located. chemical
In the second
step,
curing
time
and
method,
temperature,
mix
test results for beam-end specimens with 1, 2 and 3
In the literature
variouspropformulatio
db covers are usedetc.).
to determine
the interfacial
µ
found
to
describe
the
sorption
isotherm
erties such as c,
, α . From the comparison beconcrete
(Xi ettheal.cohesion
1994). However,
tween test and analysis
results,
and co- in th
paper
the
semi-empirical
expression
pro
efficient of friction are finally taken as 1.5 MPa and
Norling
Mjornell
(1997)
is
adopted
b
0.45. The effective rib face angle is taken as 30 deProceedings of FraMCoS-7, May 23-28, 2010

J = − Dalthough
( h, T )∇h the value appears to change dependgrees,
(1)
ing on the magnitude of concrete cover. The procedures
determine these
values areD(h,T)
described
and
Thetoproportionality
coefficient
is called
discussed
in
detail
as
follows.
moisture permeability and it is a nonlinear function

of the relative humidity h and temperature T (Bažant
& Najjar 1972). The moisture mass balance requires
4thatDISCUSSIONS
the variation in time of the water mass per unit
volume of concrete (water content w) be equal to the
4.1
Comparison
test results
divergence
of the with
moisture
flux J

The performance of the analytical model is examined
(2)
− ∂w on
= ∇the
• J basis of load slip response. Non-linearity
for∂tthe curves from the model is mainly due to the
inelastic properties of cover concrete, specifically
waterload–displacement
content w can be curves.
expressedAtasthe
thepeak
sum
the The
lateral
(capillary
water,
water
of
the
evaporable
water
w
load and beyond, the models
e exhibit a typical bond
vapor, as
andshown
adsorbed
water)6.and
themodel
non-evaporable
failure
in Figure
The
with 1 db
(Mills curve.
1966,
(chemically
bound)
water flat
wn load-slip
cover
possesses
a relatively
Pantazopoulo
Millsthis1995).
It are
is reasonable
to
Bond
strengths&from
analysis
173.2, 219.6
assume
that
the
evaporable
water
is
a
function
of
and 271.0 kN for the models with 1, 2 and 3 db covand
relative
humidity, h,compared
degree of tohydration,
ers,
respectively,
averageαc,bond
αc,αs)
degree ofofsilica
fume
reaction,
αs, i.e.
strengths
142.7,
217.4
and 271.8
kNwfor
e=wthe
e(h,beam= age-dependent
sorption/desorption
isotherm
end
specimens from the
experimental results
as in
(Norling
Mjonell
1997).
Under
this
assumption
Table 1 and Figure 8. A further comparison canand
be
by substituting
into Equation
2 one
made
using the Equation
empirical 1equations
developed
by
obtains et al. (1977), Darwin et al. (1996). From
Orangun
the design equation proposed by Orangun et
al.(1977),
∂w effect ∂of
∂w ∂h neglecting the
we transverse reinT(3)
b,
&
α
α&s +failure,
w&n
+ ∇the
• ( Dforce
∇h) =in ae bar
− e
forcement,
at
splice
c +
h
∂α
∂α
∂h ∂t
c
s
can be expressed as,

of the sorption/desorption
where⎛ ∂we/∂h
3Cis the
50dslope
b⎞
Tb = ⎜1.2 +(also+ called
fc ' × πdbld capacity). (13)
⎟ × moisture
isotherm
The
db
ld ⎠
⎝
governing equation (Equation 3) must be completed
by appropriate boundary and initial conditions.
where
is concrete
cover,the
in amount
inches. From
the proTheCrelation
between
of evaporable
posed
by Darwin
et al.(1996),
water equation
and relative
humidity
is called ‘‘adsorption
isotherm” if measured with increasing relativity
⎞
1 / 4 (14)
humidity
and
T
b = [63ld (C
m + 0‘‘desorption
.5db ) + 2130 Abisotherm”
]⎛⎜ 0.1 CM + 0in
.9 ⎟the
× fc 'opposite
C
m
⎝
⎠
case. Neglecting their difference (Xi et al. 1994), in
the following, ‘‘sorption isotherm” will be used with
Table
1. Comparison
of bond and
strength:
analyses,conditions.
test results
reference
to both sorption
desorption
and
empirical
equations.
By the way, if the hysteresis of the moisture
isotherm would be taken into account, two different
relation, evaporable water vs relative humidity, must
be used according to the sign of the variation of the
relativity humidity. The shape of the sorption
isotherm for HPC is influenced by many parameters,
especially those that influence extent and rate of the
chemical reactions and, in turn, determine pore
structure and pore size distribution (water-to-cement
ratio, cement chemical composition, SF content,
curing time and method, temperature, mix additives,
etc.). In the literature various formulations can be
found to describe the sorption isotherm of normal
concrete (Xi et al. 1994). However, in the present
* From beam-end specimens
†paper the semi-empirical expression proposed by
From splice tests
Norling Mjornell (1997) is adopted because it
Proceedings of FraMCoS-7, May 23-28, 2010

explicitly
forthethemaximum
evolutionand
of minimum
hydration
where
CM accounts
and Cm are
reactionof clear
and SF
content.
This sorption
isotherm
values
spacing,
side cover
and bottom
cover,
reads
in
inches. For each equation, the ratios of the bond
strengths obtained at 1, 2 and 3 db covers to the
value at 2 db cover are compared
to the analytical
re⎡
⎤
sults in this study and the
⎢ previous 1test results
⎥ as in
) = G (α , α ) 1 −
we (h, α c7., α sThe
+
⎥matches
c s ⎢ solution
Figure
analytical
closely
1
∞
10(g α
− α c )h ⎥
1 c
both the curve generated⎢⎣ bye Equation
13 (Orangun
⎦
(4)
et al. 1977) and the test data.
⎡ 10(g α ∞
K1 (α c , α s )⎢e 1 c
⎢
⎣

− α c )h

⎤
− 1⎥
⎥
⎦

where the first term (gel isotherm) represents the
physically bound (adsorbed) water and the second
term (capillary isotherm) represents the capillary
water. This expression is valid only for low content
of SF. The coefficient G1 represents the amount of
water per unit volume held in the gel pores at 100%
relative humidity, and it can be expressed (Norling
Mjornell 1997) as
G (α α

)=

kc α c + ks α s

(5)

c 6. sBond vg
Figure
force-slip
curves
1
c vg
s for models with 1, 2, and 3
bar diameter covers.
,

where kcvg and ksvg are material parameters. From the
maximum amount of water per unit volume that can
fill all pores (both capillary pores and gel pores), one
can calculate K1 as one obtains
w

0

K (α c α s ) =
,

1

⎡
⎢
−
⎢1 −
1
⎢
⎣

α s + 0.22α s G

− 0.188

c

s

⎛
10⎜
⎝

e

⎛

10⎜

e

g αc − αc h
−
∞

1

⎞
⎟
⎠

⎝

g α c∞ − α c ⎞⎟h ⎤⎥
1

⎠

⎥
⎥
⎦

(6)

1

The material parameters kcvg and ksvg and g1 can
be calibrated by fitting experimental data relevant to
free (evaporable) water content in concrete at
Figure
Strength
to 2009b).
2 bar diameter cover
various7. ages
(Di ratio
Luzionormalized
& Cusatis
versus cover: analytical results, tests results and empirical equations.

2.2 Temperature evolution
4.2
properties
of concrete
cover reactions
NoteFracture
that, at early
age, since
the chemical
associatedproperties
with cement
hydration
andcanSFbereaction
Fracture
of concrete
cover
examare
exothermic,
the
temperature
field
not uniform
ined by comparing the test data to theis results
from
for
non-adiabatic
systems
even
if
the
environmental
the analysis. Since the predicted bond strengths for
temperature
constant.
Heat
can the
be
three
differentiscovers
match
the conduction
test results and
described
in
concrete,
at
least
for
temperature
not
empirical equations, the effect of the splitting crackexceeding
(Bažant
& Kaplan
1996),fracby
ing
appears 100°C
to be well
represented
by concrete
Fourier’s
law,
which
reads (11), it is observed that
ture
theory.
From
Equation
concrete cover provides a confining force that is diq = − λproportional
∇T
rectly
to bond strength after cohesion(7)
is
lost. The constants of the proportion mainly consist
of
the coefficient
friction
of rib
where
q is theofheat
flux,andTtheiseffective
the absolute
face
angle. and λ is the heat conductivity; in this
temperature,

4.3 Effective rib face angle and deformation
patterns
The crushing of concrete was reported to produce
the effective rib face angle of 30 to 40 degrees by
Lutz and Gergely in their early study. The effective
rib face angle not only depends on material properties but also structural properties. Assuming the upper limit for the coefficient of friction as 0.56, the
effective face angle could be approximately within
the range between 22 and 27 degrees for 2 db cover
according to the results plotted in Figure 8. With the
coefficient of friction as 0.45 taken in this study, the
effective rib face angle is approximately within the
range between 26 and 33 degrees. It is safer to propose the range of the angle as between 25 and 35
degrees, that are smaller than the real rib face angle.
The proposed ranges for the effective rib face angle
and the coefficient of friction are shown in Figure 8.
The first term of the right part in Equation (11)
shows that the mechanical friction component is independent of the relative rib area after the loss of
cohesion.

J = − D ( h , T ) ∇h
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Figure 8. Coefficient of friction versus average range of effective rib face angle for 1, 2, and 3 bar diameter cover.

5 CONCLUSIONS
A simple expression to predict bond strength is derived to analyze interfacial geometry between ribbed
bars and concrete. The predicted bond strengths
agree well with the test results and empirical equations. Splitting cracks in cover is well represented
using a fracture theory. The bond-slip response
could become brittle and closer to that of the test
specimen, if non-linear approximation of fracture
energy for the cover concrete were used. The effective rib face angle ranges between 25 and 35 degrees, which is lower than the actual rib face angles.
The relative rib area has little effect on the bond
strength of deformed bars when the bars are not confined by transverse reinforcement and failure is only
governed by the splitting mode.
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