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Abstract. This research involves the development of lattice models of strain-hardening cement com-
posites (SHCC), in which the individual fibers are explicitly represented. The pullout forces of fibers
are derived from micromechanical bases and distributed along the fiber embedment lengths. This
spatial representation of the fiber bridging forces provides realistic representations of stress transfer
between the fiber and matrix, which is essential for simulating crack openings and crack spacing in
SHCC. Multiple cracking produces islands of material interconnected by fiber bridges, which places
unusual demands on the solution procedure. A special event-by-event solution strategy is adopted for
this reason.

1 Introduction

The mechanical properties of fiber rein-
forced cement composites depend on the prop-
erties of the cement-based matrix; the type,
amount and spatial distribution of fibers; and
the properties of the fiber-matrix interface.
Strain-hardening cement composites (SHCC)
are a special class of fiber reinforced con-
crete that achieves high toughness through con-
trolled multiple cracking. The crack open-
ings are small, typically in less than 100 µm,
which is attractive from a durability standpoint.
Such performance depends on proper selec-
tion/proportioning of the constituent materials
and on the methods of production and curing.

The robustness of SHCC designs, going
from the controlled laboratory environment to
practical applications, is an area of concern.
Nonuniform fiber dispersion, particularly in

large volume applications of SHCC, may hinder
the desired strain-hardening and related proper-
ties. Such research needs have motivated the
development of computational models that ex-
plicitly represent fibers within the composite
material [1–9]. The ability to model individual
fibers, and their collective influence on compos-
ite behavior, enables: 1) direct representation of
the effects of fiber dispersion; and 2) multiscale
description of fiber-local behavior, as it affects
composite performance.

This form of modeling is challenging on sev-
eral fronts, particularly when simulating the be-
havior of SHCC. A large number of fibers are
used in typical mixture designs. Fine discretiza-
tions are needed to resolve the closely spaced
cracks that develop under loading. Further-
more, local peaks and snap-backs occur during
the process of multiple cracking. Portions of
the matrix may separate from the bulk material
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and be connected only by fiber bridges, which
places unusual demands on the solution proce-
dure.

Herein, lattice models of SHCC, based on
the rigid-body-spring concept, are extended to
meet these challenges. Firstly, the crack bridg-
ing forces are distributed along the embedment
lengths of the fibers, which suppresses spurious
localization of damage and avoids mesh size
sensitivity [10]. The distribution of force along
the embedment lengths is determined by the mi-
cromechanics of fiber pullout [11, 12]. Sec-
ondly, clusters of fibers are assumed to pullout
within an event-by-event process that enhances
the stability and computational efficiency of the
solution process. The modeling approach and
its potential are demonstrated through compar-
isons with experimental results for SHCC under
tensile loading.

2 Lattice modeling of SHCC

2.1 Matrix material

The matrix material is represented by a lat-
tice of rigid-body-spring elements [13, 14]. El-
ement geometry and connectivity are defined by
Voronoi/Delaunay dual tessellations of a set of
nodal points, as shown in Fig. 1 for the planar
arrangement of nodes considered herein. In the
figure, Fn, Fs, and Ft are the forces in normal
and two tangential springs, respectively, located
at the area centroid of the Voronoi facet com-
mon to nodes i and j. Rotational springs are
also present at the area centroid, but their ac-
tions are not indicated in the figure. The spring
set couples the degrees of freedom of the nodes
via rigid-arm links. Element stresses σn, σs, and
σt are obtained by dividing the respective spring
forces by the facet area, Aij . The modeling of
matrix fracture is described in section 3.

The element stiffness formulations provide
an elastically homogeneous representation of
the continuum under uniform modes of strain-
ing [14]. Correct representation of the Pois-
son effect, both globally and in an element-local
sense, has recently been accomplished [15].

Figure 1: Lattice element ij based on the rigid-body-
spring concept

2.2 Fiber reinforcement

The strength and stiffness contributions of
each individual fiber are explicitly represented
within the model, without increasing the num-
ber of system degrees of freedom [1]. A fiber
element is constructed at each point of inter-
section of a fiber with a Voronoi facet of the
background mesh representing the matrix. A
zero-sized spring, oriented in the fiber direction,
is placed at the intersection point. The spring
is coupled to the associated nodes through
rigid links, in a way that is analogous to the
rigid-body-spring construction of the matrix el-
ements.

The cracking bridging forces of fibers are
commonly applied to the crack faces. This
lumping of individual fiber forces, or cohe-
sive force representation of the collective ac-
tions of fibers, is adequate for cases of single
cracking. Within actual materials, however, the
fiber bridging forces are transferred to the ma-
trix along the embedment lengths of the fibers,
which has a strong influence on relevant as-
pects of multiple cracking of SHCC, including
crack spacing and opening. Furthermore, the
lumped approach is not objective upon mesh re-
finement. With sufficiently fine mesh, applica-
tion of the bridging forces directly on the crack
faces causes spurious break-off of portions of
the matrix [10].
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Figure 2: Distributed-force approach: (a) interfacial
shear stress profiles and corresponding force distribu-
tions; and (b) distributed forces acting on associated
nodes along the fiber embedment lengths to each side of
a developing crack.

To address these issues, and better reflect
fiber behavior within the composite material,
the transfer of force from fiber to matrix is
distributed along the embedment lengths of a
fiber [10,12]. Figure 2 shows such a spatial, dis-
tributed force approach, where l1 and l2 are the
fiber embedment lengths; w is the crack open-
ing; d is the debonded length of fiber; s is the
slip at the end of the debonded fiber; P is the
crack bridging force; τa and τf are adhesional
and frictional shear strength, respectively. The
distributed forces along the embedded lengths
of the fiber are based on the micromechanics of
single fiber pullout [11].

The pre- and post-cracking actions of fibers
depend on the movements of the Voronoi cells
that represent the matrix, according to the rigid-
body-spring concept. Notably, the addition of
fibers does not increase the number of degrees
of freedom of the system, so that large num-
bers of fibers can be considered without signif-
icant computational burden. Fibers are freely

placed in the domain irrespective of the back-
ground discretization of the matrix. Herein,
fibers are placed uniformly at random in the do-
main, except for the influence of domain bound-
aries. Alternatively, by placing fibers using spa-
tially correlated random fields [16], it has been
demonstrated that regions with fewer fibers act
as potential sites for fracture localization, lim-
iting the strain capacity of the composite mate-
rial [17].

3 Event-based solution procedure
Event-based solution procedures have a long

history within the subject area of damage mod-
eling and are a central feature of classical lat-
tice models [18]. The solution proceeds itera-
tively with one state change, or event, allowed
per computational cycle. With respect to lat-
tice models, an event is commonly the break-
ing or removal of an element. The critical el-
ement is selected according to a fracture crite-
rion or some other measure of criticality. Ad-
vantages of an event-based solution include the
avoidance of: 1) zero-energy modes of defor-
mation associated with complete break-off of a
portion of the domain; and 2) spurious depen-
dence of the solution on load step size. A sig-
nificant drawback is the large computational ex-
pense associated with solving the system equa-
tions for each individual state change. As the
computational grid is refined, expense increases
not only due to the addition of nodes, but also
due to the additional events needed to produce
a crack or other damage feature.

Figure 3: a) Failure criterion defined by a Mohr-Coulomb
surface with a tension cut-off; and b) softening relation
for uniaxial tension
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Figure 4: Event-by-event solution procedure for fiber re-
inforced materials

Cracking of the matrix phase is based on an
established event-by-event procedure [19]. We
identify the critical element as the one with the
largest stress ratio

ρm = max
[σR
σ′

]
(1)

where σR = (σ2
n + σ2

s + σ2
t )

1/2 is the resultant
matrix stress acting on the facet; σ′ is a mea-
sure of matrix strength (or residual strength in
the post-peak regime) defined by the failure sur-
face (Fig. 3a). In the figure, ft0 and fs0 are the
initial strength values in tension and pure shear,
respectively, and ψ is the angle of cohesion. In-
dividual elements break incrementally to sim-
ulate material softening as a function of crack
opening w, as shown in Fig. 3b, where Gf is
the fracture energy of the cement-based matrix.

This form of event-by-event procedure is
herein extended to account for the post-cracking
effects of fiber reinforcement, as indicated by
the flow chart in Fig. 4. Following common
practice, iterations are performed to establish
equilibrium after each load increment. Equilib-
rium is established when the `2 norm of the sum

of the external and internal nodal forces (R and
F, respectively) is less than a prescribed toler-
ance ε.

Figure 5 shows the crack bridging forces of
individual fibers associated with matrix element
ij. The critical facet is determined by the max-
imum normalized bridging force for each such
nodal pair in the network.

ρf = max
[∑n

k=1 fk∑n
k=1 f

′
k

]
(2)

in which fk is the axial force of fiber k within
the cluster of n fibers bridging the portion of
the crack represented by the facet; f ′k is the ref-
erence bridging force of fiber k, which is de-
fined by the intersection of the theoretical force-
pullout relation and the secant branch to fk. The
definition of f ′k is analogous to that of σ′ used
for matrix cracking (Fig. 3). The normalizing
factor (

∑
f ′k) also serves to reduce dependence

of ρf on the form of discretization.
The fibers crossing the critical facet typically

intersect other facets, which we call sub-critical
facets (Fig. 6). The fiber forces and stiffness
terms associated with the one critical andM−1
sub-critical facets need to be updated for each
pullout event associated with the fiber cluster,
as indicated by the loop structure within Fig. 4.
If the bridging forces of the fibers were lumped
at the crack face, as in a conventional cohesive
crack approach, then M = 1 and there would be
no sub-critical facets.

Figure 5: Cluster of bridging forces acting on the facet of
cracked element ij
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Figure 6: Critical and sub-critical facets associated with
a fiber-cluster pullout event

Figure 7: Matrix break-off produces an island-like fea-
ture; fibers that bridge crack faces are indicated by blue
lines

Due to the presence of fibers, and the forces
they carry across cracks, it is possible for por-
tions of the matrix to become detached from the
surrounding matrix. This scenario, depicted in
Fig. 7, is computationally tractable using the
event-based solution procedure. In contrast,
the conventional solution procedure (in which
fiber pullout/unloading occurs simultaneously
throughout the domain within a computational
cycle) fails to converge during equilibrium iter-
ations.

4 Simulation example
The SHCC specimens tested by Adendorff

et al. [20] are modeled by the irregular lat-
tice, as shown in Fig. 8. In accordance
with the experiments, axial loading is applied

through displacement control of hinged sup-
ports. The model formulation and analyses are
three-dimensional, yet a unit thickness is as-
sumed to reduce computational expense. PVA
fibers (with 12 mm length, 0.04 mm diameter,
and 40 GPa elastic modulus) are placed within
the gage length at a dosage of 2% per unit vol-
ume. The assumption of unit thickness pro-
duces a planar distribution of fibers. The influ-
ence of frictional snubbing and matrix spalling
on apparent bond strength τ , as a function of
fiber entry angle φ, is modeled using the proce-
dure given by Lee et al. [21] (Fig. 9).

Figure 8: Modeling of SHCC specimens: a) matrix dis-
cretization; and b) short-fiber placement within the gage
length
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Figure 9: Relationship between apparent bond strength
and fiber inclination
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As shown in Fig. 10, the lattice model results
compare well with the experimentally mea-
sured stress-strain curves. In particular, the
lattice model results exhibit multiple cracking
and a prolonged strain-hardening branch up to
fracture localization at a strain of about 4%.
Whereas the strengths of the matrix and fiber-
matrix interface were calibrated to produce this
result, the similitude of the results demonstrates
the potential of the model. The simulated crack-
ing patterns for increasing levels of axial strain
are presented in Fig. 11. Elsewhere, using
a simpler discretization of the specimen gage
length, it is shown that simulated crack count
and crack opening values agree well with the
experimental results [12].

These results were obtained using the
aforementioned event-based solution proce-
dure. Equilibrium iterations of a conventional
solution procedure fail to converge partway into
the strain-hardening regime. As a verification
of the event-based solution procedure, analyses
were conducted using a reduced fiber dosage of
1% for which only a single crack forms. Apart
from minor differences prior to peak loading,
the event-based and conventional solution pro-
cedures provide essentially the same results up
through the fully cracked (traction-free) condi-
tion (Fig. 10).

Figure 10: Comparison of simulated and experimental
stress-strain responses

Figure 11: Simulated crack patterns using the event-
based solution technique (Vf = 2%); from top to bottom,
images correspond to strain levels of 0.5, 1.0, 2.0, 3.0,
and 4.0%, respectively.

5 Conclusion
The individual and collective actions of

short-fiber reinforcement in SHCC can be sim-
ulated using lattice models based on the rigid-
body-spring concept. Previous work in this area
has been extended in two significant ways:

1. The crack bridging forces are distributed
along the embedment lengths of the in-
dividual fibers, according to microme-
chanical models of fiber pullout. This
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spatial representation of crack bridging
forces provides realistic representations
of SHCC behavior under tensile load-
ing. The lattice model results exhibit sta-
ble formation of multiple cracks and a
prolonged strain-hardening branch, up to
fracture localization at large strain.

2. The proposed event-based procedure im-
proves the stability and efficiency of the
solution process. A pullout event asso-
ciated with a fiber cluster involves the
updating of force and stiffness terms of
fibers bridging the critical facet and sub-
critical facets (i.e., facets traversed by the
fiber embedment lengths). Whereas, a
conventional solution technique fails to
converge partway up the strain-hardening
branch, the event-based solution pro-
cedure enables simulation of multiple
cracking and the strain-hardening process
up through fracture localization.

REFERENCES
[1] Bolander, J. E., and Saito, S. 1997. Dis-

crete Modeling of Short-fiber Reinforce-
ment in Cementitious Composites. Ad-
vanced Cement Based Materials 6:76–86.
doi:10.1016/S1065-7355(97)90014-6

[2] Bolander, J. E., Choi, S., and Duddukuri,
S. R. 2008. Fracture of fiber-reinforced
cement composites: effects of fiber dis-
persion. International Journal of Fracture
154:73–86.
doi:10.1007/s10704-008-9269-4

[3] Radtke, F. K. F., Simone, A., and Sluys, L.
J. 2010. A computational model for failure
analysis of fibre reinforced concrete with
discrete treatment of fibres. Engineering
Fracture Mechanics 77:597–620.
doi:10.1016/j.engfracmech.2009.11.014

[4] Cunha, V.M.C.F., Barros, J.A.O, and
Sena-Cruz, J.M. 2011. An integrated ap-
proach for modelling the tensile behaviour
of steel fibre reinforced self-compacting

concrete. Cement and Concrete Research
41:64–76.
doi:10.1016/j.cemconres.2010.09.007

[5] Kunieda, M., Ogura, H., Ueda, N.,
and Nakamura, H. 2011. Tensile frac-
ture process of Strain Hardening Cemen-
titious Composites by means of three-
dimensional meso-scale analysis. Engi-
neering Fracture Mechanics 33:956–965.
doi:10.1016/j.cemconcomp.2011.05.010

[6] Schauffert, E. A., and Cusatis, G. 2012.
Lattice Discrete Particle Model for Fiber-
Reinforced Concrete. I: Theory. Journal
of Engineering Mechanics 138:826–833.
doi:10.1061/(ASCE)EM.1943-
7889.0000387

[7] Ellis, B.D., DiPaolo, B.P., McDowell,
D.L., and Zhou, M. 2014. Experimen-
tal investigation and multiscale modeling
of ultra-high-performance concrete pan-
els subject to blast loading. International
Journal of Impact Engineering 69:95–
103.
doi:10.1016/j.ijimpeng.2013.12.011

[8] Montero-Chacón, F., Schlangen, E., Ci-
fuentes, H., and Medina, F. 2015.
A numerical approach for the design
of multiscale fibre-reinforced cementi-
tious composites. Philosophical Magazine
95:3305–3327.
doi:10.1080/14786435.2015.1040101

[9] Octávio, C., Dias-da-Costa, D., Alfaiate,
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