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Methodology of modeling fiber reinforcement in concrete elements  

P. Stroeven 
Faculty of Civil Engineering and Geosciences, Delft University of Technology the Netherlands  
 
 
ABSTRACT: This paper’s focus is on the modeling methodology of (steel) fiber reinforcement in concrete.  
The orthogonal values of fiber efficiency are presented. Bulk as well as boundary situations are covered. Fiber 
structure is assumed due to external compaction by vibration to display a partially linear planar structure (Stro-
even-concept), which can even be simplified in many practical situations to a partially planar system.  The two 
unknown parameters can be experimentally assessed in a single vertical projection image by orthogonal line 
scanning. Several boundary conditions are distinguished and the practical case of a thin SFRC plate is evalu-
ated. Advantages over a practical but very approximate proposal in the open literature are shown. 

1 INTRODUCTION 

Mechanical and fracture mechanical properties of 
steel fiber reinforced concrete (SFRC) elements will 
partly depend on the reinforcement characteristics. 
Isotropic uniform randomness (IUR) of fiber disper-
sion is generally assumed in design; however, labora-
tory research revealed significant deviations of this 
“ideal” state, which is mainly due to compaction by 
vibration; a phenomenon that is now widely ac-
knowledged. Moreover, boundaries additionally in-
fluence the reinforcing effect. Both phenomena have 
inevitable impact on (fracture) mechanical behavior.  

A practical and economic concept for modeling 
fiber dispersion is based on the partially linear-planar 
reinforcement system (the so called “Stroe-ven-
concept”). This renders possible experimental as-
sessment of actual 3D dispersion characteristics of fi-
bers on an ortrip (orthogonal tripod) sampling 
scheme. For simple loading situations, this can even 
be simplified into a so called vertical sectioning 
scheme. The underlying geometrical statistical 
framework has been extensively described in the lit-
erature (Stroeven 2009). 

The boundary case can be approached by similar 
geometrical statistical modeling. In the literature, this 
methodology is outlined for a declining fiber density 
in boundary layers as found in at least part of the ex-
periments using external vibration (Stroeven & Hu 
2006). Internal vibration may have influence on bulk 
and boundary disturbance of fibers (Gettu et al. 
2005). Since also increases in fiber density are some-
times observed in boundary layers, this methodology 
based on the partially linear-planar concept is re-
jected as irrelevant or incorrect. However, the meth-
odology is correct; instead, the geometrical statistical 
assumptions underlying modeling of fiber dispersion 

should be adapted to the actual situation in this 
methodological approach. Basically, any situation 
encountered in the real material can be properly 
modeled in the aforementioned methodology. This 
also involves the various boundary situations that can 
arise in full-scale structures or in laboratory research. 
This will influence, of course, global (fracture) me-
chanical properties of SFRC elements. The paper 
does not pursue presenting all published analytical 
work. Instead, ultimate goal of the paper is demon-
strating that the problem of steel fiber reinforcement 
in bulk and at boundaries can be approached analyti-
cally, so that it is unnecessary to accept an intuitive 
but arbitrary solution, as sometimes proposed in the 
literature (Soroushian & Lee 1990a).   

Performance characteristics of SFRC are formu-
lated by a law of mixtures concept in which a matrix 
contribution and one due to the reinforcement of 
short dispersed fibers. The latter is governed by the 
so called fiber factor, which is the product of fiber 
volume fraction Vf, fiber aspect ratio a=l/d (l and d 
are fiber length and diameter, respectively) and steel-
matrix interfacial friction fτ  (Yamada & Ishiyama 
2004). Non-alignment of fibers and stresses leads to 
a reduced efficiency for stress transfer expressed by a 
global efficiency factor for stress transfer η (Stroeven 
2009, Stroeven & Hu 2006, Bonzel & Schmidt 1985, 
Bentur & Mindess 1990). This paper will deal with η 
under various conditions. 

2 BULK FIBER EFFICIENCY  

In a SFRC composite with anisometry in fiber rein-
forcement, we have anisotropy in composite strength 
that can be expressed by law of mixtures relationships: 
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in which mσ  stands for the tensile strength of the 
plain mortar, and ( )xσ , ( )yσ  and ( )zσ  are the 
orthogonal strength components due to the dispersed 
fibers in the concrete. 

The fresh mixture of SFRC is assumed compacted 
in a prismatic mould in the direction of the z-axis of a 
Cartesian co-ordinate system {x,y,z}. The longitudi-
nal axis coincides with the x-axis of this co-ordinate 
system. The situation is shown in Figure 1.  

 

 
Figure 1. SFRC specimen compacted in the direction of the z-
axis of the Cartesian coordinate system {x,y,z}. g indicates the 
gravitation force during compaction. 

 
This paper will derive estimates for the efficiency 

factors, ( )xη , ( )yη , and ( )zη , to be associated 
with fiber contributions to tensile strength character-
istics in the respective coordinate directions. The 
most general case of dispersed fibers can be modeled 
on global (engineering) level according to Stroeven 
by a so-called partially linear-planar fiber system 
(Stroeven 1979a,b, Stroeven 2009, Stroeven & Hu 
2006). The underlying assumption leads to quite ac-
curate results, and greatly simplifies experimental ap-
proaches, because random sampling, necessary for 
obtaining unbiased three-dimensional structural in-
formation, can be avoided. So, this assumption has 
significant economic implications.  

Major advantage of the model is that we can con-
centrate on the different fiber portions separately. It 
implies the linear fiber fraction, LV (=L/V, total fiber 
length, L, per unit volume, V), to be partly composed 
of an isotropic uniform random (IUR) portion, 3VL .  
To it is added a portion of fibers that are parallel to 
an orientation plane (which is in concrete practice 
perpendicular to the compaction direction), but oth-
erwise distributed two-dimensionally uniformly ran-
dom as to the location of their centers, 2VL . Finally, 
a portion is added in which all fibers are parallel to an 
orientation axis (mostly, the axis of an elongated 
SFRC specimen), but with otherwise uniform random 
distribution of their centers, 1VL . These fiber por-
tions are in this paper attributed as the 3D, 2D and 1D 
ones. They contribute all three to the reinforcement in 

the x-direction in Figure 1, whereas only the 3D and 2D 
portions contribute to the reinforcement in the y-
direction. Finally, only the 3D portion contributes to fi-
ber reinforcement in the z-direction.  

In design it is assumed that 1VL = 2 0VL = , so that 
only a single efficiency factor is resulting; it is said 
that the fibers are “randomly” (more precisely: IUR) 
distributed in this case. However, only the fibers in-
tersecting the leading crack (constituting the so-
called active portion) can contribute to global stress 
transfer. In this hypothetical situation (of IUR fiber 
reinforcement in bulk), only 50% of the fibers in the 
neighborhood of the leading crack are activated 
(Stroeven 1989), and their orientation distribution is 
far from IUR (Stroeven 2009, Bentur & Mindess 
1990, Bayard et al 2004). Estimation of the fiber ef-
ficiency parameters in this paper is therefore solely 
based on the active fiber portion.  

Basis of all analytical expressions is the intersec-
tion of a fiber and a (supposedly) flat crack. The 
probability for such an event depends on the tangent 
height (or projected length) of the fiber perpendicular 
to the crack. This is proportional to cosθ in Figure 2. 
The 3VL  system has a number of fibers proportional 
to sinθ oriented similarly with respect to the crack 
plane. This is a factor mostly missing in similar ap-
proaches; however they should all be included in an 
analytical approach to deriving fiber efficiency of the 
3D IUR portion (Stroeven 2009, Stroeven & Hu 
2006). Note that / 4ie l= . 

 

 
Figure 2. Steel fiber intersecting a crack in concrete transfers a 
load ( )P θ⊥  perpendicular to the crack plane. 

 
Geometric averaging of the expression for the 

load in Figure 2 for the 3D IUR portion only, yields  
 

3
1 (1 )
6 fP dl fπ τ⊥ = +                        (2) 

 
By multiplying equation (2) with the number of fi-
bers intersecting the crack per unit of area (NA), the 
stress transferred perpendicular to the crack is ob-

tained. With
2

3 3(2 ) /( )A fN V dπ=  we obtain 

 ( ) (cos sin )i fP de fθ π τ θ θ⊥ = +
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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In equations (2) and (3) and Figure 2, f is the fric-

tion resistance of the crack sheared over the crack 
edge. So, pull-out resistance and shearing over the 
crack edge are considered as contributing to load 
transfer over the crack. Here we have used mono-
size fibers with circular cross section; however fibers 
with artificial shape can be treated along the same 
lines (Stroeven 2008, 2009). 

Operating similarly for the 2D and 1D fiber por-
tions, it is found that  
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Note that 1 2 3 1f f fV V V+ + = . Finally, equations 

(3-5) yield for the efficiency factors in equation (1) 
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Since the 3D IUR portion is considered the “nor-

mal” one, and generally the only one taken into ac-
count in the design stage, the other two are some-
times referred to as parasitic ones. One may 
substitute 2 2/f fV V ω=  and 1 1/f fV V ω=  in equa-
tions (6-8), whereby ω2 and ω1 are referred to as the 
planar and linear degree of orientation, respectively. 
Obviously, the aforementioned design value of fiber 
efficiency is 1/3. The expressions in equations (6-8) 
can lead to quite different outcomes, however. In 
Aveston & Kelly (1973), an example is presented for 
a partially linear system (with ω1=0), whereby a real-
istic value of 0.25 is taken for ω2 (see e.g., Stroeven 
& Shah (1978) from which Figure 3 is selected). It is 
shown that η(z) for the pull-out mechanism only and 
η(x) for the two mechanisms discussed herein will 
differ by a factor 2! Accounting for ω1 may lead to 
even more dramatic differences and deviations from 
the design value. 

 

 
Figure 3. X-ray radiograph of vertical slice of SFRC subjected 
to superimposed orthogonal grid for counting intersections 
with fiber projections (Stroeven & Shah 1978). The results ob-
tained showed the fiber structure to reveal partially linear pla-
nar orientation; the compaction by vibration-induced re-
orientation in horizontal direction and the influence of the 
sides of the mould are obvious. 

2.1 Bulk fiber case for partially planar orientation  

The linear parasitic component is in many cases small 
enough to be neglected with respect to the planar 
one. Substitution of ω1=0 in equations (6)-(8) yields  
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The degree of fiber anisometry, Ω, can be defined by 
 

2
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Hence, Ω=0 defines an isometric fiber structure 

(that yields isotropic contributions to mechanical per-
formance). Equation (21) reveals a maximum value 
of about 1.5 for the degree of anisometry. Further, it 
demonstrates that Ω and ω2 are linearly dependent. 

2.2 Consequences for experimental assessment 
Equations (9) and (10) contain as unknown pa-
rameter only the degree of orientation that is com-
posed, however, of two fiber portions, Vf2 and Vf  
(so, Vf3). Hence, two independent observations 
would be required for the assessment of the two 
fiber portions in the practical situation of the par-
tially planar case. It has been demonstrated else-
where that observations by orthogonal line scan-
ning on a so called vertical projection (i.e., 
perpendicular to the orientation plane) suffices. 
Hence, 3D information is obtained by just sawing 
one (or more parallel) slice(s) from elements (see 
Fig. 3). A very significant reduction in efforts as 
compared to the earlier mentioned ortrip sampling.  
The reduction is of dramatic proportions as com-
pared to random sampling that is generally re-
quired when confronted with anisotropic struc-
tures. Assumption of the “Stroeven” concept 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



constitutes a way out, so that this unpractical and 
laborious work can be avoided. 

3 FIBER EFFICIENCY AT BOUNDARIES 

To evaluate reinforcement situations at boundaries, 
we will employ the “unit” sphere model (Stroeven 
2009, Stroeven & Hu 2006). This contains all fibers 
oriented as in the material and fixed with one end in 
the center. For mono-size fibers the other end covers 
the surface of the sphere. When isotropic uniformly 
random dispersed in bulk, coverage of the fiber ends 
is also uniformly random.  Note that this does not 
necessarily require the fibers physically to be mono-
size or straight. In complicated cases they may be 
hypothetically subdivided in mono-size straight 
sticks, which will replace the fibers in the sphere.  

A similar approach can be used for visualization of 
fiber dispersion in the boundary zones. The boundary 
layer is hypothetically sectioned for this purpose, 
yielding a set of serial slices with thickness t  par-
allel to the outer surface. The t-axis has its origin at 
this outer surface, and is perpendicular to it while 
pointing inward along the leading crack plane. In the 
present case, the sectioning is perpendicular to the x-
axis. The leading crack is supposed flat and parallel 
to the {x,y}- plane. As a consequence, the tensile 
loading is in the z-direction. The situation is sketched 
in Figure 4 (Stroeven & Hu 2006). The smaller t, the 
larger the cut-off part of the sphere: fibers with their 
second end supposedly on the cut-off part of the 
sphere surface violate the boundary condition, be-
cause they would intersect with the mould. This 
situation is of geometric probability nature. To obtain 
reinforcement efficiency perpendicular to the crack, 

we need global geometric averaging over all possible 
fibers accounting for their orientation. Here, two 
ways can be defined: 

1) all fibers intersecting the cut-off area are re-
jected; physically they cannot exist. Consequence is 
that the number of fibers declines on approach of the 
mould; on average they are more favorably oriented 
with respect to the crack thereby somewhat compen-
sating for the number decline. However, a global re-
inforcement efficiency decline upon approach of the 
mold can be expected. 

2) the rejected fibers are supposedly re-generated. 
Result is that the number of fibers is constant upon 
approach of the mould. The orientation effect is simi-
lar as in model 1). So, this will lead to fiber rein-
forcement efficiency to increase upon approach of 
the boundary. 

We have some experimental evidence for model 1) 
(Stroeven & Babut 1986). Moreover, it is the more 
complicated one, because number of fibers and their 
orientation distribution will jointly change upon ap-
proach of the mold. In model 2) only orientation 
modifications should be accounted for, which are 
identical to those in model 1). Outcomes of model 2) 
can therefore be obtained following the same proce-
dure as outlined in detail in the open literature [2]; 
the procedures are based on proper geometrical sta-
tistical interpretation of Figure 4, whereby the fol-
lowing trigonometric terms should at least be incor-
porated: 
o cosine term, expressing the load component to be 

perpendicular to the crack;  
o cosine term, representing the relative probability 

of fiber intersecting with the crack;  
o sine term, being the relative spatial frequency of 

the fibers 

 

x 
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θ

fiber 
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fiber 
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t 

crack plane 

external surface 

  
Figure 4. A slice is indicated parallel to the {y,z}-plane on a distance t from and parallel to the external surface of a prismatic 
FRC specimen. The leading crack is situated in the {x,y}-plane. A single fiber intersecting the crack inside the slice is shown. 
The angle enclosed by fiber and x-axis is θ, while the angle between the z-axis and the plane through the x-axis and the fiber 
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that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



To this should be added how fiber numbers de-
cline with t/l and over which part of the unit sphere 
the global geometric averaging process should be ex-
tended. Not particularly difficult, since one should 
only cope with elementary integrations in sine and 
cosine functions. 

Of course, also the planar portion could be influ-
enced by the mould. To transfer stresses over the 
crack, the orientation plane of the 2D portion is sup-
posed perpendicular to the crack. Moreover, the ori-
entation plane should also be perpendicular to the 
mould; when parallel to it, no decline in fiber rein-
forcement efficiency will occur. The linear portion 
only leads to trivial results, because when the orien-
tation line is perpendicular to the crack, so that 
stresses are transferred, no decline will occur upon 
approach of the mould. In all other orthogonal cases, 
no stresses will be transferred. 

Decline in the number of fibers per unit of crack 
area is plotted for the 3D and 2D fiber portions in 
Figure 5.This is a problem also discussed in (Sorou-
shian 1990a,b); the plotted functions herein can be 
analytically integrated to represent arbitrarily thin 
SFRC elements. 

The efficiency factor of the 3D portion is plotted 
in Figure 6 in accordance with the mathematical ex-
pression ( cos /t lα = ):       
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The efficiency factor of the 2D portion is plotted 

in Figure 7 in accordance with the mathematical ex-
pression ( cos /t lα = ):     
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Since in general Vf3>>Vf2, we will neglect the de-

cline of the 2D portion in the boundary zone. This 
leads to the total stress transfer capacity perpendicu-
lar to a crack with small opening due to a partially 
planar fiber system: 
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in which ω2 is the degree of orientation due to the 
planar portion as defined earlier. Further, 

3 0.213bη = . Hence, average efficiency of 3D fiber 
portion in a boundary zone of half the fiber length is 
64% of that in bulk. When / ~ 1f mτ σ  and 1% by 
volume of fibers with an aspect ratio of 100 is ap-
plied, the average strength reduction is of the order 
of 10%. 

 

 
Figure 5. Decline in the number of fibers per unit of crack area 
for the 3D (ζ3) and 2D (ζ2) fiber portions in the boundary 
zone: NA(t/l)=ξNA(t>l). 

 

 
Figure 6. Decline towards the external boundary in the stress 
transfer capability of the 3D fiber portion (ηb3). Further, the 
average capacity is shown for a boundary zone of half the fiber 
length. 

 

 
Figure 7. Decline towards the external boundary in the stress 
transfer capability of the 2D fiber portion (ηb2).  
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moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 

 

( ) ( )
( )

( ) ( )
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−
∞

+

−
∞

−=

11
10

,
1

                            

1
10

1
1,

1
,,

h
cc

g
e

sc
K

h
cc

g
e

sc
G

sc
h

e
w

αα

αα

αα

αααα

 (4) 

 
where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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fill all pores (both capillary pores and gel pores), one 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



4 APPLICATION TO THIN PLATE  

The 2D portion is not affected by the close proximity 
of the boundary when the orientation plane is parallel 
to this external surface (i.e., crack perpendicular to 
top and bottom surfaces, respectively, in Fig.1). 
Hence, it will somewhat compensate for the strength 
loss in the boundary layer due to declined efficiency 
of the 3D portion. When the strength is considered at 
a side surface in z-direction (Fig. 1), so perpendicular 
to the orientation plane, and the crack is in the {x,y}-
plane, the strength decline is at its maximum, since 
the 2D portion has no reinforcing effect (efficiency 
factor is nil). When the crack is perpendicular to the 
side surface (as in Fig. 4), and parallel to the other 
side surface, the strength (perpendicular to the crack) 
is somewhat affected by a decline in the 2D portion 
(but neglected in equation (15)) in addition to the re-
duction in the 3D portion.  The first boundary effect 
is the relevant one when considering the first crack 
strength or ultimate tensile strength of thin fiber rein-
forced elements. 

When the thickness of the structural element is h, 
bulk efficiency can be attributed to the central part 
(h-l). For the boundary zone (l), we have 
(0.213Vf3+0.5Vf2)aτf=(0.213+0.287ω2)aVfτf ; for bulk 
(0.333 Vf3+0.5 Vf2)aτf =(0.333+0.167ω2)aVfτf. As a 
consequence, the tensile strength due to the fibers of 
the full section would be [(0.333+0.167ω2) – 0.12(1-
ω2)l/h]aVfτf. Assume ω2=0.1 (case 1), ω2=0.2 (case 
2) and ω2=0.4 (case 3). This yields for the fiber effi-
ciency factors, respectively: 

 

Case 1: 0.350 0.108 l
h

η = −                 (16)                                                    

Case 2: 0.366 0.096 l
h

η = −                 (17) 

Case 3:  0.400 0.072 l
h

η = −                (18) 

 
The boundary zone extends over the full cross 

section for h=l; bulk properties are obtained for 
h>>l. Results are plotted in Figure 8. It should be 
noted that with a reduction in thickness of a plate 
from “thick” (h>>l) to “thin” (h=l), ω2 will increase. 
NA is according to Figure 5: 3 20.50 0.64V VL L+ and 

3 20.305 0.64V VL L+ for h>>l (bulk) and for h=l, re-
spectively. By dividing both expressions, we find  
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Both parameters at the left as well as the degree 

of fiber orientation in bulk should be experimentally 
assessed. Let us assume that in bulk, ω2=0.2. Fur-
ther, 10% decline in the number of fibers per unit of 

area is assumed going from a “thick” to a “thin” 
plate.  These values inserted in equation (19) yield 
ω2=0.52 in the section at h=l. We see that from 
“thick” to “thin” plates, a very modest decline in the 
number of fibers per unit area in the section perpen-
dicular to the tensile stress is accompanied by a dra-
matic increase in the degree of orientation. Going 
from a “thick” to a ‘thin” plate leads according to 
Figure 8 to a slight decline in the fiber efficiency for 
constant degree of fiber orientation. This is in reality 
compensated for by the 2D portion taking to an in-
creasing degree over from the less efficient 3D por-
tion! 

A similar modeling problem was also considered 
by Soroushian & Lee (1990b); they applied the re-
sults in Souroushian & Lee (1990a) to a thin SFRC 
element subjected to direct tension. Orientation fac-
tors were basically derived in accordance with the 
methodology outlined in this paper, however follow-
ing the incorrect geometric averaging concept pro-
posed by Romualdi & Mandel (1964). They incorpo-
rated orientation factors in the number of fibers per 
unit of area to account for the two wall effects, and 
found an acceptable correlation with tensile strength. 
Nevertheless, the orientation factors are fundamen-
tally different from the efficiency factors developed 
herein. Compare therefore Figures 5-7. 

3D and 2D orientation factors are long proven to 
be 1/2 and 2/π (Stroeven 2009, Stroeven & Hu 2006, 
Aveston & Kelly 1973), whereas efficiency factors 
are 1/3 and 1/2, respectively (all in bulk).  So, ratios 
of orientation over efficiency factors are for the re-
spective portions 3/2 and 4/π, not allowing for a lin-
ear transformation of their data. Hence, their graphs 
of orientation factor versus relative thickness of the 
SFRC element run similarly as in Figure 8 but at 
higher values outside the picture.  

 

 
 

Figure 8. In-plane fiber efficiency in a thin SFRC element sub-
jected to tensile stresses. Reinforcement efficiency is presented 
as function of the element’s relative thickness (so, only top 
and bottom surfaces are supposed to influence fiber efficiency) 
and the degree of fiber orientation. The latter will increase for 
thinner elements (should be experimentally assessed); this is 
illustrated by the thick black line.  
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



From such a correlation between incorrectly inter-
preted efficiency data and tensile strength values for 
a thin SFRC element they conclude that an average 
could be taken of 2D and 3D solutions. This crude 
approximation is however not necessary, since the 
mathematically exact solutions given in this paper 
(based on Stroeven 2009, Stroeven & Hu 2006) pre-
vent the need to do so. Moreover, the Stroeven con-
cept already assumes a mixture of 2D and 3D por-
tions, however adapted to the situation at issue by 
experimental assessment of the ratio of 3D and 2D 
components. 

5 CONCLUSIONS 

The intersection of an active fiber and the crack is a 
probability event.  The associated probability factor 
is proportional to the fiber’s tangent height (pro-
jected length perpendicular to the crack = cosθ , with 
θ as the angle enclosed by loading direction and fi-
ber).  Spatial averaging of all possible fiber orienta-
tions requires doing so over an angle in the crack 
plane and over the sine value of another independent 
angle (=sinθ ). Spatial averaging in all modeling ef-
forts should be in accordance with this scientific 
framework. So, an IUR (“random”) fiber system in 
bulk (the common assumption) yields active fibers re-
inforcing the crack that are distributed according to a 
sin2θ function with respect to crack plane or loading 
axis.  Hence, active fibers can never be distributed 
“randomly” as frequently adopted.  

These established stereological principles are em-
ployed in modeling of fibers in bulk and boundary 
zones. Orthogonal efficiency factors are readily ob-
tained for 1D, 2D and 3D fiber portions that are 
combined to constitute the efficiency concept for the 
partially linear planar “Stroeven” system. The decline 
over the boundary zone in fiber efficiency of 2D and 
3D portions, resulting from external compaction by 
vibration of the fresh concrete, is derived applying a 
similar methodological strategy. An effective system 
is obtained for approaching practical problems. It is 
demonstrated functional in expressing the fiber effi-
ciency in a tensile test of a thin plate. The resulting 
relationships of fiber efficiency in the plane of the 
element versus relative thickness of the element and 
degree of fiber orientation reveal the approach more 
accurate than a pragmatic approach available in the 
international literature. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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