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Abstract. The paper shows that spectral wave propagation analysis reveals in a simple and clear
manner the effectiveness of various regularization techniques for softening materials, such as plas-
ticity and damage models. It is verified the effectiveness of the nonlocal integral-type approach with
an unconventional nonlocal formulation introduced in 1994 by Vermeer and Brinkgreve, which was
called ”over-nonlocal” by Di Luzio and Bažant in 2005 because it uses a linear combination of local
and nonlocal variables in which a negative weight imposed on the local variable is compensated by
assigning to the nonlocal variable weight greater than 1. The spectral approach readily confirms that
the nonlocal integral-type generalization of softening plasticity with an additive format gives correct
localization properties only if an over-nonlocal formulation is adopted. By contrast, the nonlocal
integral-type generalization of softening plasticity with a multiplicative format provides realistic lo-
calization behavior, just like the nonlocal integral-type damage model, and thus does not necessitate
an over-nonlocal formulation. The localization behavior of explicit and implicit gradient-type models
is also analyzed demonstrating that they have very different localization properties.

1 INTRODUCTION
Already in the mid 1970s it was recognized

that a continuum formulation for softening ma-
terials leads to serious problems: the boundary
value problem becomes ill-posed, and the nu-
merical calculations cease to be objective, ex-
hibiting pathological spurious mesh sensitivity,
incorrect size effect, and excessive damage lo-
calization as the mesh is refined. To recover a
well-posed problem and to prevent the damage
from localizing into a zone of zero volume, the
continuum theory must be complemented by
certain conditions called localization limiters,
involving a characteristic length of the mate-
rial [1–3].

A broad class of localization limiters is based
on the concept of a nonlocal continuum. The

nonlocal concept was introduced in the 1960s
[4, 5] for elastic deformations and in the 1980s
expanded to hardening plasticity. A nonlocal
continuum is a continuum in which the stress
at a point depends not only on the strain at that
point but also on the strain field in the neighbor-
hood of that point. Bažant et al. [6] introduced
the nonlocal concept as a localization limiter
for a strain-softening material. This formula-
tion was later improved in the form of the non-
local damage theory [7]. To improve the per-
formance in large post-peak deformations, Ver-
meer and Brinkgreve [8] proposed a novel for-
mulation in which a nonlocal averaging inte-
gral with a weight function everywhere posi-
tive is modified by multiplying the weight func-
tion by a factor greater than 1 and compensating
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for it by adding at the center a negative delta-
function spike, equivalent to subtracting the lo-
cal variable (this is unlike applying the com-
mon rule of mixture because the nonlocal com-
ponent in the binary mixture of the local and
nonlocal variables has a weight greater than 1,
compensated by a negative weight for the other
component). This formulation was termed over-
nonlocal in [14]. Another well-known regular-
izing technique is based on an explicit second-
order gradient model, which is weakly nonlo-
cal [3,9–12]. More recently, Peerlings et al. [13]
developed an effective (strongly nonlocal) mod-
ification of the gradient approach in which the
nonlocal strain is solved from a Helmholtz dif-
ferential equation.

In this paper some of the main results pre-
sented in [14] are reported. Firstly, the ba-
sic concept of nonlocal formulation of integral-
type is presented with the relation between it
and the gradient enhancements. Secondly, the
over-nonlocal model of integral-type will be ap-
plied to nonlocal plasticity and compared with
the explicit and implicit gradient enhancement
techniques. Thirdly, the over-nonlocal model of
integral-type will be applied to nonlocal dam-
age model and compared with the explicit and
implicit gradient enhancement techniques. Dis-
persion analysis will show that the nonlocal
integral-type generalization of classical soften-
ing plasticity model with an additive format
of the softening law exhibits realistic localiza-
tion properties only if an over-nonlocal for-
mulation is considered. By contrast, the non-
local integral-type generalization of softening
plasticity with a softening hardening law writ-
ten in the multiplicative format (ductile dam-
age model [15, 16]) provides realistic localiza-
tion behavior, just like the nonlocal integral-
type damage model, and thus does not neces-
sitate an over-nonlocal formulation. The ap-
proach followed in this study has been pursued
in several previous studies: for a gradient plas-
ticity model, wave propagation and dispersion
were investigated in [17, 18]; for the damage
model regularized by a nonlocal formulation
or by gradient-type enhancement, a dispersion

analysis was conducted in [19–22]. Other im-
portant studies on the nonlocal plasticity model
have been presented in [23, 24].

2 BASIC CONCEPT OF NONLOCAL IN-
TEGRAL AND GRADIENT FORMU-
LATIONS

The integral nonlocal model, in general, con-
sists in replacing a certain local variable f(x),
characterizing the softening damage of mate-
rial, by its nonlocal counterpart f(x). The non-
local variable is defined as

f(x) =

∫
V

α∗(x, ξ)f(ξ)dV (ξ) (1)

where V is the volume of the structure, x, ξ are
the coordinates vectors, and α∗(x, ξ) is the nor-
malized nonlocal weight function defined as

α∗(x, ξ) =
α(ξ − x)∫

V
α(ξ − x)dV (ξ)

(2)

where α(x − ξ) is the basic nonlocal weight
function which is often taken as a bell-shaped
function or the Gauss’ error function and∫
V
α(x − ξ)dV (ξ) is a constant if the unre-

stricted averaging domain does not tend to pro-
trude outside the boundaries.

Originally Vermeer and Brinkgreve [8] intro-
duced a refinement of the standard nonlocal for-
mulation in the form of an over-nonlocal formu-
lation in which the local and the nonlocal vari-
ables are linearly combined as follows:

f̂(x) = mf(x) + (1−m)f(x) (3)

here f̂(x) is the over-nonlocal average of the
variable f(x), f(x) is the nonlocal variable ob-
tained from Eq. 1, and m is an empirical coef-
ficient (over-nonlocal parameter) greater than 1
has showed by many authors [14].

The refinement of Eq. 3 can also be obtained
by rewriting the normalized nonlocal weight
function, Eq. 2, in the following way:

α∗m(x, ξ) = (1−m)δ(ξ − x)

+m
α(ξ − x)∫

V
α(ξ − x)dV (ξ)

(4)

where δ denotes the Dirac delta function; m
is here called the over-nonlocal parameter, be-
cause m > 1 assigns to the nonlocal averaging
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integral in the foregoing equation excess weight
compared to the standard nonlocal formulation,
in which m = 1. Thus, the over-nonlocal oper-
ator can be defined as

f̂(x) =

∫
V

α∗m(x, ξ)f(ξ)dV (ξ) (5)

in which the subscript of α indicates that aver-
aging operator depends on m.

The gradient-type models can be considered
as differential approximation of the integral-
type nonlocal models. This correspondence
helps to explain the role of the over-nonlocal
parameter. Let the local variable f be expanded
around x into the Taylor series:

f(z) = f(x) + f,x(z − x) +
1

2
f,xx(z − x)2

+ o[(z − x)2] (6)

Averaging the variable f(z) through Eq. 5 and
neglecting the terms of third and higher order in
terms of the distance |z − x|, we obtain:

f̂(x) ' f(x)

∫
L

α∗m(y − x)dy +

f,x

∫
L

(y − x)α∗m(y − x)dy +

1

2
f,xx

∫
L

(y − x)2α∗m(y − x)dy (7)

The weight function α(x − y) is normalized
such that α(0) = 1 and

∫
L
α(z)dz = `. More-

over, in an infinite specimen (or at points suffi-
ciently far from the boundary of a finite spec-
imen), the function α(x − y) depends only on
the distance |z − x|. In Eq. 7, due to symme-
try the term

∫
L
(y − x)α(x− y)dy vanishes and

the term
∫
L
(y − x)2α(x − y)dy is equal to `2.

Consequently, the expression in Eq. 7 may be
written as

f̂(x) = f(x) +m
`2

2
f(x),xx =

f(x) +
`2o
2
f(x),xx (8)

The gradient-type models, as showed, approxi-
mate the nonlocal integral-type models. How-
ever, there exist two different gradient-type

models: the explicit and the implicit gradient
enhancement. The explicit gradient models are
those directly obtained by simply introducing
in the constitutive law certain gradient terms.
They are weakly nonlocal, because only the in-
finitely close neighborhood of a point directly
affects the response. The implicit gradient mod-
els are those in which the constitutive law is
made to depend on a nonlocal field that is ob-
tained as the solution of a separate differen-
tial equation (Helmholtz equation). The im-
plicit models are strongly nonlocal, just like the
integral-type models, because a non-vanishing
neighborhood of a point directly affects the so-
lution.

3 LOCALIZATION ANALYSIS OF NON-
LOCAL PLASTICITY

Consider now a simple plasticity model in
the one-dimensional case. Local plasticity with
linear hardening is described by the equations

σ = E(ε− εp) (9)

f(σ, σY ) = |σ| − σY and σY = σ0 +Hκ (10)

The evolution law of the plastic strain is written
as

ε̇p = κ̇
∂f

∂σ
= κ̇ sgn(σ) (11)

κ̇ ≥ 0 f(σ, σY ) ≤ 0 κ̇f(σ, σY ) = 0 (12)

where σ is the stress (considered to be positive,
i.e. tensile), ε is the strain, E0 is Young’s mod-
ulus, εp is the plastic strain, σY is the current
yield stress,H is the plastic modulus (for strain-
softening considered as negative), σ0 is the ini-
tial yield limit, and κ is the plastic softening pa-
rameter, taken to coincide with the cumulative
plastic strain, i.e. κ̇ = |ε̇p|.

Let us consider the one-dimensional equa-
tion of motion linearized around an ini-
tial strained homogeneous state, in which
ε(x) = ε0 =constant, and κ̂(x) = κ(x) =
κ0 =constant,

σ̇,x = ρ u̇,tt (13)

where u̇ is the time rate of the incremental dis-
placement u perturbing the initial state, and ρ
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is the mass density of the bar. The relation
between the rate of deformation and the time
derivative of the incremental displacement rate
is

ε̇ = u̇,x (14)

We assume that all the material is in a soften-
ing state (this is a classical assumption in the
analysis of localization). Its non-trivial equilib-
rium solution (different from the initial homo-
geneous state) yields bifurcation points in stat-
ics. Starting from a homogeneous state of the
solid, assumed to be so large that the bound-
ary effect is negligible, we consider a harmonic
wave solutions of frequency ω and wave num-
ber k propagating through a very long bar with
the following form

u̇(x, t) = u̇0 e
i(kx−ωt)

κ̇(x, t) = κ̇0 e
i(kx−ωt) (15)

where i = imaginary unit. The over-nonlocal
average of the plastic variable and its time
derivative are

κ̂(x) =

∫
L

α∗m(ξ − x)κ(ξ)dξ (16)

˙̂κ(x) =

∫
L

α∗m(ξ − x)κ̇(ξ)dξ (17)

where α∗m(ξ−x) = (1−m)δ(ξ−x)+mα∗(ξ−x)
and δ(ξ − x) is the Dirac delta function.

3.1 Plasticity with nonlocal plastic strain
Let us consider a nonlocal formulation of

softening plasticity in which the plastic strain in
the stress-strain law (9) is replaced by its non-
local average

σ = E(ε− ε̂p) and

f(σ, σY ) = E(ε− ε̂p)− (σ0 +Hκ) (18)

Remembering that ε̇ = u̇,x, differentiating Eq.
18 with respect to time and spatial coordinate
x, and using the linearized equation of motion
(Eq. 13), we obtain

E(u̇,xx − ˙̂κ,x) = ρu̇,tt (19)

Starting from an initial uniform plastic strain
state, the loading-unloading condition (Eq. 10)
requires that

ḟ = Eu̇,x − E ˙̂κ−Hκ̇ = 0 (20)

Substituting the harmonic wave solutions in Eq.
15 and their partial derivatives with respect to x
and t into Eqs. 19 and 20, we obtain a system
of two equations that must be verified at every
point x and for every instant t. Since this is
a homogeneous linear system of two equations
for u̇0 and κ̇0, the solution differs from the triv-
ial one only if the determinant of the coefficient
matrix is equal to zero, i.e.,

−EHk2 + ρω2[H + E(1−m+
m

`
A(k))] = 0 (21)

where
A(k) =

∫
L

α(z)eikzdz (22)

For an infinite bar (L→∞),A(k) is the Fourier
transform of the weight function α(z). The Eq.
21 implies that no wave number k makes the
phase velocity to vanish, i.e. cp = ω/k =
0. Consequently the harmonic waves are non-
dissipative and the constitutive model is unable
to reproduce the localization band due to the
softening. Therefore, for each value of the pa-
rameter m the plasticity model with the aver-
age of the plastic strain is not able to restore the
well-posedness of the problem when the soften-
ing occurs.

Considering an explicit gradient enhance-
ment, which is obtained by replacing the non-
local variable with its approximation in Eq. 8,
the Eq. 17 is now written as

˙̂κ = κ̇+
`2

2
κ̇,xx (23)

The explicit gradient formulation of the plastic-
ity model in Eq. 18 is obtained by replacing
the plastic strain in the stress-strain law with
the sum of the variable and its second deriva-
tive. Assuming that all the material is initially
in a softening homogeneous state, one gets from
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Eqs. 19 and 20, together with Eq. 23, the fol-
lowing equation system

E(u̇,xx − κ̇,x −
`2

2
κ̇,xxx) = ρu̇,tt (24)

ḟ = Eu̇,x − E(κ̇+
`2

2
κ̇,xx)−Hκ̇ = 0 (25)

Consider harmonic waves of frequency ω and
wave number k, propagating along the bar with
the velocity and cumulative plastic strain field
given by Eq. 15. Substituting Eq. 15 and its
partial derivatives with respect to x and t into
Eqs. 24 and 40, we obtain a system of two
equation that must be verified at every point x
and for every instant t. Because this is a homo-
geneous system of two linear equations, a non-
trivial solution exists if and only if the determi-
nant of the coefficient matrix vanishes;(
Ek2 − ρω2

) [(
1− `2

2
k2
)
E +H

]
−

E2k2
(
1− `2

2
k2
)

= 0 (26)

In statics (ω = 0), we have

HEk2 = 0 (27)

The explicit gradient enhancement of the plas-
ticity model gives harmonic waves that are non-
dissipative, and consequently, is unable to re-
produce the localization band due to the soften-
ing.

Another important class of gradient-type
models consists of the implicit gradient-type
models, in which Eq. 23 is rearranged as fol-
lows

˙̂κ− `2

2
˙̂κ,xx = κ̇ (28)

which is the Helmholtz equation. The implicit
gradient formulation of the plasticity model in
Eq. 18 is obtained by replacing the plastic strain
in the stress-strain law with the nonlocal vari-
able obtained by the solution of Eq. 28. Two
differentiations of Eq. 20 with respect to x, to-
gether with Eq. 28, give

˙̂κ = κ̇+
`2

2E
(Eu̇,xxx −Hκ̇,xx) (29)

Rearranging Eqs. 19, 20 and 29 and substituting
the harmonic waves of frequency ω and wave
number k from Eq. 15 and its partial derivatives
respect to x and t one gets a system of two ho-
mogeneous linear equations, whose non-trivial
solution exists if and only if the determinant of
the coefficient matrix vanishes, i.e.(

Ek2 + E
`2

2
k4 − ρω2

)
(
E +H +H

`2

2
k2
)
− Ek2(

E +H
`2

2
k2
)(

1 +
`2

2
k2
)

= 0 (30)

For statics (ω = 0), Eq. 30 becomes

Ek2H

(
1 +

`2

2
k2
)

= 0 (31)

This equation implies that there exists no non-
zero critical wave number. This means that the
waves are non-dissipative. This is the same be-
havior as observed for the nonlocal (Eq. 21) and
the explicit gradient-type (Eq. 27) formulation
of this plasticity model.

3.2 Plasticity with nonlocal plastic variable
Consider now a simple over-nonlocal

integral-type plasticity model, in which the
plastic variable is replaced by its over-nonlocal
counterpart in the current yield stress. The con-
stitutive relations are given by

σ = E(ε− εp) and σY = σ0 +Hκ̂ (32)

Differentiating Eq. 9 with respect to time and
spatial coordinate x and using the linearized
equation of motion (Eq. 13), we obtain

E(u̇,xx − κ̇,x) = ρu̇,tt (33)

Starting from an initial uniform plastic strain
state, the loading-unloading condition (Eq. 10)
requires that

ḟ = Eu̇,x − Eκ̇−H ˙̂κ = 0 (34)

Substituting the harmonic wave solutions of Eq.
15 and their partial derivatives with respect to x
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and t into Eqs. 33 and 34, one obtains a ho-
mogeneous linear system of two equations for
u̇0 and κ̇0, and its solution differs from the triv-
ial one only if the determinant of the coefficient
matrix is equal to zero, i.e.,

−
[
E +H

(
1−m+

m

`
A(k)

)]
(
Ek2 − ρω2

)
+ E2k2 = 0 (35)

For statics (ω → 0), Eq. 35 becomes[
1−m+

m

`
A(k)

]
EHk2 = 0 (36)

The harmonic wave perturbations about the ini-
tial state, Eq. 15, do not remain homogeneous
if Eq. 36 is satisfied. Thus we look for bi-
furcation points. Let us consider the Gauss
weight function α(z) = exp(−πz2/`2), such
that α(0) = 1 and

∫ +∞
−∞ α(z)dz = `. Noting

that
∫ +∞
−∞ exp(−z2)dz =

√
π, Eq. 22 gives the

Fourier transform A(k) = `e−k
2`2/4π. Substi-

tuting this value of A(k) into Eq. 36, we search
for the value of k = kcr for which Eq. 36 can
be satisfied for k 6= 0;

kcr =
2
√
π

`

√
ln

(
m

m− 1

)
(37)

The corresponding critical wavelength is

λcr = 2π/kcr = `
√
π

[
ln

(
m

m− 1

)]−1/2
(38)

Note that for m → 0, or for ` → 0 (local
strain-softening model), the critical wavelength
λcr tends to zero, i.e., the strain localizes in
a point. In the case of standard nonlocality,
m = 1, the first term in Eqs. 35 and 36 is always
non-zero for each value of k. This implies that
the waves are non-dissipative: the shape of an
arbitrary loading wave cannot change to a sta-
tionary wave representing the localization band.
For m ≤ 1, the critical wavelength in Eq. 38,
which measures the localization band, is not de-
fined and, consequently, the strain localizes into
a point, like in a local formulation. On the other
hand, for m > 1 there exist some values of k,
given by Eq. 37, which satisfy Eqs. 35 and 36

implying a finite dimension for the localization
zone given by Eq. 38.

Consider now the plasticity model in Eq. 32
with a nonlocal explicit-enhanced, in which the
yield stress, Eq. 10, depends on the cumulative
plastic strain and its second derivative, Eq. 23.
Eqs. 33 and 34, together with Eq. 23, give the
following equation system:

E(u̇,xx − κ̇,x) = ρu̇,tt (39)

ḟ = Eu̇,x − Eκ̇−H(κ̇+
`2

2
κ̇,xx) = 0 (40)

Let us analyze harmonic waves of frequency ω
and wave number k, in which the velocity and
cumulative plastic strain field are given by Eq.
15. Substituting Eq. 15 and its partial deriva-
tives with respect to x and t into Eqs. 39 and
40, we obtain a linear system that must be sat-
isfied at every point x and every instant t. The
homogeneous system has a non-trivial solution
if and only if the determinant of the coefficient
matrix is equal to zero:(

Ek2 − ρω2
) [(

1− `2

2
k2
)
H + E

]
−E2k2 = 0 (41)

In statics (ω = 0), we have(
1− `2

2
k2
)
HEk2 = 0 (42)

The perturbation does not remain homogeneous
about the initial state if Eq. 42 is satisfied. The
non-zero value of k = kcr which satisfies Eq.
42 is

kcr =

√
2

`
(43)

The corresponding critical wavelength is

λcr =
√
2π` (44)

For ` → 0 (i.e., for a local strain-softening
model), the critical wavelength λcr tends to
zero, which means that the strain localizes into a
point. For ` > 0, the critical wavelength has al-
ways a finite real value. Therefore, we conclude
that the explicit gradient-type model is able to
regularize the problem of softening plasticity.
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Consider now the nonlocal plasticity model
in Eq. 32 with an implicit gradient-type en-
hancement. Two differentiations of Eq. 34 with
respect to x, together with Eq. 28, give

˙̂κ = κ̇+
E`2

2H
(u̇,xxx − κ̇,xx) (45)

Rearranging Eqs. 33, 34 and 45, we obtain the
following system of equations

E(u̇,xx − κ̇,x) = ρu̇,tt (46)

ḟ = Eu̇,x − Eκ̇−

H(κ̇+
E`2

2H
(u̇,xxx − κ̇,xx) = 0 (47)

Consider now harmonic wave solutions of fre-
quency ω and wave number k, with velocity and
cumulative plastic strain field given by Eq. 15.
Substituting Eq. 15 and its partial derivatives
with respect to x and t into Eqs. 46 and 47, one
gets a system of two homogeneous linear equa-
tions, whose non-trivial solution exists if and
only if the determinant of the coefficient matrix
vanishes, i.e.(

Ek2 − ρω2
)
(E +H + E

`2

2
k2)−

E2k2(1 +
`2

2
k2) = 0 (48)

For ω = 0 we have

EHk2 = 0 (49)

This equation implies that the phase velocity
cp = ω/k is not a function of the wave num-
ber. So, the waves are non-dissipative. and the
implicit gradient-type enhancement is unable to
restore the well-posedness of the problem when
softening occurs. This means that the implicit
gradient formulation of the nonlocal plasticity
model in Eq. 32 exhibits the same behavior as
the nonlocal integral-type with m = 1 (see Eq.
36).

3.3 Ductile damage plasticity with nonlocal
plastic variable

In this section a plasticity model motivated
by the concept of ductile damage proposed by

Geers, Engelen and coworkers [15, 16] will
be considered in an over-nonlocal integral-type
version. This model is characterized by the
softening-hardening law written in the multi-
plicative format, in which the yield function in
one-dimensional case is given by

f(σ, κ, κ̂) = |σ| − [1− ωp(κ̂)](σ0 + hκ) (50)

where the plastic modulus h is a positive con-
stant. In the yield function of Eq. 50 the current
yield stress is defined by two terms: the term
σ0 + hκ which represent the linear plastic hard-
ening of the bulk material and the term 1 − ωp
which reduces the yield stress for the growing
of the damage in the material. An important
feature is that the hardening is governing by the
local cumulative plastic strain, the softening is
driven by the nonlocal cumulative plastic strain.
The essential component of the ductile damage
model is the hardening-softening law written in
the multiplicative form (Eq. 50), which differs
from the hardening-softening law of Eq. 10
written in an additive format. A linear depen-
dence of ωp on κ̂ is given by a piecewise linear
law

ωp(κ̂) =


0 if κ̂ ≤ κi
κ̂−κi
κf−κi

if κi ≤ κ̂ ≤ κf

1 if κ̂ ≥ κf

(51)

where κi is a material parameter which charac-
terized the damage threshold and κf is a ma-
terial parameter which specifies the plastic de-
formation at failure (i.e. at zero yield stress).
For this kind of over-nonlocal ductile damage
model the Eqs 33 and 34 are written as

E(u̇,xx − κ̇,x) = ρu̇,tt (52)

ḟ = Eu̇,x − Eκ̇−
(1− ωp)hκ̇+ (σ0 + hκ0)ω̇p = 0 (53)

Localization takes place only in the softening
range, in which, for κi ≤ κ̂ ≤ κf , we have

ωp =
κ0 − κi
κf − κi

and ω̇p =
˙̂κ

κf − κi
(54)

Using Eqs. 52, 53 and 54 and starting from
an uniform initial state (ε(x) = ε0 =const and
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κ̂(x) = κ(x) = κ0 =const) one obtains the sys-
tem of two equations which characterized the
localization problem. Setting the determinant
of the coefficient matrix of this system equal to
zero one gets

[−κf − κ0
κf − κi

h+
σ0 − hκ0
κf − κi

(1−m+

m

`
A(k))]

[
Ek2 − ρω2

]
+ Eρω2 = 0 (55)

In statics (ω → 0), Eq. 55 becomes

[−κf − κ0
κf − κi

h+
σ0 + hκ0
κf − κi(

1−m+
m

`
A(k)

)
]Ek2 = 0 (56)

As done in the foregoing for other plasticity
models, first we substitute the value of A(k) =
`e−k

2`2/4π into Eq. 56, and then we search for
the value of the critical wave number (k 6= 0)
for which Eq. 56 can be satisfied

kcr =
2
√
π

`√
ln

(
m

h(κf − κ0)/(σ0 + hκ0) +m− 1

)
(57)

The corresponding critical wavelength is

λcr = 2π/kcr = `
√
π[

ln

(
m

h(κf − κ0)/(σ0 + hκ0) +m− 1

)]− 1
2

(58)

Note that for m → 0, or for ` → 0 (local
strain-softening model), the critical wavelength
λcr tends to zero, i.e., the strain localizes in a
point. For each value of the parameter m, in
particular for m = 1 (standard nonlocality), the
critical wavelength, which measures the local-
ization band, is well defined and, consequently,
the strain localizes into a band with a finite di-
mension. Another important feature of this non-
local plasticity model is that the critical wave-
length in Eq. 58 is a decreasing function of
the softening parameter κ0. Thus, the width of
the localization band tends to reduce to zero as
the softening parameter increases (λcr → 0 for
κ0 → κf and m = 1), i.e. there is convergence

to a discrete crack. Note that this important fea-
ture happens only for the standard nonlocality
(m = 1). We may conclude that the ductile
damage model proposed by Geers, Engelen and
coworkers with the integral-type nonlocal ver-
sion provides a full regularization of the soft-
ening problem even for the standard nonlocal
formulation with m = 1.

Consider now the ductile damage model, in
which the yield stress, Eq. 50, now depends
on the cumulative plastic strain and its second
derivative as expressed by Eq. 23. For the lin-
ear softening in Eq. 51, the equation system that
governs the localization problem of the ductile
damage model with explicit gradient enhance-
ment is given by

E(u̇,xx − κ̇,x) = ρu̇,tt (59)

ḟ = Eu̇,x − Eκ̇−
κf − κ0
κf − κi

hκ̇+

σ0 + hκ0
κf − κi

(κ̇+
`2

2
κ̇,xx) = 0 (60)

If the harmonic waves of frequency ω and wave
number k, propagating along the bar, Eq. 15,
are substituted in Eqs. 59 and 60, one obtains
an homogeneous system of two linear equations
that has a non-trivial solution if and only if the
determinant of the coefficient matrix vanishes:(
Ek2 − ρω2

)
[−E − κf − κ0

κf − κi
h+

σ0 + hκ0
κf − κi

(
1− `2

2
k2
)
] + E2k2 = 0 (61)

In statics (ω = 0), we have[
−κf − κ0
κf − κi

h+
σ0 + hκ0
κf − κi

(
1− `2

2
k2
)]

Ek2 = 0 (62)

The non-zero value of k that satisfies Eq. 62 is

kcr =

√
2

`

(
1− κf − κ0

σ0 + hκ0
h

)1/2

(63)

The corresponding critical wavelength is

λcr =
√
2π`

(
1− κf − κ0

σ0 + hκ0
h

)−1/2
(64)

8
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Since, for ` > 0, the critical wavelength always
has a finite real value, the explicit gradient en-
hancement of the ductile damage model is able
to regularize the problem of softening plastic-
ity. Note that the explicit gradient enhancement
of the ductile damage model provides a critical
wavelength which does not tend to zero at com-
plete failure (κ0 → κf ).

Consider now the ductile damage model with
an implicit gradient enhancement. Two differ-
entiations of Eq. 34 with respect to x, together
with Eq. 28, furnish

˙̂κ = κ̇+
`2

2
(−Eu̇,xxx + Eκ̇,xx +

κf − κ0
κf − κi

hκ̇,xx)
κf − κi
σ0 + hκ0

(65)

Using the linear softening given by Eq. 51, the
equation system that governs the localization
problem now has the form:

E(u̇,xx − κ̇,x) = ρu̇,tt (66)

ḟ = Eu̇,x − Eκ̇−
κf − κ0
κf − κi

hκ̇+
σ0 + hκ0
κf − κi

κ̇

+
`2

2
(Eκ̇,xx − Eu̇,xxx +

κf − κ0
κf − κi

hκ̇,xx) = 0(67)

If harmonic waves of frequency ω and wave
number k, Eq. 15, are substituted in Eqs. 66
and 67, one gets a homogeneous system of two
linear equations that has a non-trivial solution
if and only if the determinant of the coefficient
matrix is equal to zero:(
Ek2 − ρω2

)
[−E

(
1 +

`2

2
k2
)
−

κf − κ0
κf − κi

h

(
1 +

`2

2
k2
)
+
σ0 + hκ0
κf − κi

] +

E2k2
(
1 +

`2

2
k2
)

= 0 (68)

In statics (ω = 0), we have

[−κf − κ0
κf − κi

h

(
1 +

`2

2
k2
)
+

σ0 + hκ0
κf − κi

]Ek2 = 0 (69)

The non-zero value of k = kcr that satisfies Eq.
69 is

kcr =

√
2

`

(
σ0 + hκ0
(κf − κ0)h

− 1

)1/2

(70)

The corresponding critical wavelength is

λcr =
√
2π`

(
σ0 + hκ0
(κf − κ0)h

− 1

)−1/2
(71)

Since ` > 0, the critical wavelength, given by
Eq. 71, always has a finite real value. This
implies that the implicit gradient enhancement
of the ductile damage model achieves regular-
ization of the problem due to the softening.
Moreover, the two critical wavelength Eqs. 58
and 71, which differ from that obtained for
the explicit gradient enhancement, Eq. 64, en-
sure convergence to zero upon complete failure
(κ0 → κf ).

4 LOCALIZATION ANALYSIS OF NON-
LOCAL DAMAGE MODEL

Following the approach of [25], let us now
analyze the localization of an over-nonlocal ver-
sion of the scalar continuous damage model
proposed in [7]. The constitutive relation in
one-dimension and the loading function are

σ = (1− d)Eε

f(Ŷ , d) =

∫ Ŷ

0

F (z)dz − d (72)

where d is the damage variable, function F de-
fined the damage evolution, and Ŷ is the over-
nonlocal average of the energy release rate:

Ŷ (x) =

∫
V

α∗m(ξ − x)Y (ξ)dξ

Y (x) =
1

2
Eε(x)2 (73)

In the case of associated damage, the evolution
of the damage variable is controlled by the con-
ditions:

ḋ ≥ 0 f ≤ 0 ḋf = 0 (74)

Using the same approach as in the previous
section (Eqs. 13–14) and assuming an initial
state of uniform damage and uniform strain

9
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field, i.e. ε̂(x) = ε(x) = ε0 =const. and
d(x) = d0 =const., after some mathematical
manipulations and substitution of the the pre-
vious equations, one obtain the equation of mo-
tion. Considering a harmonic wave perturbation
of frequency ω and wave number k propagating
through an infinite bar (Eq. 15) the equation
of motion has a non-zero (non-trivial) solution
only if the following term vanishes

ω2 = k2
E

ρ
[1− d0 −

Eε20F (Ŷ )
(
1−m+

m

`
A(k)

)
] (75)

Considering the same constitutive law and
the same parameters as [25]

F (Ŷ ) =
b1 + 2b2(Ŷ − Y 0)[

1 + b1(Ŷ − Y 0) + b2(Ŷ − Y 0)2
]2 (76)

Because we assumed an infinite body and a uni-
form initial state, we have Ŷ = Y = 1

2
Eε20 and

d0 =
∫ Ŷ
0
F (z)dz. Using A(k) = `e−k

2`2/4π,
the critical wave number kcr that makes the
phase velocity and the angular frequency van-
ish (cp = ω = 0) is

kcr =
2
√
π

`[
ln

(
mEε20F (Ŷ )

1− d0 + (m− 1)Eε20F (Ŷ )

)]1/2
(77)

and the corresponding critical wavelength is:

λcr = 2π/kcr = `
√
π[

ln

(
mEε20F (Ŷ )

1− d0 + (m− 1)Eε20F (Ŷ )

)]−1/2
(78)

Because, in the case of standard nonlocality
(m = 1), the critical wavelength is well defined,
the nonlocal damage model does not necessi-
tate an over-nonlocal formulation. The standard
nonlocality suffices to correct the problems of
local softening for a damage model with the av-
erage of the damage energy release rate. More-
over, the critical wavelength of Eq. 78 goes to
zero upon complete failure which means that

the localization band converges to a discrete
crack.

Consider the continuous damage model in
Eq. 72 that is now regularized by an explicit
gradient-type formulation. The rate of the non-
local energy release rate is given by

˙̂
Y (x) = Ẏ (x) +

`2

2
Ẏ (x),xx (79)

Using the definition of the rate of the energy
release rate and following the previous mathe-
matical derivation one obtains the critical wave
number, kcr, which makes the phase velocity
and the angular frequency vanish (cp = ω = 0),

kcr =

√
2

`

√
d0 − 1 + Eε20F (Ŷ )

Eε20F (Ŷ )
(80)

and the corresponding critical wavelength is:

λcr = 2π/kcr = π
√
2 `

√
Eε20F (Ŷ )

d0 − 1 + Eε20F (Ŷ )
(81)

The behavior of the explicit gradient-type dam-
age model differs from the nonlocal damage
model in terms of the width of the localiza-
tion band. For the complete loss of material in-
tegrity, d = 1, the explicit gradient-type model
provides a finite width of the localization band
equal to π

√
2`.

For the same damage model consider an im-
plicit gradient-type model, in which the rate of
the nonlocal energy release rate is the solution
of the following Helmholtz partial differential
equation

˙̂
Y (x)− `2

2
˙̂
Y (x),xx = Ẏ (x) (82)

Using the same previous procedure one obtains
the critical wave number as

kcr =

√
2

`

√
d0 − 1 + Eε20F (Ŷ )

1− d0
(83)

and the corresponding critical wavelength is:

λcr = 2π/kcr = π
√
2 `

√
1− d0

d0 − 1 + Eε20F (Ŷ )
(84)
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We observe that the behaviors of the implicit-
type gradient model and the nonlocal damage
model (dashed line) are similar: both models
predict a narrowing localization band, the width
of which tends to zero for d → 1. This is not
surprising because the implicit model exhibits
strong nonlocality.

5 CONCLUSIONS
The localization analyses performed reveal

that the effectiveness of the regularization
achieved by integral-type nonlocality depends
on the particular type of nonlocal plasticity
model adopted. For the nonlocal plasticity
model, in which the plastic strain is replaced
by its nonlocal average in the stress-strain law,
the harmonic waves are non-dissipative and the
constitutive model is unable to reproduce the
localization band due to the softening. The
nonlocal plasticity model, in which the yield
stress depends on the nonlocal cumulative plas-
tic strain, provides correct regularization only if
the over-nonlocal formulation is adopted with
m greater than 1. The nonlocal integral-type
formulation of the ductile damage model [15] is
able to give a correct localization behavior even
for the standard nonlocality withm = 1 (i.e. the
critical wavelength, has positive real value also
for m = 1). When a nonlocal damage model
is considered, the over-nonlocal approach is not
needed (i.e. m = 1).

The localization analysis of the nonlocal
integral-type models also shows that a narrow-
ing of the critical wavelength is obtained only
for the nonlocal generalizations of the ductile
damage model and the damage model.

The localization analysis of the implicit
gradient-type model based on the Helmoltz
equation reveals that this formulation is able to
regularize the softening behavior of the damage
model and the ductile damage model, but not
the nonlocal plasticity model.

The localization analysis of the gradient-type
models shows that a narrowing of the localiza-
tion band is obtained only for the implicit gra-
dient enhancement of the ductile damage model
and the damage model. By contrast, the explicit

gradient enhancement of all the considered soft-
ening models gives a critical wavelength that
does not tend to zero at complete failure.
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