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Abstract: This study presents an investigation to evaluate the crack propagation in the cracked
concrete that is damaged due to alkali-silica reaction (ASR). We obtained the fracture energy and
tension-softening curves of the ASR damaged concrete. Three-point bending tests for single
notched concrete beams were carried out to determine the fracture properties. To detect the crack
propagation behavior, an image analysis by using a digital image correlation method was carried
out. In this method of image analysis, a region-based matching technique is used to calculate the
displacement of any portion of the concrete surface. As for the macroscopic damage in the concrete
the ASR induced cracks that can be observed on the surface of concrete were evaluated and
classified into their widths, lengths and directions. The experiments show that these ASR-induced
cracks affect on the crack propagation in the specimen under the bending.
properties of the concrete.
Furthermore, it is a problem when the
phenomenon of the ASR-damaged concrete is
evaluated that position and width of the ASR
induced cracks have an irregularity which
cannot be observed in the sound concrete.
Since the ASR induced cracks influence cracks
to occur under the external loading, the
fundamental data on the mechanical properties
of the ASR-damaged concrete are necessary.
In this study, the tension-softening behavior
of ASR damaged concrete is experimentally
evaluated. Three-point bending test for single
notched concrete beams was carried out to
determine the fracture properties. These
fracture properties are determined from the
propagation of mode I crack in the bending
test on the concrete beams. This is based on an
assumption that the microscopic damage in the
concrete is located in the interface of the
matrix to both fine and coarse aggregates and

1 INTRODUCTION
Alkali-silica reaction (ASR) in the concrete
is a phenomenon that alkali ingredients such as
reactive silica in the aggregate react with the
sodium hydroxide in the cement. This reaction
sometimes results in gel that causes the
volume expansion of concrete and then the
crack may occur in the concrete. The ASRdamaged concrete with cracks has the different
mechanical properties from the sound concrete.
The reduction of the elastic modulus of
concrete is remarkably observed according to
the expansion due to the ASR. On the other
hand, the compressive strength of ASRdamaged concrete slightly decreases even if
the expansion proceeds. The previous research
[1] indicates however that the compressive
strength of ASR-damaged concrete decreases
to about 60% with the expansion of 5000μ.
There is room for argument for the influence
of the ASR induced crack on the mechanical
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Figure 1: Distribution of ASR cracks on the specimens

exposure condisions as shown in Figure 1.
The mix proportion of this concrete is showed
in Table 1. Ordinary portland cement for
cement and AE water reducing agent for
admixture were used. The maximum size of
cause aggregate is 20 mm. Both fine and
coarse aggregates were mixed where the ratio
of reactive and nonresponsive aggregates in
the volume of 1:1. The exposure period of the
specimen was three years. The upper exposure
side is “side2” that is shown in Figure 1. In
this study, the compressive strength measured
with using cylinder specimens having a
diameter of 100 mm and a height of 200mm,
which is same specified concrete mix as beam
specimens, was 31.6 N/mm2 and the tensile
strength was 2.90 N/mm2.

uniformly distributed through the beam.
The previous study presented by the authors
[2-4] has showed that he strain distribution
obtained by the image analysis can be
measured the cracking behavior on the
concrete surface under the external load. To
detect these crack propagation behavior, an
image analysis was carried out during the
loading test in order to measure the strain
distribution on the concrete beam. As for the
macro damage in the concrete the ASR
induced cracks that can be observed on the
concrete surface are evaluated and classified
into their widths, lengths and directions.
2 EXPERIMENT OUTLINES
2.1 Specimens

2.2 Three-point bending test

The concrete specimens is a beam in which
the section is 100 mm of width, 50 mm of a
ligament hight and 840 mm of the total length.
The specimen has a single notch at the
midspan whose depth is set as 50 mm. Three
specimens were prepared in this experiment.
For these specimens, three-point bending test
was carried out. Each specimen was made by
the same concrete mix. The situation of ASR
induced cracks, however, was different
because of variability of the material and

The loading setup in the experiment is

Figure 2: Outlines of the loading test

Table 1: Mix proportion of the concrete
Gmax
(mm)

slump
(cm)

W/C
%

Air
%

s/a
%

20

18

63

5

48

kg/m3
W

C

Sn

Sr

Gn

Gr

NaCl

AE water
redu. agent

181

287

422

432

466

475

12.4

575 ml

Sn: no-reactive fine aggregate, Sr: reactive fine aggregate,
Gn: no-reactive aggregate, Gr: reactive aggregate
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region of dozens of pixel (50 to 100 pixels
were set) in the digital pictures which is
obtained before/after the deformation under
loading is search based on the distribution of
the luminance values. In addition, the accuracy
of location of the searched region is assumed
based on the sub-pixel error cancellation [6].
To take a digital image using a single-lens
reflex camera, three-dimensional information
is reflected to a two-dimensional image
through a camera lens of the camera. In
addition, a distortion occurs in the digital
image because of the curvature of the lens.
Therefore it is necessary to remove a distortion
due to the lens curvature, and then the camera
calibration to reduce the lens distortion is
required in performing the image analysis [4].
From distance between a coordinate in the
digital image before the loading and that in an
arbitrary loading, the displacement of a target
point is calculated. Using the isoparamtric
finite element that has nodal points of the
target point, the strain distribution in the finite
element is interpolated according to the
deformation under the loading. In this study,
maximum principal strain at each load level is
observed to evaluate crack propagation
behavior.

illustrated in Figure 2. During the loading test,
the load, displacements at both supports and
midspan, crack opening displacements, and
digital images for an image analysis were
measured. For the purpose of the friction
reduction at each support, a set of Teflon
sheets lubricated with grease was used. The
crack opening displacement in the ligament
was measured using π-shape displacement
transducers. In order to consider the elastic
energy released in a bulk part in the specimen
when the tension-softening curve was
calcurated, reversed cyclic loading was
performed.
2.3 Image analysis
In this study, to detect these crack
propagation behaviour, an image analysis by
using a digital image correlation method [5]
was carried out during the loading test in order
to measure the strain distribution on the
concrete beam. In this method of image
analysis, region-based matching technique is
used to calculate the displacement of any
portion of the concrete surface. The correlated
Measurement of load-displacement relation (P-δ)
Measurement of load-crack opening
displacement relation (P-w)

2.4 Determination of the tension-softening
curve

Formulation of P-δ relation
Formulation of P-w relation
Formulation of δ-δp relation

In order to determine the tension softening
curve, the poly-linear approximation method
proposed by Kitsutaka et al. [7], and the
extended J-integration method proposed by
Niwa et al. [8] were used. The extended Jintegral method [8] is one of the way to obtain
the tension-softening curve of concrete based
on the energy balance. This method has
improved problems in the modified J-integral
method of Uchida et al. [9]. Now following
two assumptions were pointed out [8] as
problems of the modified J-integral method.
(a) All the energy given as an external work is
cosumed at a fictitious crack department
(b) Fictitious crack width progresses under the
loading immediately throughout a ligament
Regarding to the assumption (a), in the
modified J-integral method, the energy to be

Evaluation of liberation
of the elastic energy
Evaluation of E(w)-w relation
Evaluation of crack
propagation
Evaluation of dE(w) - w relation
dw

2
Evaluation of d E(w) - w relation

dw 2

Evaluation of σ(w)-w relation
(Tension-softening curve)
Figure 3: Flow of the extended J-integration method
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given as the external work is assumed to
consume at the fictitious crack. In order to
evaluate the energy consumed in the fictitious
crack appropriately, the elastic energy released
in the bulk part of the beam during unloading
is considerd. The factual energy consumed at a
fictitious crack department, E(w) can be
calcurated as following Equation (1). In this
formula, the second term explains the release
of the elastic energy.
σ
1
E(w) = ∫ P(δ)dδ − P(δ)(δ − δ p )
0
2

σ（w）（N/mm2）

3.0
2.5

ASR1

2.0
1.5

ASR2

1.0

ASR3

0.5
0.0
0
0.5 w(mm) 1
1.5
Figure 4: Tension softening curves calculated by the
extended J-integration method

(1)

3.0
2.5
σ（w）（N/mm2）

where, w: the crack opening displacement
(mm), E(w): the energy consumed in crack
opening displacement w (N⋅mm), δ: the
displacement (mm), P(δ): the load at the
displacement,
δ(N),
δp:
the
plastic
displacement under complete unloading (mm)
As for the point (b), when the propagation
of the fictious crack is considered since the
fictious crack gradually progresses with an
increase in the load, the tension-softenning
stress σ(w) is evaluated in Equation (2).

ASR1

2.0
1.5

ASR2

1.0

ASR3

0.5
0.0

0.0
0.5 w(mm) 1.0
1.5
Figure 5: Tension softening curves calculated by the
poly-linear approximation method

7.0

σ(w) =

1
ab

⎧ dE(w)
d E(w) ⎫
+w
⎨2
⎬
dw 2 ⎭
⎩ dw

σ（w）（N/mm2）

6.0
2

(2)

where, σ(w): the tension-softening stress at a
crack opening displacement, w (N/mm2), a: the
fictitious crack length (mm), b: the specimen
width (mm)
The culculation flow of the extended Jintegration method [8] is shown in Figure 3.

ASR1

4.0

ASR2

3.0

ASR3

2.0
1.0
0.0

0.0
0.5 w(mm) 1.0
1.5
Figure 6: Tension softening curves calculated by the
extended J-integration method in which the elastic
energy absorption is ignored

3 RESULTS AND DISCUSSION

3.0
σ(w)(N/mm2)

3.1 Tension-softening curve
The tension-softening curves obtained from
Table 2: δ－δp expression of relations
case

5.0

δp

2.5

refference
standard

2.0

No.1

1.5

No.2

1.0

No.3

0.5
1.7

refference 1.42δmax*(δ/δmax)
No.1
δmax*(δ/δmax)1.4
No.2
δmax*(δ/δmax)1.3
No.3
δmax*(δ/δmax)1.2
δmax: maximum displacement (mm)

0.0
0.00

0.05

0.10
0.15
w(mm)

0.20

0.25

Figure 7: Difference in the tension-softening curves
calculated in which different δ－δp relations are used
for specimen ASR1
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the three-point bending tests are summarized
in this section. Figures 4 and 5 show the
results using the extended J-integration
method and the poly-linear approximation
method that are mentioned above, respectively.
Figure 4 indicates that the peak tensile stress
of the all specimens is larger than the initial
stress that corresponds to the tensile strength.
On the other hand, for the tension-softening
curves obtained from the poly-linear approximation method, the initial stress is of the peak
and the tension-softening stress decreases as
the increase in the crack width as shown in
Figure 5.
In this study the fracture properties are
assumed to be determined from the
propagation of mode I crack in the bending
test on the notched concrete beams. This is
based on an assumption that the microscopic
ASR damage in the concrete is uniformly
distributed through the beam. Here, for the
tension-softening curve calculated by the
extended J-integration method, the elastic
energy release during unloading is ignored and
the result is shown in Figure 6. It is observed
that the tension-softening curves shown in
Figure 6 are similar to that obtained by the
poly-linear approximation method as shown in
Figure 5. This is because that in case of the
ASR-damaged concrete the elastic energy
released in a bulk portion except for the
ligament is apparently overestimated, while
the energy consumed in the fictitious crack
may be underestimated. Therefore, it is
necessary to reconsider the elastic energy
release of the bulk portion except for the
ligament.
Here, to examine the influence of the elastic
energy release in the bulk on the tensionsoftening curves in the case of calculation
using the extended J-integration method, a
parametric analysis is performed. As an
example of the results the tension softening
curves of specimen ASR1 are shown. Table 2
is summarized a series of δ-δp expressions that
we set in this demonstration. The reference is
the expression to fit approximately with the
experimental result of load-displacement
relations while the cases from No. 1 to No. 3
varies in the plastic displacement, δp under the

complete unloading. Figure 7 is the results of
the parametric analysis for the tensionsoftening curve calculated by the extended Jintegration method using several δ-δp relations.
From the comparison of the reference to the
each case, as δp becomes smaller that is from
No.1 to No.3, it turns out that the initial tensile
stress becomes larger. In addition, the tension
softening curves are approximately similar
each other when the fictitious crack width is
larger than around 0.05 mm. Therefore, to
evaluate the initial tensile stress in the tensionsoftening curve and the crack propagation
behavior just after softening starts, it is
important to appropriately evaluate the energy
absorption at the crack propagating through
the ligament portion.
3.2 Fracture energy
The fracture energy GF measured in each
specimen is summurize in Table 3. Here, the
GF is determined from Equation (3).
GF = (W0 + mg ⋅ δmax)/Alig

(3)

where, W0: the area under the loaddisplacement curve (N⋅mm), mg: the specimen
weight (N), δmax : the maximum displacement
(mm), Alig: the cross-sectional area of the
ligament (mm2)
It is found from the results of the GF that the
specimen ASR3 shows largest value of GF in
all specimens. This is because of that the
maximum crack width, wcr that was measured
at the state in which the bending stress
becomes zero in the loading test was the
largest as shown in Figures 4 and 6.
3.3 Influence of the length and area of the
ASR induced cracks
As for the macroscopic damage in the
concrete the ASR-induced cracks that can be
observed on the surface of concrete are
Table 3: Fracture energy, GF
specimen
ASR1
ASR2
ASR3

5

GF (N/mm)
0.168
0.090
0.202
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total extension

5600

total area

640

0.05mm
0.1mm

600

5200

580

5000

0.2mm

ASR2

0.3mm

560

4800

0.4mm

540

4600
4400
(mm)

ASR1

620

5400

ASR3

520
ASR1

ASR2

ASR3

500
(mm2)

0

Figure 8: ASR crack situation

evaluated and classified into their widths,
lengths and directions. Before performing the
loading test, the crack width observed on the
whole specimen was measured using a crack
scale, and classified into the crack width of
0.05 mm, 0.1 mm, 0.2 mm, 0.3 mm and 0.4
mm, respectively. Figure 8 shows total length
and cross sectional area of ASR-induced
cracks in each specimen. Here, the total cross
sectional area of the cracks is assumed to be
the summation of the products of a classified
crack width and a total crack length within the
range of the target crack width. Figure 9
shows the proportion of classified crack width
to the total in each specimen. The results
indicate that although the total length of crack
in the specimen ASR2 is shortest, the total
cross sectional area of the cracks becomes
larger in the all specimens. This is because that
the ratio of cracks having the crack width of
more than 0.2mm is largest in the specimens
as shown in Figure 9. In addition, it seems
reasonable to suppose that for the ASR
induced crack when the total cross sectional
area of the cracks is larger, the value of GF
tends to become smaller.

20

40

60

80

100 %

Figure 9: Comparison by the crack width
0μ

20000μ

(a) Max. principle
strain distribtion
at w=0.042(mm)
(b) Max. principle
strain distribtion
at w=0.165(mm)

(c) Photo of the
target for image
analysis

(d) Photo of the
opposite side of
the target

Figure 10: Distrribution of maximum principle strain
obtained from the image analysis and photos of the target
surface at the ligament of specimen ASR1

height). In the previous study [3], it has been
confirmed that the crack to occur under
external loading propagated along ASRinduced crack existing around the notch tip in
the ligament of the notched beam. In addition,
the ASR-induced crack that has existed
horizontally at the notch tip opened with the
increase in the external force. However, in this
experiment, although the ASR-induced crack
existed around the notch tip where the crack
width was around 0.05 mm, the ASR-induced
crack still closed under the flexural loading.
From these results, in order to evaluate the

3.4 Maximum principal-strain distribution
Figure 10 shows the distribution of the
maximum principal strain in the specimen
ASR1 as a result of the image analysis. The
result of the image analysis is shown with the
fictitious crack width, w (mm). The picture of
the ligament portion in this figure is of that
before loading and domain as the image
analysis target (100 mm in width, 50 mm in
6
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influence of the ASR-induced crack on the
fracture properties of the concrete, an
evaluation on the state of the ASR-induced
crack at the ligament portion is needed.
Moreover, it is necessary to consider the threedimensional distribution of the ASR-induced
cracks inside of the concrete.
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