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ABSTRACT: In this paper, a simulation of direct tension test and bending test of fiber reinforced concrete is 
carried out by VEPSEM has been applied for the fracture simulation of plain concrete under various condi-
tions. The fiber in fiber reinforced concrete is simulated by dynamic elasto-plastic element between nodal 
points. As the result, the analytical result comparatively expresses the experimental result in which the maxi-
mum load becomes high and the descending portion after maximum load becomes ductile. 

1 INTRODUCTION 
Fiber reinforced concrete is added fibers to improve 
the brittle fracture behavior of plain concrete. It is 
studied by many researchers and fiber reinforced 
concrete that has ductile fracture behavior is widely 
used in concrete construction work. The fibers used 
in fiber reinforced concrete are steel fiber, glass fiber, 
carbon fiber and so on, and the other kinds of fiber 
have been developed. However, in order to grasp the 
fracture behavior of fiber reinforced concrete used a 
new fiber, many experimental examinations by tensile 
test, bending test and so on should be carried out ac-
tually. Because the relationship between the fracture 
behavior of fiber reinforced concrete and the prop-
erty of fiber is not necessarily grasped.  

Therefore, the theoretical study on this relation-
ship between fracture behavior of fiber reinforced 
concrete and fiber and on the mechanism of reinforc-
ing by fiber has been carried out. Generally, the 
mechanism of becoming ductile by fiber is called 
bridge effect, because fibers in concrete construct 
bridge internal cracks, and many models on the basis 
of this mechanism are proposed. However, the bridge 
effect of fiber is influenced by mechanical properties 
of concrete and fiber and bond property between 
concrete and fiber. The model that can be applied for 
all fiber reinforced concrete is not proposed. 

The authors have proposed a visco-elasto-plastic 
suspension element method (VEPSEM). This ana-
lytical method has two characteristics. One is the use 
of a simple non-continuum model consisted of ag-
gregates and matrix. The other is the dynamic analy-
sis by the solution of the equation of motion. The au-
thors have carried out the simulation of concrete 
under various conditions, and investigated the appli-
cability of this analysis.  

In this paper, in order to investigate the fracture 

behavior of fiber reinforced concrete, a simulation of 
direct tension test and bending test of fiber reinforced 
concrete is carried out by VEPSEM. The fiber is 
simulated by dynamic elasto-plastic element between 
nodal points. In case of fracture of matrix between 
nodal points, this fiber element constructs bridge. 
The constitutive law of this fiber element consists of 
the yield stress and Young’s modulus. The effects of 
number, length, direction, yield stress and Young’s 
modulus of fiber elements on the fracture behavior of 
fiber reinforced concrete is investigated. 

2 ANALYTICAL METHOD 
The visco-elasto-plastic suspension element method 
(VEPSEM) has been proposed to simulate the frac-
ture behavior of concrete by the authors. The main 
characteristics of this analytical method are to use a 
simple non-continuum model consisted of aggregates 
and matrix, and to be able to carry out the dynamic 
analysis by using the equation of motion. The details 
of this analytical method were reported in the previ-
ous papers. In this chapter, the improvement of fiber 
element for analysis of fiber reinforced concrete is 
explained in detail.  

Figure 1 shows the concept of fiber element. As 
shown in this figure, the previous analytical model is 
structured nodal point and mortar element. If the 
stress of mortar element reached the strength, the 
mortar element is disappeared. This disappearance of 
mortar element expresses the crack of mortar ele-
ment. The fiber element with dynamic elasto-plastic 
property is added between nodal points for this ana-
lytical model. In case of the existence of this fiber 
element, the stress is transmitted between nodal 
points by the fiber element when the mortar element 
is disappeared. The bridge effect of fiber is simulated 
by adding this fiber element. 
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Figure 1. Concept of element. 
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Figure 2. Constitutive law of fiber element. 

 

 
Figure 3. 440B model (For direct tension test). 

 

(c) p = 4%(b) p = 3%(a) p = 2%  
Figure 4. Analytical model (Effect of volume fraction of fiber 
p). 

 
The constitutive law of fiber element is shown in 

Figure 2. The simple bi-linear stress-strain curve is 
used for the constitutive law of fiber element. The 
constitutive law is consisted of yield stress σy and 
Young's modulus Es. In this analysis, the yield force 
and stiffness are actually necessary. These input data 
are obtained by multiplying yield stress σy 300N/mm2 

and Young's modulus Es 210kN/mm2 of general steel 
by the section area of fiber respectively. The volume 
fraction of fiber p is represented by the volume of fi-
ber divided by the volume of analytical model. The 
volume of fiber is multiplied the section area of fiber 
by the length of fiber.  

3 SIMULATION OF DIRECT TENSION T EST 
In this chapter, the results of simulation of direct ten-
sion test are shown.  

Figure 3 shows the analytical model of direct ten-
sion test consisted of 440 nodal points. The loading 
board is moved to direction of arrow sign to simulate 
direct tension test. Table 1 shows the input data of 
mortar. 

 
Table 1.  Input data of mortar. 

tan  Ft   E   η   v   d   H  D  

0.1  2.0  13   0.5  0.2  5.0  200  100 
φ : Angle of internal friction, Ft : Pure tensile strength (MPa), 
E : Elastic modulus (GPa), η : Viscosity (MPa s), v : Shear 
loading rate (mm/s), d :Diameter of nodal point (mm), H : 
Height of specimen (mm), D : Width of specimen (mm) 
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Figure 5. Tensile stress-strain curve (Effect of volume fraction 
of fiber p). 

3.1 Effect of volume fraction of fiber 
The analytical models which have each volume frac-
tion of fiber are shown in Figure 4.  The effect of 
volume fraction of fiber is investigated by using these 
models. Figure 5 shows the effect of volume fraction 
of fiber on tensile stress-strain curve. As shown in 
this figure, the stress of plain concrete suddenly de-
creases after the stress reaches the maximum stress. 
It is shown that the fracture behavior of plain con-
crete is brittle. On the other hand, though the maxi-
mum stress of fiber reinforced concrete is not 
changed compared with that of plain concrete, the 
descending portion in tensile stress-strain curve be-
comes gentle with increase of volume fraction of fi-
ber. It is shown that the fracture behavior becomes 
ductile with adding the fiber element.  

.
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



Figure 6 shows the last state of internal cracks. 
The internal cracks of plain concrete occur in the 
lower concentrated part of specimen. On the other 
hand, the internal cracks of fiber reinforced concrete 
occur in the whole part of specimen. These results 
show the bridge effect of fiber element, that is, the 
stress is transmitted by bridge effect of fiber element 
when the internal cracks occur in mortar element. 
This bridge effect increases with increasing of vol-
ume fraction of fiber.  

Figure 8 shows the results of strain measured in 
the range shown in Figure 7. As shown in this figure, 
the strain of plain concrete increases only in Nos.1 
and 2. Because the internal cracks occur only in the 
lower part of specimen as shown in Figure 6. How-
ever, in the case of fiber reinforced concrete, all 
strains increase. It is shown that the strain increases 
in whole specimen by the bridge effect of fiber ele-
ment.  

3.2 Effect of length of fiber 
Figure 9 shows the analytical models in which the 
lengths of fiber element are varied in the three levels 
of 1, 2 and 3cm. The volume fraction of fiber is the 

same by adjusting number of fiber element. Figure 10 
shows the analytical results. The effect of length of 
fiber on stress-strain curve is small, and the increas-
ing of tensile strength and ductile fracture behavior is 
observed at all length of fiber element in this figure.  

3.3 Effect of direction of fiber  
It is said that the direction of fiber affects the fracture 
behavior of fiber reinforced concrete. Therefore, the 
effect of direction of fiber is investigated. 

Figure 11 shows the analytical model which has 
only horizontal fiber element and another one which 
has only vertical fiber element. Figure 12 shows the 
analytical result obtained by these models.  The re-
sult by only vertical fiber element is almost same as 
that by all fiber element. On the other hand, the result 
by only horizontal fiber element is almost same as 
that by plain concrete. These results show the effect 
of direction of fiber on direct tension test almost de-
pends on only vertical element.  

3.4 Effect of properties of fiber  
The fibers that have been used in fiber reinforced 
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Figure 6. Internal cracks (Effect of volume fraction of fiber p). 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
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s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



 

(a) Lf =  2cm (b) Lf = 3cm
 

Figure 9. Analytical model (Effect of length of fiber Lf). 
 

concrete are glass fiber, carbon fiber, vinylon fiber, 
aramid fiber and so on besides steel fiber. In this 
chapter, the effect of properties of fiber on the frac-
ture behavior of fiber reinforced concrete is investi-
gated by changing yield stress σy and Young's  
modulus Es which are input data for constitutive law 
of fiber element.  

Figure 13 shows the effect of yield stress σy. The 
result of 3000 MPa is same as that of 300 MPa. It is 
shown that the effect of yield stress is nothing, if 
yield stress is over 300 MPa. Figure 14 shows the ef-
fect of Young's modulus Es. The tensile strength in-
creases and the fracture behavior becomes ductile 
with increasing of Young's modulus. It is shown that 
the effect of Young's modulus is large. These results 
mean that the increasing of reinforcement by fiber at 
early loading improves the fracture behavior of fiber 
reinforced concrete but that at later loading doesn't 
affect the fracture behavior.  

 

 
Figure 10. Tensile stress-strain curve (Effect of length of fiber 
Lf). 

 

Figure 11. Analytical model (Effect of direction of fiber). 
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Figure 12. Tensile stress-strain curve (Effect of direction of fi-
ber). 
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Figure 13. Tensile stress-strain curve (Effect of yield stress of 
fiber σy). 

4 SIMULATION OF BENDING TEST 
In this chapter, the results of simulation of bend-

ing test are shown.  
Figure 15 shows the analytical model consisted of 

650 nodal points to simulate center-point loading 
bending test. Table 2 shows the input data of mortar.  

 

(b) Only vertical 
fiber element

(a) Only horizontal
fiber element 
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that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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Figure 14. Tensile stress-strain curve (Effect of Young's 
modulus of fiber Es). 

 
Table 2.  Input data of mortar. 
__________________________________________  
tan  Ft   E   η   v   d   H  D  
__________________________________________ 
0.3  3.0  19.6  0.05  0.5  5.0  100  300 
__________________________________________ 
φ : Angle of internal friction, Ft : Pure tensile strength (MPa), 
E : Elastic modulus (GPa), η : Viscosity (MPa s), v : Shear 
loading rate (mm/s), d :Diameter of nodal point (mm), H : 
Height of specimen (mm), D : Width of specimen (mm) 

4.1 Effect of volume fraction of fiber 
Figure 16 shows the analytical model in which the 
volume fraction of fiber is varied. Figure 17 shows 
the load-deflection curve by using these models. In 
case of plain concrete, the load after reaching maxi-
mum load decreases suddenly. However, in case of 
fiber reinforced concrete, the maximum load in-
creases and the load after reaching maximum load 
hardly decreases. These tendencies become obviously 
with increasing the volume fraction of fiber. These 
results are explained by Figure 18 which show the in-
ternal cracks. The internal cracks of plain concrete 
occur in one straight line only at center of specimen. 
This is the reason of sudden decrease of  

 

i d l
 

Figure 15. 650B model (For center-point loading bending 
test). 

 
load after maximum load. On the other hand, the in-
ternal cracks of fiber reinforced concrete occur in 
large area of specimen especially at high volume frac-
tion of fiber. It is thought that these results express 
the bridge effect of fiber. The extension of crack 

width is restrained by the bridge effect of fiber, and 
the occurrence of crack spreads in whole specimen.  

4.2 Effect of length of fiber 
Figure 19 shows the analytical models in which the 
length of fiber element are varied in the three levels 
of 1,2 and 3cm and the volume fraction of fiber is 
same. Figure 20 shows the analytical results of the 
load-deflection curve. The effect of length of fiber  
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Figure 16. Analytical model (Effect of volume fraction of fiber p). 
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Figure 17. Load-deflection curve (Effect of volume fraction of 
fiber p). 
 
on load-deflection curve is small, and the ductile 
fracture behavior is shown at all length of fiber ele-
ment in this figure. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



 
Figure 18. Internal cracks (Effect of volume fraction of fiber p). 

4.3 Effect of length of fiber 
Figure 19 shows the analytical models in which the 
length of fiber element are varied in the three levels 
of 1,2 and 3cm and the volume fraction of fiber is 
same. Figure 20 shows the analytical results of the 
load-deflection curve. The effect of length of fiber on 
load-deflection curve is small, and the ductile frac-
ture behavior is shown at all length of fiber element 
in this figure.  

4.4 Effect of direction of fiber 
Figure 21 shows the analytical model which has only 
horizontal fiber elements and the analytical model 
which has only vertical fiber elements. Figure 22  

shows the analytical result. The result by only vertical 
fiber element is almost same as that by plain 
concrete. The result by only horizontal fiber element is al-
most same as that by all fiber element. These results show 

that the effect of horizontal fiber element is high and that of 
vertical fiber element is low in bending test.  

4.5 Effect of properties of fiber 
In order to investigate the effect of properties of fiber 
on the fracture bending behavior, the simulation in 
which yield value σy and Young's modulus Es is var-
ied is carried out. 

 

(a) Lf =2cm

(b) Lf =3cm  
Figure 19. Analytical model (Effect of length of fiber Lf). 
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Figure 20. Load-deflection curve (Effect of length of fiber Lf). 

 

(b) Only vertical fiber element

(a) Only horizontal fiber element

 
Figure 21. Analytical model (Effect of direction of fiber). 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 

 

( ) s
s

s

vg
kc

c

c

vg
k

sc
G αααα +=,
1

                 (5) 

 
where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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Figure 22. Load-deflection curve (Effect of direction of fiber). 

 

 
Figure 23. Load-deflection curve (Effect of yield stress of fiber 
σy). 

 

 
Figure 24. Internal cracks (Effect of yield stress of fiber σy). 

 
Figure 23 shows the effect of yield stress σy on 

load-deflection curve. The fracture behavior in case 
of 30MPa is brittle and almost same as that of plain 
concrete. However, the maximum load becomes high 
and the fracture behavior becomes ductile with in-
creasing yield stress σy. Figure 24 shows the last 
state of internal cracks. The cracks occur at only cen-
ter of specimen in case of 30MPa, and the fiber ele-
ment yields. In case of 3000MPa, the cracks occur in 
large area of specimen, and the fiber element doesn’t 
yield.  

 

 
Figure 25. Load-deflection curve (Effect of Young's modulus 
of fiber Es). 

 

 
Figure 26. Internal cracks (Effect of Young's modulus of fiber 
Es). 

 
Figure 25 shows the effect of Young's modulus 

Es. The maximum load becomes high with increasing 
Young's modulus. However, the fracture behavior 
doesn't simply become ductile with increasing 
Young's modulus. The load after maximum load in-
creases gradually in case of 2.1GPa. In case of 
210GPa, the load after maximum load decreases and 
settles down. Figure 26 shows internal cracks. The 
cracks in case of 2.1GPa occur on a few lines at cen-
ter of specimen. On the other hand, the concentrated 
cracks at center of specimen occur in case of 
210GPa. It is thought that this difference in occur-
rence of internal cracks happens the difference of 
fracture behavior. 

The effect of properties of fiber on the bending 
test is different from that on the direct tensile test.  

5 CONCLUSIONS 

In this paper, the fracture simulation of direct tension 
test and bending test of fiber reinforced concrete by 
using the visco-elasto-plastic suspension element 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  

 

J•∇=
∂

∂
−

t

w
                              (2) 

 
The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg and k
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vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



method was carried out. The effect of fiber element 
on the fracture behavior of fiber reinforced concrete 
was estimated by this analysis. 

According to these results, it is obtained by con-
sidering fiber elements that the maximum load be-
comes high and the descending portion after the 
maximum load becomes ductile both in the result of 
direct tension test and bending test. These analytical 
results can comparatively express the experimental 
ones. The results of fracture behavior considering fi-
ber elements show that the internal cracks and strains 
of specimen are dispersed compared with that of 
specimen of plain concrete. It is thought that the 
cause of these results can be explained by bridging 
effect of fiber element.  It means that this analytical 
method has the possibility that can be applied for the 
investigation of fiber reinforced concrete.  
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moisture permeability and it is a nonlinear function 
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volume of concrete (water content w) be equal to the 
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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