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Abstract. The objective of this work is twofold. First, we aim to develop a new fatigue model valid
for quasi-brittle materials like concrete, which properties have considerably larger standard deviation
than metals. Having this in mind, we fit the measured strength data with a three-parameter Weibull
cumulative distribution function and in turn take it as the initial distribution for an asymptotic fatigue
model in concrete. Second, we endeavor to take into account the observed influence of frequency and
stress ratio on the fatigue life in concrete, both plain and reinforced with fibers. The developed model
is validated against fatigue tests in compression on cubic specimens for different stress ratios and
loading frequencies. All the parameters have found physical meaning in the extensive experimental
tests performed for two plain high strength concretes and two concretes reinforced with fibers. The
secondary strain rate is found to be correlational with the number of cycles to failure. Finally, a
reduced test procedure is proposed for fatigue strength characterization.

1 INTRODUCTION

Interest in the fatigue of concrete began more
than a hundred years ago with the development
of reinforced concrete bridges. Since then, nu-
merous experiments have been conducted to
study the influence of different fatigue param-
eters, for instance, see [3,4,5,6,7,10,13,15,16,
17,19] and the references within. These param-
eters are either set by the fatigue test conditions,
such as the minimum stress σmin, the maxi-
mum stress σmax and the loading frequency f ,
or determined by the material properties, for
example the static material strength σc, which
can be the compressive strength fc or the ten-
sile strength ft, or any other critical stress de-
fined accordingly. Other parameters include

the stress ratio R, defined as σmin/σmax, the
stress amplitude or stress range 4σ, calculated
as σmax − σmin, or the stress level S, defined as
σmax/σc.

For metals, the stress amplitude4σ/2 plays
an important role, and the fatigue life (the num-
ber of cycles N resisted before failure) is of-
ten described by the Wöhler curve. For con-
crete, however, the influence of the stress ratio,
loading frequency and stress level has been ob-
served to be important [2, 9, 13, 19]. The fa-
tigue equation has evolved accordingly to illus-
trate the role of those parameters. For instance,
Aas-Jakobsen [2] proposed to include the effect
of the stress ratio R as follows

σmax
σc

= 1− (1−R)β lnN (1)
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where β is a material parameter. The same re-
lation was confirmed by Tepfers and Kutti [6]
and Tepfers [7] for fatigue strength of concrete
in compression and in tension for splitting tests
of cubes. Even though the influence of loading
frequency (or time) has been observed as early
as 1960s by Rusch [1] and confirmed by Awad
and Hilsdorf [3], Sparks and Menzies [4] and
Holmen [8] in 1970s, it was not included in the
fatigue equation until Hsu [9], Furtak [10] im-
proved Eq. 1 by including the loading time and
frequency respectively. Zhang et al [15] further
improved the equation of Furtak by redefining
the stress ratio R when there is stress reversal.

However, none of them considered the
marked dispersion of the fatigue strength σc in
concrete. The first consideration of the statis-
tical distribution of concrete strength proper-
ties for fatigue tests was by Zhao et al. [17],
who considered a normal distribution as sug-
gested in the design codes. Recently, Przy-
billa, Fernández-Canteli and Castillo [18] con-
sidered the statistical feature of the charac-
terized strength for brittle materials and de-
rived the primary three-parameter Weibull cu-
mulative distribution function (CDF) of fracture
stress from three- and four-point bending tests.
Weibull distribution was also used to fit the fa-
tigue life of concrete at various stress levels by
Oh [13] and to fit the flexural fatigue life of con-
crete containing nano-particles by Li et al. [16].

Castillo and his coworkers [20, 21] also pos-
tulated a general probabilistic model to pre-
dict the fatigue behavior for any stress level
and range based on laboratory tests for duc-
tile materials like steel. The nine parame-
ters involved are defined through the physical
and compatibility considerations of the Weibull
model. However, their model does not consider
the observed influence of loading frequency in
concrete.

In the current work, we first consider the
entire statistical distribution given by the char-
acterization tests and build our fatigue model
from this initial distribution. Second we take
into account the loading frequency based on
the dynamic-response description given by the

Model Code [22]. The range of application of
the proposed model is below 10 Hz according
to the experimental tests realized between 1/16
and 4 Hz [19]. Even though the model itself
does not limit to a given range of frequency, its
application beyond 10 Hz needs further experi-
mental collaboration.

The rest of the paper is organized as follows.
A fatigue model based on an initial distribution
is postulated in Section 2. The experimental
program and validation of the model are given
in Section 3. A reduced test procedure is pro-
posed based on the developed model in Section
4. Finally we summarize the current work in
Section 5.

2 THE FATIGUE MODEL WITH INI-
TIAL DISTRIBUTION

As mentioned above, we aim to develop a
fatigue model for concrete, taking into account
the statistical distribution of the characterized
strength data and the influence of loading fre-
quency and stress ratio, the following hypothe-
ses are assumed.

• The characterized (or experimentally
measured) material property of con-
crete, such as the compressive or ten-
sile strength, follows a Weibull distribu-
tion. In the current work, we focus on the
compressive strength measured from cu-
bic specimens.

• This distribution is influenced by the dy-
namic condition through the loading fre-
quency. In addition, the relation given
by the Model Code [22] to describe the
dynamic properties of concrete is extend-
able to consider the influence of loading
frequency according to the experimental
data of Ruiz et al. [19].

• There exists a minimum stress which is
the asymptote given by the zero probabil-
ity of failure.

Given sufficient number of characterization
tests carried out at a certain reference loading
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rate σ̇0, which is considered static, where the
dot ˙ represents derivation with respect to time,
denominating the measured strength data or the
failure stress at one cycle as σf0 (f for failure,
0 for static loading), the probability of failure
(PF) corresponding to each stress level can be
fitted by a three-parameter Weibull CDF as fol-
lows

PF (σf0) = 1−exp

[
−
(
σf0 − σmin0

λ

)k]
(2)

where λ and k are the scale and shape param-
eter respectively, whereas σmin0 is the location
parameter or the threshold stress below which
no failure will occur, it plays the role of en-
durance limit. Note that, through Eq. 2, the con-
cept of absolute failure or damage is replaced by
the the probability of failure, which ranges from
0 to 1. We define the distribution in Eq. 2 as the
initial distributionDi, which is a property of the
material, and is determined necessarily through
experimental characterization.

2.1 The influence of loading frequency
In order to relate the dynamic failure strength

under compression fcd with its static counter-
part fc0 , we start with the empirical expres-
sion provided by the Model Code [22], which
is written as follows

fcd
fc0

=

(
σ̇d
σ̇0

)α

(3)

where σ̇d and σ̇0 are the loading rate of the com-
pressive fatigue test and that of the compressive
characterization test respectively. The exponent
α is fitted as 0.014 in the Model Code [22],
where the effect of loading frequency is not
taken into account.

The loading rate σ̇d in Eq. 3 in each cycle
can be roughly related to the loading frequency
f and the stress range ∆σ through

σ̇d = 2f∆σ (4)

Meanwhile an expression for the exponent α
that takes into consideration the influence of

loading frequency is obtained by fitting exper-
imental data of Ruiz et al. [19] for frequencies
below 10 Hz, the function is

α = 0.014 exp[γf ] (5)

where the parameter γ needs to be determined
by fitting experimental data for different load-
ing frequencies. The coefficient 0.014 for static
loading conditions is recovered for a zero fre-
quency. As a result, the influence of frequency
in a fatigue test is manifest on both the loading
rate through Eq. 4 and the exponent α through
Eq. 5. In addition, Eq. 3 allows us to shift the
initial distribution Di for fc0 to the distribution
of fcd in dynamic conditions.

3 FAILURE CURVES OF ISO-
PROBABILITY

In this Section, we explore all the conditions
of the failure curves in order to obtain the spe-
cific expression σf (f, σmax, σmin0 , σf0 , R,N).
On the one hand, each curve represents one
probability of failure and intercepts the σf axis
at σf0 , the PF (probability of failure) of which
is determined by the distribution Di defined by
Eqn. 2, see Fig. 1. On the other hand, there are
three limit conditions that all the failure curves
of iso-probability should comply with.

lim
N→∞

σf = σmin0 (6)

lim
R→1

σf = σf0 (7)

lim
N→1

σf = σf0 (8)

It needs to be emphasized again that σmin0 is the
threshold stress below which no fatigue failure
will occur, whereas the σf0 is the static strength
(when stress ratio equals one or when the failure
occurs after one cycle).
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bilidad muy pequeña de que la tensión mı́nima que
forma la ası́ntota inferior sea igual a 0. en este caso,
esta sı́ será una ası́ntota completamente horizon-
tal, ya que no existe ninguna posibilidad de obtener
una tensión máxima de compresión menor que 0.

La segunda hipótesis se centra en el comportamien-
to dinámico del hormigón. Consideremos que el
comportamiento del hormigón no varı́a entre el en-
sayo de pico de carga y el ensayo de fatiga. Esta
variación podrı́a darse por una gran diferencia en-
tre la freuencia del ensayo de fatiga y la velocidad
de carga del ensayo de pico de carga. Este aspec-
to se tratará en futuras aplicaciones de este trabajo.
Aquı́ consideramos que la influencia de la veloci-
dad de carga es la misma para ambos ensayos.

La tercera hipótesis es el comportamiento lineal del
parámetro a perteneciente a la ecuación 5. Este es
el único parámetro de ajuste del modelo propuesto.
este parámetro calibra el modelo con respecto a δσ
(rango de tensiones del ensayo) y ln[N ] (número
de ciclos). considerando la variación del parámetro
a lineal se simplifican enormemente los cálculos.
si le otorgamos a este parámetro a un comporta-
miento no lineal serı́a necesario introducir nuevos
parámetros de ajuste en el modelo.

Antes de presentar el modelo propuesto, vamos a exponer
sus parámetros:

PARAMETROS

2.1. La distribución inicial y su papel en el modelo

El modelo presentado se basa en los resultados estadı́sti-
cos de los ensayos para determinar el pico de carga. A
partir de estos determinamos la distribución de la ten-
sión máxima de rotura para 1 ciclo. Llamaremos a esta
distribución N1. Todas las curvas de fatiga que definen
una misma probabilidad tienen un punto en la distribu-
ción N1. este punto lo denotamos por σN1

max y determina
la probabilidad de la curva de fatiga a partir de la distri-
bución inicial N1 ((ref figura)). Con todo esto, la distri-
bución N1 es la distribución de Weibull de los ensayos de
pico de carga. La denotamos como probabilidad de fallo
(PF) y es de la forma:

PF (σN1
max) = 1− exp

��
σN1

max − σmin0

λ

�k�
(1)

Donde los parámetros σmin0 , λ y k los determinamos me-
diante el ajuste de la distribución de Weibull a los datos.
σN1

max es la tensión máxima obtenida en el ensayo de pico
de carga. Usaremos este valor de σmin0 como una apro-
ximación de la ası́ntota inferior anteriormente explicada.
Posteriormente volveremos a la ecuación 1 para desarro-
llar el modelo completo.

De la distribución inicial N1 se desprende otro aspecto

importante. Para un ensayo a fatiga con una tensión máxi-
ma σmax, la probabilidad inicial de fallo (en el ciclo 1)
será igual a la probabilidad obtenida de evaluar σmax en
la ecuación 1.

En cualquier punto del dominio σmax − ln[N ] la distri-
bución de probabilidad vertical debe ser igual a la distri-
bución de probabilidad horizontal. esto también sucede
en el ciclo 1, obteniendose la distribución N1. Esto indi-
ca que la probabilidad en cualquier punto de un ensayo
de fatiga con una tensión máxima σmax siempre va a ser
mayor que la probabilidad inicial obtenida de evaluar la
tensión σmax en la distribución N1.

2.2. Iso Probability of Failure Curve (IPFC)

Estas son curvas en el espacio σmax − ln[N ] que defi-
nen una misma probabilidad de fallo. estas curvas cor-
tan el eje del ciclo 1 en el punto σN1

max. Este valor σN1
max

evaluado en la distribución N1 determina la probabilidad
que define esta curva. conforme aumenta el número de
ciclos, esta curva tiende a la ası́ntota definida por el valor
de σmin0 .

Esta curva de iso probabilidad de fallo está influenciada
por el ratio tensional del ensayo a fatiga (Rσ) y la ten-
sión máxima del mismo (σmax). de este modo, si corta-
mos horizontalmente por σmax cruzaremos una serie de
curvas de iso probabilidad de fallo. Estos cortes definirán
la distribución de probabilidad propia del ensayo a fatiga
caracterizado por Rσ y σmax. Este aspecto y la influencia
de Rσ se puede ver en las figuras ((REF)) y ((REF)).
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Figura 1: Four stages of the Mode-I crack propagation in
a three-point-bend beam.

Cada curva de iso probabilidad de fallo debe de cum-
plir las condiciones de contorno del problema. la función
de la curva de iso probabilidad de fallo se puede definir
como IPFC(σmax, σmin0 , σ

N1
max, Rσ, ln[N ]). Esta fun-

ción debe de tener una serie de comportamientos asintóti-
cos definidos por las condiciones de contorno del proble-
ma. estas son 3:
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este parámetro calibra el modelo con respecto a δσ
(rango de tensiones del ensayo) y ln[N ] (número
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test with the number of cycles through the relation exis-
ting between ln �̇ and lnN . The behavior of ln �̇ with the
limit conditions of the IPFC are:

ĺım
N→∞

ln �̇ = 0 (8)

ĺım
Rσ→1

ln �̇ = ln �̇0 (9)

ĺım
N→1

ln �̇ = ln �̇0 (10)

Where ln �̇0 is the cut of the curve shown in figure 2 with
the vertical axis. ln �̇ also depends on the stress ratio Rσ

and the frequency f . This behavior is exposed in figure 2.

Relationship between the f ,

f , Rσon inicial y su papel en el modeloa igual a la probabilidad obtenida de evaluar

→∞

1
ln �̇

= ln �̇0

lnN =

Figura 2: Relationship between ln �̇, Rσ , f and lnN

According with the limit conditions of the IPFC, and
the relationship between ln �̇ and lnN , we can model the
IPFC with the equation 11.

σmax0 = σmin0 + (σN1
max − σmin0)

ln �̇0
ln �̇

(11)

Also, fitting the experimental results of Ruiz et al [8] we
can relate ln �̇ with Rσ , f and lnN by the equation 12
(see figure 12).

ln �̇ =
ln �̇0

exp[−(b + c ln[1 + f ])(1−Rσ) lnN ]
(12)

Where b and c are the only parameters which need to be
fitted with the experimental data of the fatigue test. In
Fig. 1, we represent the IPFC in the stress-cycle (σf -
lnN ) domain, taking σmax0 as a value of the axis σf , fit-
ting the limiting conditions Eqn. (5-7) and with the equa-
tions 11 and 12 the following expression can be assumed.

σmax0 = σmin0 +(σN1
max−σmin0) exp[−a(1−Rσ) lnN ]

(13)
With a = b + c ln[1 + f ]. For a given fatigue test, σmax,
Rσ and lnN are known parameters, from Eqn.13, we ea-
sily obtain σN1

max as follows

σN1
max = σmin0 +

σmax0 − σmin0

exp[−a(1−Rσ) lnN ]
(14)

Introducing the value of σN1
max into Eqn. 1, we arrive the

general expression for the probability of failure for any

point of the fatigue test:

PF = 1− exp

�
−
�

σmax0 − σmin0

λ exp[−a(1−Rσ) lnN ]

�k�

(15)
This is the output distribution Db in Fig. 1. The number
of cycles lnN and the maximum stress σmax can also be
obtained.

lnN = − ln

�
σmax0 − σmin0

λ k
�
− ln[1− PF ]

�
1

a(1−Rσ)
(16)

σmax0 = σmin0+λ exp[−a(1−Rσ) lnN ] k
�
− ln[1− PF ]

(17)
At the same time, σmax0 is related with the σmax of
the characterization test through the following dynamic
equation.

σmax0 = σmax

�
σ̇0

2f∆σ

�0.014 exp[0.239f ]

(18)

The value of σmax0 is evaluated in the distribution N1 to
get the probability of this IPFC. The value of σmax is
the one given by the test conditions.
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Figura 3: The variation of the probability distribution
with respect to the loading frequency.

The variation of the probability distribution given by
Eqn. (15) is demonstrated in Fig. 3 for six different fre-
quencies. It can be observed that for the same failure pro-
bability, the specimen resists more cycles in the fatigue
test at a higher frequency. This is attributed to the dyna-
mic behavior of concrete, see Zhang et al [10]. It should
be noted that this influence is not linear, for example, the
distance between 1 Hz and 4 Hz is smaller than that bet-
ween 6 Hz and 8 Hz.

Figure 1: Failure curves of iso-probability, where Di is
the initial CDF, determined from characterization tests
and fitted according to Eq. 2, whereas Do is the output
CDF fitted by the fatigues tests.

In Fig. 1, we give a schematic plot for the
failure curves of three iso-probabilities, 0.05,
0.5 and 1.0. On the left of the σf -axis is the
initial distribution Di determined from experi-
mental characterization, on the right is the out-
put distributionDo, which represents the fatigue
equation we are looking for and is going to be
defined later on. Having in mind the limiting
conditions given in Eqs. 6-8, the following ex-
pression for each failure curve is proposed

σf = σmin0 + (σf0 − σmin0)N
−a(1−R) (9)

where the parameter a is related to the loading

frequency as follows

a = b+ c ln(1 + f) (10)

where b and c are the only parameters which
need to be fitted with the experimental data of
fatigue tests. The logarithmic function in Eq. 10
has been inspired by earlier work of Furtak [10]
and it is the function that best fits the experi-
mental results, which we will see in the follow-
ing Section.

For a fatigue test, σmax, R and lnN are
known parameters, meanwhile, the static coun-
terpart of σmax, denominated as σmax0 , corre-
sponds to the value given in the characteriza-
tion tests. According to Eq. 3, they are related
through the following dynamic equation

σmax0 = σmax

(
σ̇0

σ̇d

)α

= σmax

(
σ̇0

2f∆σ

)α

(11)
By plugging in the value of σmax0 for σf to
Eq. 9, we easily obtain σf0 as follows

σf0 = σmin0 + (σmax0 − σmin0)N
a(1−R) (12)

Introducing the value of σf0 into Eq. 2, we ar-
rive at the general expression for the cumulative
probability of failure for any point of the fatigue
test

PF (N ;σmax, f, R) = 1− exp

{
−
[
σmax0 − σmin0

λN−a(1−R)

]k}
(13)

where N is considered as the main variable,
whereas the rest are secondary ones, which are
parameters set by a given fatigue test. Notice
that, due to the shifting of the CDF from Eq. 2
to Eq. 13, the shape parameter k is preserved,

but the scale parameter is now related to loading
frequency, stress ratio and the number of cycles
suffered. Insert Eq. 11 and Eq. 10 to Eq. 13, the
following explicit CDF is obtained

PF (N ;σmax, f, R) = 1− exp




−



σmax

(
σ̇0

2f∆σ

)α
− σmin0

λN−[b+c ln (1+f)](1−R)



k




(14)

4



Luis Saucedo et al.

This is the output distribution Do shown in
Fig. 1. It can be observed that, in Fig. 1,
for a fatigue test performed at a given level of
σmax0 , the probability of failure increases with
the number of cycles endured. The number of
cycles N resisted for a given PF under given
loading conditions is also easily derived, see

Eq. 15. In addition, by writing the stress range
in terms of the stress ratio and the maximum
stress as ∆σ = (1 − R)σmax in Eq. 11, we can
also predict the maximum stress for a given PF
and a designed fatigue life at a given stress ratio
and loading frequency, see Eq. 16.

N(PF ;σmax, R, f) =

[
λ k
√
− ln(1− PF )

σmax0 − σmin0

] 1
a(1−R)

(15)

σmax(PF,N ;R, f) =

[
σmin0 +

λ k
√
− ln(1− PF )

Na(1−R)

] 1
1−α
[

2f(1−R)

σ̇0

] α
1−α

(16)

where α is given by Eq. 5.

4 Validation against experimental data
The experimental program was designed to

look into the influence of the stress ratio and
loading frequency on the fatigue strength of
concrete. Two groups of tests on two differ-
ent types of concrete C1 and C2 were carried
out for cubic specimens. Twenty compressive
tests on cubes (80 mm in edge length) for C1,
loaded at a rate σ̇0 of 0.25 MPa/s, and six com-
pressive tests for cubes (100 mm in edge length)
for C2, loaded at 0.2 MPa/s, were carried out
for characterization purpose. The fitted Weibull
distribution Di for both materials are plotted in
Fig. 2, the corresponding parameters are listed
in Tab. 1. Note that for both type of concretes
C1 and C2, even though the scale and shape pa-
rameters λ and k are quite different, the mini-
mum stress σmin0 is 3.1 MPa, which plays the
role of the endurance limit. Next, the model is
validated against concrete reinforced with steel
fibers CF1 and polypropylene fibers CF2. Fi-
nally, after establishing the one-to-one relation
between the secondary strain rate and the fa-
tigue life from observed experimental trend, the
fatigue Eq. 14 is also expressed in terms of the
secondary strain rate.

Table 1: Fitting parameters for the initial distribution Di

given in Fig. 2 for concrete C1 and C2.

Material λ [MPa] k σmin0 [MPa]
C1 94.7 12.4 3.1
C2 76.1 19.8 3.1

4.1 Tests on Concrete C1 for two different
stress ratios

For the purpose of studying the influence of
stress ratio, two series of compressive fatigue
tests on cubic specimens with an edge length
of 80 mm, fifteen each, were carried out at a
loading frequency of 4 Hz, a maximum stress
σmax of 90 MPa. Fitting the experimental data
with Eq. 13, the values for a and γ shown in
Tab. 2, give an error of 2.36% and 4.56% re-
spectively. The agreement, as can be seen from
Fig. 3, is remarkable. After inserting the ob-
tained parameters a and γ to Eq. 2, we arrive
at the fatigue equation shown in Eq. 17, which
predicts the probability of failure for any com-
pressive fatigue test carried out at 4 Hz, with a
stress ratioR and maximum stress σmax afterN
cycles.

PF (N ;σmax, R) = 1− exp

{
−
[

σ0.9634
max

107.4(1−R)0.0366
− 1

30.5

]12.40

N0.75(1−R)

}
(17)
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Figure 2: Initial distribution of the compressive strength
fitted with the experimental measurements on cubes for
concrete C1 and C2.
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Figure 3: Distribution Do given by Eqn. (13), fitted
through the fatigue tests with R = 0.1 and R = 0.3 for
concrete C1.

4.2 Tests on concrete C2 under four differ-
ent loading frequencies

In order to pinpoint the influence of loading
frequency, four series of compressive fatigue
tests, on cubic specimens with an edge length
of 100 mm, were carried out at four different
frequencies for concrete C2. Fitting the data
curves with Eq. 2, the adjusting parameters b, c
and γ listed in Tab. 2, give an error of 3.52%,
3.10%, 1.76% and 3.19% for the frequency of
0.0625, 0.25, 1 and 4 Hz respectively, see Fig. 4.
Again the agreement is noteworthy. As a result,
all the parameters in Eqs. 14-16 are determined,
in turn, the fatigue life or probability of failure
for concrete C2 is characterized for any given
maximum stress, stress ratio or any loading fre-
quency (below 10 Hz). Notice that the parame-
ter γ for the two concretes studied remains the
same.
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Figure 4: Model and experimental data for concrete C2
for fatigue loading at four different frequencies.

4.3 Validation against concrete reinforced
with fibers

In order to further validate the fatigue equa-
tion presented in Eq. 14, we also recur to the ex-
perimental results presented by Ruiz et al. [19]
for concrete reinforced with steel fibers, de-
noted as CF1, and for concrete reinforced with
polypropylene fibers, denominated as CF2. The
parameters for the initial distributionDi and the
fatigue equation Eq. 14 are given in Tabs. 2
and 3. We also demonstrate separately the out-
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put distributions for concrete reinforced with
polypropylene fibers CF2 at four loading fre-
quencies together with the experimental data in
Fig. 5, the fitting error is below 5% for all the
cases considered. The distribution curves, or
the curves of failure probability, at four load-
ing frequencies are plotted together in Fig. 6 for
C2 and CF1. Notice that, one the one hand, for
the same failure probability, the specimen re-
sists more cycles at a higher frequency. This is
attributed to the dynamic behavior of concrete,
which results an increase of the dynamic ex-
ponent α, see Zhang et al. [23]. On the other
hand, due to the effect of added steel fibers,
the influence of the loading frequency on con-
crete CF1 is less pronounced as the frequency
increases. This is consistent with the known
fact that the fatigue behavior of steel is not influ-
enced by loading frequency. In contrast, adding
polypropylene fibers also alters the influence of
loading frequency on curves of failure probabil-
ity, such a tendency is not observed in Fig. 5.
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Figure 5: Model and experimental data for concrete rein-
forced with polypropylene fibers CF2 for fatigue loading
at four different frequencies.
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Figure 6: Influence of the frequency on concrete rein-
forced with steel fibers CF1 compared to that on plain
concrete C2.

4.4 Secondary strain rate versus fatigue life
In a fatigue test for concrete, when the de-

formation at the upper stress level σmax is plot-
ted as the function of the number of cycles un-
der testing, the resulted curve is known as the
cyclic creep curve. This curve has a middle part,
denominated as the secondary branch, as illus-
trated in Fig. 7, in which the increase of defor-
mation per load cycle is constant. The slope of
this secondary branch is called the secondary
strain rate or the secondary creep rate, denom-
inated as ε̇sec, of a specific fatigue test [11, 12].
In the current work, without causing confusion,
we simply denote it as ε̇. According to the
work of Hordijk et al. [14] and of Cornelis-
sen [11], there appears to be a strong relation
between the secondary strain rate and the num-
ber of cycles to failure, with diminishing sec-
ondary strain rate, the fatigue life increases. In
general, a prediction of the number of cycles
to failure based on this secondary strain rate is
more accurate than that based on stresses in an
S-N diagram. In this Section, we attempt to
find the relation between the secondary strain
rate with the parameters in the fatigue equation
Eq. 14.

The experimental results for the materials
plain concrete C2 and concrete reinforced with
fibers CF1, are plotted in the space of secondary
strain rate and fatigue life (ln ε̇ and lnN ) in
Fig. 8. Note that, there are 43 tests for C2 and
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40 for CF1, performed for one stress ratio and
four different loading frequencies. It can be ob-
served that, there is a strong correlation between
the secondary strain rate and the number of cy-
cles resisted in the log-log scale. Denominating
the intercept of a straight line in Fig. 8 for load-
ing frequency f as ln ε̇i, the equation for this
straight line is written as

ln ε̇ = ln ε̇i + d lnN (18)

where d is the slope.
Meanwhile, the relation between ln ε̇i and

the loading frequency can also be fitted as fol-
lows

ln ε̇i
ln ε̇0

= 1− η ln

(
f

f0

)
(19)

where η is the slope, whereas ε̇0 is the refer-
ence secondary strain rate, corresponding to a
fatigue test carried out at the reference load-
ing frequency f0. The frequency f0 is an upper

limit, below which, the test is considered static.
This means that the following limit conditions
should be satisfied for the secondary strain rate
of a fatigue test.

lim
R→1

ln ε̇ = ln ε̇0 (20)

lim
N→1

ln ε̇ = ln ε̇0 (21)

In analog to the limiting conditions of the fail-
ure stress in Eqs. 6-8, taking into account the
fact that ln ε̇ also depends on the stress ratio R
and the frequency f through Eqs. 9-10, we ap-
proximate the slope d as follows

d = d1 + [b+ c ln(1 + f)](1−R) (22)

Fitting Eq. 18 with the experimental results
shown in Fig. 8, d1 is obtained as 1. Inserting
Eq. 19 and Eq. 22 to Eq. 18, calculating the ref-
erence secondary strain rate according to linear
elasticity, we have the equation below,

ln ε̇ = ln
σ̇0

E

[
1− η ln

(
f

f0

)]
− {1 + [b+ c ln(1 + f)](1−R)} lnN (23)

The solid lines in Fig. 8 are predictions ac-
cording to Eq. 23. The agreement with the ex-
perimental data is extraordinary. The signifi-
cance of Eq. 23 lies in the fact that, for a specific
fatigue test, once the secondary strain rate is
known, the number of cycles to failure ceases to
be probabilistic, since there is a one-to-one cor-

respondence between ε̇ and the fatigue lifeN .
Moreover, we slightly modify Eq. 23 to ob-

tain the number of cycles to failure in terms of
the secondary strain rate as a functionN(ε̇), and
insert it to Eq. 14. The probability of failure re-
lated to the secondary strain rate is given by the
equation 24.

PF (ε̇;σmax, f, R) = 1− exp

{[
σmax

(
σ̇0

2f∆σ

)α
− σmin0

λN(ε̇)

]k}
(24)

Comparing Eq. 14 and Eq. 24, we can con-
clude that for a fatigue test carried out at a giv-
ing load condition -maximum stress level, stress
ratio and loading frequency-, both the number
of the cycles to failure and the secondary strain
rate are probabilistic. It cannot be overempha-
sized that, Eq. 23 provides the possibility to de-
termine the fatigue life N without the need of

actually exhausting all the cycles.

Finally, we summarize all the parameters and
the elastic modulus for the four materials in
Tab. 3. It needs to be mentioned that, since fa-
tigue tests for C1 were performed at one loading
frequency of 4 Hz, it is not possible to obtain the
reference loading frequency f0, neither is it fea-
sible for a separate fitting of parameters b and
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c. Instead, a unique value for the parameter a
of 0.06 is obtained. In addition, the constant γ
in the expression for the dynamic exponent α,
which is extended to include the influence of
loading frequency, is fitted as 0.24 for the two
plain concretes, zero for the concrete reinforced
with steel fibers and a value in between for the
concrete reinforced with polypropylene fibers.

Number of cycles 

S
tra

in
 ε Secondary branch

Figure 7: The concept of secondary strain rate or sec-
ondary creep rate in a cyclic creep curve for a fatigue
test.

Table 2: Summary of the model parameters for the four
materials considered.

b c η f0[Hz] γ

C1 - - - - 0.240
C2 0.061 0.0105 0.081 0.0016 0.240

CF1 0.052 0.0035 0.086 0.0019 0.086
CF2 0.049 0.0066 0.089 0.0015 0

Table 3: Summary of the model parameters for the four
materials considered.

λ [MPa] k σmin0 [MPa] E [GPa]
C1 94.7 12.4 3.1 35
C2 76.1 19.8 3.1 34

CF1 68.0 14.0 4.8 41
CF2 76.1 31.0 12.0 38
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Figure 8: Secondary strain rate plotted against the num-
ber of cycles resisted for materials C2 and CF1 at four
loading frequencies.

5 Applications to design of reduced fatigue
tests

Since there is a direct correlation between
the probability of failure (or the number of cy-
cles resisted) and the conditions of loading in a
fatigue test, such as stress ratio R, loading fre-
quency f , and the fitting parameters of the cor-
responding characterization test, λ, k and σmin0

through Eqs. 11-15, the probability of failure
can be calculated for several stages of loading
with different loading frequencies and stress ra-
tios.

An example of seven stages of loading is
given in Tab. 4 and Fig. 9. The test is designed
to start with a null probability of failure (step 1),
the probability of failure at the end of the step1
is calculated according to Eqn. 13. Next the
loading condition is changed to step 2. Evaluat-
ing Eq. 15 (considering the final value of PF
in the step 1), we get the equivalent number
of cycles for the beginning of the step 2, de-
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nominated as N1. Considering the loading cy-
cles ∆N2 at step 2, we evaluate the Eq. 13 with
N2 = N1 +∆N2 to get the final value of PF on
this step. Repeating this procedure for all the
steps of fatigue loading in Tab. 4, fatigue fail-
ure is achieved with a reduced number of cycles
(less than 20000 cycles), see Fig. 9.
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Figure 9: Damage accumulation for the different steps of
loading: a reduced procedure.

Table 4: An example of a reduced procedure for fatigue characterization with seven stages of loading.

Step σmax σmin f σ̇d ∆N PFi PFf
[MPa] [MPa] [Hz] [MPa/s]

1 65 10 1 110 2000 0 0.2137
2 70 10 0.001 0.12 350 0.2137 0.4988
3 110 5 9 1890 3000 0.4988 0.5008
4 80 15 2 260 500 0.5008 0.6886
5 100 25 7 1050 4500 0.6886 0.7086
6 85 20 0.6 78 250 0.7086 0.8499
7 90 5 5 850 9000 0.8499 1

6 Conclusions
By taking into consideration the dynamic

properties of concrete, fitting the results of ma-
terial characterization tests with a Weibull dis-
tribution and assuming it as the initial distri-
bution, which can be shifted along the failure
axis, we have developed a fatigue model which
is capable of dealing with different frequencies
and stress ratios for two plain concretes and two
concretes reinforced with fibers. Since only two
adjusting parameters are needed, the rest are re-
lated with material properties and test condi-
tions, reduced fatigue test procedure can be de-
signed for fatigue life prediction.

The model is validated against a total of 153
fatigue tests for two plain high strength con-
crete and two concretes reinforced with steel or

polypropylene fibers, performed at two differ-
ent stress ratios and four different loading fre-
quencies. In addition, we have shown the fail-
ure is probabilistic in terms of the number of cy-
cles N or the secondary strain rate ε̇, but there
is a one-to-one relation between N and ε̇. In
practical terms, this provides the possibility of
determining the fatigue life N without actually
exhausting all the cycles.
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Nomenclature
• σmax: Maximum stress.

• σmin: Minimum stress.

• 4σ: Stress range σmax-σmin.

• R: Stress ratio defined as σmin/σmax.

• σmax0: Static equivalence of σmax.

• σf : Failure stress.

• σf0: Intercept of the IPFC with the σf -
axis.

• fcd: Dynamic compressive failure stress
or the dynamic strength under compres-
sion.

• fc0 : Static failure stress or static strength
under compression .

• σmin0: Horizontal asymptote which deter-
mines the lower stress value.

• σ̇0: Loading rate of the compressive test.

• σ̇d: Loading rate of the fatigue test.

• σc: Critical stress, can be the compressive
strength fc or the tensile strength ft.

• N : Number of cycles to failure.

• λ, k: : Scale and shape parameter of the
Weibull distribution.

• PF : Probability of failure in any point of
the domain σf − lnN .

• f : Loading frequency of a fatigue test.

• f0: Reference loading frequency.

• a, b and c: Parameter that adjusts the rela-
tion between lnN and f , R.

• ε̇: Secondary strain rate in a fatigue test.

• ε̇0: Reference secondary strain rate calcu-
lated as σ̇0/E.

• ε̇i: Intercept of the ln[ε̇]−ln[f ] curve with
the ε̇-axis.

• α: Exponent that measures the amplifica-
tion of dynamic strength.

• γ: Coefficient that takes into considera-
tion of loading frequency for α.

• η: Slope of the ln ε̇i-ln f curve.

• β: Material parameter for the fatigue
equation proposed in [2].
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