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Abstract: The main object of the research work presented in this paper is to establish design tools
for lightly reinforced flexural concrete members subjected to bending load. An analytical model for
predicting the load deflection curve is established and compared with experimental results. The
main focus will be minimum reinforcement requirements and the related size effects. The main idea
of the analytical model is to assume that the response of the structure can be described by the
cracking response located within a fracture band. Outside the fracture band Bernoulli-Euler beam
theory is assumed. The constitutive model for the concrete is based on the idea that the initial part
of the stress crack width relation can be described by a linear relation between load and crack width,
taking into account the stresses caused by aggregate interlocking. The model follows ideas
previously used by other researchers in order to describe the fracture mechanics of concrete beams.
These ideas are extended in this model to take into account the pullout of the reinforcement.
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fracture of concrete. The idea of a crack band
model was first proposed by Bazant and Oh
[2]. Bosco and Carpinteri [3] were the first to
apply these ideas on an analytical model for
the minimum requirements of concrete To
model size effects in plain concrete beams
Ulfkjær, Krenk and Bricker [4] developed a
fracture band model. In this work

INTRODUCTION

The relationship between the applied load P
and the midspan deﬂection of a three-point
bending beam shows a softening branch during
crack growth, Figure 1. Although the crack
appears in the ascending branch of the curve,
its propagation is initially stable and the
applied load continues to increase up to a
peak. From this point, crack propagation
becomes unstable in the sense that the applied
load decreases with an increase in deflection.
The maximum load attained at the peak, will
in the following be denoted the first peak load.
One traditional approach to minimum
reinforcement is to require the yield load to be
at least the value of the first peak load. After
the introduction of the fictitious crack model
[1] a lot of attention has been devouted on how
this model can be applied to describe the
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Figure 1: Traditional approach to minimum
reinforcement requirements.
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the fracture band model assumed a linear
softening relation. Planas, Guinea and Elices
[5] used a model, based on the same ideas,
with a linear softening relation in order to
describe aspects concerning the modulus of
rupture of plain concrete beams and used these
considerations to investigate the minimum
reinforcement requirements for reinforced
concrete beams. In connection with a work on
ligthly reinforced high strength concrete,
Hededahl and Kroon [6] derived a fracture
band model with main reinforcement. They
used a linear softening relation for the concrete
and assumed perfect bond between concrete
and main reinforcement. The model presented
here extend the previous work by taking into
account pullout of the reinforcement. It should
be noticed that a simmilar work has been
performed by Olesen [7], however in this work
another constitutive model has been adopted
for the concrete and the developement of the
zones with constant friction stresses is done in
another way than in the work presented here.
A collection of analytical and numerical
approaches to size effects and minimum
reinforcement requirements can be found in
[8-17].
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Figure 2: Linear approximation of the stress crack
width relation.

tensile strength is reached. After the peak load
is reached, the deformations are localized due
to formation of a crack. For this crack to open
pullout of the aggregate from the cement paste
will occur leading to a tensile stress σ being
transferred through the crack. Increasing the
crack width leads to smaller values of the load
transferred through the crack. It has previously
been shown that this initial part of the stress
crack width relation can be described by a
linear relation, See e.g. [18-20]. In order to
describe the initial part of the stress crack
width relation, the tensile strength ft and the
crack width w1 is introduced, figure 2. To be
able to translate the stress crack width relation
into a stress strain relation, a fracture band is
introduced, figure 3. The fracture band is
assumed to deform in such a way that the
sections remain plane. Following this approach
the crack opening w is smeared through the
thickness of the fracture band with length h.
The deformations within the fracture band
consist partly of the crack width and elastic
deformations, figure 4. Thus the strain within
the fracture band is described by:

2 MODEL DESCRIPTION

In this section the analytical model is
described. The main assumptions are divided
into two sections; one dealing with
assumptions concerning the stress-strain
relation of the fracture band and one section
dealing with the pullout of the main
reinforcement.
2.1 Characterization of the concrete



Exposing a plain concrete specimen to uniaxial
tension, linear proportionality between the
load and the deformations are usually a valid
assumption for small values of the load. At
this stage the deformations are uniformly
distributed along the specimen. Performing the
tensile loading by monotonously increasing
the deformation of the specimen, a peak load
occurs
when
the
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Figure 3: Beam with fracture band.
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Figure 4: Kinematics of the fracture band.
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Where Ec is the modulus of elasticity of the
concrete. The stress strain relation is divided
into three parts; A first part with strain less
than the critical value ft /Ec. A second part, the
softening branch of the stress strain relation,
where the stress and strain may be related
through the slope Esoft which may be expressed
as, figure 5:
E soft  kEc

k

h
l1  h

Figure 6: Considerations concerning pullout of the
reinforcement.

2.2 Pull-out of the reinforcement

The significance of this study is concerned
with how to include the main reinforcement.
Before the crack crosses the main
reinforcement, perfect bond between the steel
and the concrete is assumed. In order for the
crack to open, slip between the steel and the
concrete has to take place. In this model this is
taken into account by assuming development
of zones around the crack with constant
friction stresses c. Consider the situation
around the reinforcement shown in figure 6.
The stress in the steel at the crack face is equal
to s. At the crack faces the stress c is acting.
A zone of constant friction stresses equal to c
with the length ld is developed at each side of
the crack. Now assuming that the stress at the
end face of the debonded zone is equal to c
the crack width ws is given by integrating the
differences in strain between the steel and the
concrete. This leads to the following equation
for the crack width ws:

(2)

where the characteristic length l1 is defined by
[5]:
l1 

E c w1
ft

(3)

Increasing the length of the fracture band h
increases the value of k and the absolute value
of the softening modulus Esoft. When h l1 the
slope of the softening part becomes vertical.
Thus the model is only valid until a certain
degree of brittleness of the structure (Elices,
Guinea & Planas 1994). For the third part of
the stress strain relation, the stress is equal to
0. The compression zone is assumed to remain
linear elastic for all values of the load.

s 

2 c E s
w s   c
rd

(4)

where Es is the modulus of elasticity for the
reinforcement, rd is the radius of the rebars
and α is Es /Ec.
2.3 Model solution

The model is established by introducing a
number of phases depending on the length of
the crack. The equations of the model are set
up by analysis of these stress distributions.

Figure 5: Stress strain relation for the crack band.
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Figure 7: Stress distributions for the different phases in the analytical model.
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The
different
stress
distributions
characterizing the different phases are shown
in figure 7. In the following x denotes the
crack length while c denotes the cover layer.
The concrete stress at the bottom of the beam
is denoted by . Phase I is characterized by
the crack being below the reinforcement and
that the stresses at the cracked part of the cross
section is described by the softening part of the
stress strain relation. Perfect bond between the
concrete and the steel is assumed. This stage is
valid until the crack length x is equal to the
cover layer c or until the concrete stress
at
the bottom of the beam is equal to 0. In phase
IIa the crack has crossed the reinforcement and
pullout of the reinforcement is starting.
Furthermore the stresses in the cracked part of
the cross section, is described by the softening
of the stress strain relation. This phase is valid
until the concrete stress
at the bottom of the
beam is equal to 0 or yielding of the
reinforcement is taking place. Phase IIb is
similar to phase IIa except the steel stress here
equals the yield stress of the reinforcement.
Phase IIb is valid until the concrete stress
at
the bottom of the beam is equal to 0. At phase
IIc the concrete stress
at the bottom of the
beam is equal to 0 before the crack reaches the
reinforcement. A zone with concrete stresses
equal to 0 is developing. The length of this
zone is denoted y. Perfect bond between
concrete and reinforcement is assumed at this
phase. Phase IIc is valid until the crack length
x is equal to the cover layer c. Phase IIIa is
characterized by the crack having crossed the
main reinforcement and the stresses in the
cracked part of the cross section is partly
described by the softening curve and a zone
has developed where the concrete stresses are
equal to 0. However, the zone with concrete
stresses equal to 0 have not yet crossed the
reinforcement (y < c). This stage is valid until
the zone with concrete stresses equal to 0
reaches the reinforcement or yielding of the
reinforcement occurs. Phase IIIb is similar to
phase IIIa except the steel stress here equals
the yield stress of the reinforcement. Phase
IIIb is valid until the zone with concrete
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stresses equal to 0 reaches the reinforcement.
At phase IVa the zone with concrete stresses
equal to 0 has crossed the reinforcement. This
phase is valid until the steel stress equals the
yield stress of the reinforcement. Phase IVb is
similar to phase IVa except yielding of the
reinforcement is taking place. In figure 8 a
flow chart is shown on how these different
phases may follow each other in order to
obtain the load deflection curve.
2.4 Variation of model parameters

In order to investigate the main trends of the
analytical model, some of the important
parameters of the model is varied. Throughout
this paper, the reinforcement ratio is calculated
as the steel area divided by the total cross
section area. The load deflection curves for
varying values of the reinforcement ratio are
shown in figure 9. For increasing values of the
reinforcement ratio, the yield load is increased
proportionally with the reinforcement ratio.
The first peak load is also increased when
increasing the reinforcement ratio. For the
cases shown in figure 9 a transition from being
below the minimum reinforcement ratio to be
meeting this requirement is taking place
between ρ=0.25% and ρ=0.385%. Load
deflection curves for varying values of the
friction stresses
are shown in figure 10.
Whereas the yield load is practically
independent of the value of the friction
stresses, the first peak load is significantly
increased by increasing the friction stress.
After the unset of yielding, the load deflection
curve is independent of the value of the
friction stresses, however the deflection
corresponding to the onset of yielding is
highly influenced by the friction stress. For the
cases with
= 2 and = 5 shown in figure
10, the first peak load is significantly below
the yield load leading to larger values of the
crack width and deflection before yielding
takes place. Load deflection curves for varying
values of the concrete tensile strength
are
shown
in
figure
11.
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Figure 8: Flow chart showing how the different phases may follow each other in the analytical model.
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Figure 9: Variation of the reinforcement ratio.

Figure 10: Variation of the friction stress

The first peak load is highly influenced by the
tensile strength while the yield load is
unchanged. For the cases shown in figure 11 a
clear transition in the mechanical behavior of a
concrete beam is observed. For the case with
= 2 a monotonically increasing value of the
load is observed until the onset of yielding
whereas the case with = 8 is not fulfilling
the minimum reinforcement requirements. The
same transition in mechanical behavior of a
concrete beam may be observed by changing
the size of the beam. Dimensionless load
deflection curves for different beam sizes are
shown in figure 12. The dimensionless
deflection is defined by the actual deflection
divided by the deflection where the tensile
strength is reached at the underside of the
beam. The dimensionless load is defined by
the actual load divided by the load where

the tensile strength is reached at the underside
of the beam. For the case with beam size
400x200x4800mm the first peak load is
significantly below the yield load whereas the
case with beam size 50x100x600mm is not
fulfilling
the
minimum
reinforcement
requirements.

Figure 11: Variation of the tensile strength.
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COMPARISONS WITH TESTS
In this section model solutions are
compared with measured load deflection
curves. The test results originate from a large
research project on size effects and minimum
reinforcement
conducted
at
Aalborg
University 1996-2000. A more detailed
description of the tests can be found in [2122]. The test results shown in this section
constitutes only a small part of the total
number of test results available from this
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Figure 12: Variation of the beam size.
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Figure 13: Comparison with test beam of HSC with
ρ=0.14. Beam size: 100x200x2400mm.

Figure 14: Comparison with test beam of NSC with
ρ=0.14. Beam size: 100x200x2400mm.

research project. In this section model
solutions are compared with test results from
two different beam sizes with two different
reinforcement ratios. For one beam size,
results are shown for both normal strength
concrete (NSC) and high strength concrete
(HSC). For the other beam size results are only
shown for the HSC beams. An overview of the
reported test beam results is given in table 1.
Average values for the different mechanical
properties measured for the test beams are
found in [21] and stated in table 2. The shown
model solutions are based on the values of the
material parameters that are stated for each
beam test in [21]. Test results for a HSC

beam of size 100x200x2400 mm with
reinforcement ratio ρ=0.14% is shown in
figure 13, together with a model solution. Both
the test results and the model solution shows a
significantly higher value of the first peak load
compared to the yield load. Results for a
similar beam cast of NSC are shown in figure
14. Both the tests and the model shows an
almost equal value of the first peak load and
the yield load, the first peak load being slightly
higher than the yield load. Results for a
100x200x2400mm HSC beam with ρ =0.25%
is shown in figure 15. Both the tests and the
model shows a significantly higher value for
the yield load, compared with the first peak
load. Comparing figure 13 and 15 it is clear
that both the model and the tests shows a value
for the minimum reinforcement ratio between
0.14% and 0.25%.

Table 1: Test beams reported in this section.

Beam size
100x200x2400
[mm]
200x400x4800
[mm]

Concrete

Rebar

ρ [%]

NSC

1 Ø6 mm
1 Ø8 mm

0.14
0.25

HSC

1 Ø6 mm
1 Ø8 mm

0.14
0.25

HSC

1 Ø12 mm
1 Ø16 mm

0.14
0.25

Figure 15: Comparison with test beam of HSC with
ρ=0.25. Beam size: 100x200x2400mm.
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Figure 16: Comparison with test beam of HSC with
ρ=0.14. Beam size: 200x400x4800mm.

Figure 17: Comparison with test beam of HSC with
ρ=0.25. Beam size: 200x400x4800mm.

Test results for a HSC beam of size
200x400x4800 mm with reinforcement ratio
ρ=0.14% is shown in figure 16. Both the
model and the tests show a slightly higher
value for the first peak load than for the yield
load. Test results and a model solution for a
similar beam with reinforcement ratio
ρ=0.25% is shown in figure 17. Also for this
case it is clear that both the model and the test
results show that the value for the minimum
reinforcement ratio is between 0.14% and
0.25%. Generally the model is able to predict
the first peak load and the yield load in a
manner that compares well with the test
results. These comparisons have also shown
that the model have a tendency to predict a
more pronounced valley following the first

peak load than shown in the measured load
deflection curves. This tendency may be
explained by the linear approximation of the
stress crack width relation on which the model
solution is based, figure 2. This linear
approximation is based on the idea that the
initial slope is the important parameter in
modelling the first peak load. However this
linear approximation leads to an amount of the
fracture energy of the concrete that is not taken
into account, leading to a deeper valley
following the first peak load.
4

In this paper an analytical model for
predicting the load deflection curve for lightly
reinforced concrete beams has been
established. The model shows that the key
parameters in determining the first peak load
associated with cracking are the beam size, the
slope of the initial part of the stress crack
width relation, the amount of reinforcement

Table 2: Average values for the mechanical
properties of the test beams

Compressive
strength
Splitting
strength
Modulus of
Elasticity
Fracture
energy
Yield
strength
Modulus of
elasticity

NSC

HSC

64 MPa

99 MPa

4 MPa

6MPa

40000MPa

45000MPa

CONCLUSIONS

Table 3: Input values used in the analytical model
for the cases shown in figure 18

NSC
HSC
3 MPa
6 MPa
20000 MPa
40000 MPa
0.1 mm
0.1 mm
5 MPa
5 MPa
Reinforcement
500 MPa
200000 MPa

126 J/m2
118 J/m2
Reinforcement
585 MPa
201000 MPa
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Figure 18: Model solutions for the minimum reinforcement ratio as function of beam depth.

and the bond properties between the
reinforcement and the concrete. Generally the
model solutions compares well with test
results. An important feature of the model is
the ability to predict the first peak load and the
yield load within a degree of accuracy that
makes the model suitable for evaluating the
minimum reinforcement ratio. To make
conclusions on the size effects on the
minimum reinforcement ratio predicted by the
model, one final case is considered. For a
beam of size 0.5DxDx12D the minimum
reinforcement ratio has been determined with
D in the range of 40 mm-480 mm. This has
been done for values of the input parameters
representing both a normal strength concrete
and a high strength concrete. The values of
these input parameters are shown in table 3.
As seen from figure 18 a rather pronounced
size effect on the minimum reinforcement ratio
is predicted by the model.
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