
9th International Conference on Fracture Mechanics of Concrete and Concrete Structures
FraMCoS-9

V. Saouma, J. Bolander, and E. Landis (Eds)

THE SCALED BOUNDARY FINITE ELEMENT METHOD FOR THE
EFFICIENT MODELLING OF LINEAR ELASTIC FRACTURE

ADRIAN W. EGGER∗, SAVVAS P. TRIANTAFYLLOU† AND ELENI N. CHATZI∗

∗Swiss Federal Institute of Technology Zurich (ETHZ)
Zurich, Switzerland

e-mail: egger@ibk.baug.ethz.ch and chatzi@ibk.baug.ethz.ch

†University of Nottingham
Nottingham, UK

e-mail: savvas.triantafyllou@nottingham.ac.uk

Key words: Scaled Boundary Finite Element Method (SBFEM), eXtended Finite Element Method
(XFEM), Linear Elastic Fracture Mechanics (LEFM), Stress Intensity Factors (SIFs), Multiscale

Abstract. In this work, a study of computational and implementational efficiency is presented, on the
treatment of Linear Elastic Fracture Mechanics (LEFM) problems. To this end, the Scaled Boundary
Finite Element Method (SBFEM), is compared against the popular eXtended Finite Element Method
(XFEM) and the standard FEM approach for efficient calculation of Stress Intensity Factors (SIFs).
The aim is to examine SBFEM’s potential for inclusion within a multiscale fracture mechanics frame-
work. The above features will be exploited to solve a series of benchmarks in LEFM comparing
XFEM, SBFEM and commercial FEM software to analytical solutions. The extent to which the
SBFEM lends itself for inclusion within a multiscale framework will further be assessed.

1 INTRODUCTION

The possibility of modelling damage re-
lated phenomena, such as crack initiation, crack
propagation and de-lamination by finite ele-
ment method (FEM) has been demonstrated in
[1]. Additionally, a significant amount of re-
search has been conducted specifically on the
topic of singular elements [2] in order to prop-
erly capture the stress singularities about crack
tips. However, certain issues such as extensive
mesh refinement, remeshing and mesh depen-
dent projection errors have been encountered,
rendering this method undesirable in terms of
implementational complexity and accuracy, as
well as computationally prohibitive for larger
systems.

The aforementioned issues inherent to FEM
have given rise to the eXtended Finite Element

Method (XFEM) [3]. Many shortcomings, such
as the excessive mesh refinement and mesh de-
pendent projection errors of the standard FEM
formulations were alleviated. The principle
idea lies in decoupling the discontinuities, both
weak (material interfaces) and strong (cracks),
from the mesh. This is achieved via adoption
of the level set method (LSM) [4] for tracking
discontinuities in conjunction with the seeding
of jump and crack tip enrichments to the dis-
placement solution, thus extending the standard
FEM procedure. Leaving intact the core con-
cepts and steps of FEM is in large responsible
for its success and inclusion in most major com-
mercial FEM software packages.

Though XFEM has garnered significant aca-
demic interest and resolved major issues associ-
ated with FEM based damage simulation in the
process, it is still an evolving field of research.
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A select few open topics include challenges ex-
tending the method to 3D applications with re-
spect to the LSM [5], the rapid increase in con-
dition number of the stiffness matrix [6] and the
need for a priori knowledge of the type of crack
tip singularity before solution [7].

Another numerical method, also based on
FEM, which lends itself naturally to the task of
modelling damage related phenomena without
the need for an extension, is the scaled bound-
ary finite element method (SBFEM).

The original publication of Dasgupta [8],
coining the term “Cloning Algorithm”, marks
SBFEM’s beginnings for modelling wave prop-
agation in unbounded soils, i.e., for soil-
structure interaction and earthquake engineer-
ing. Wolf built upon this work naming it the “in-
finitesimal finite element method” [9]. Through
a series of advances ([10], [11]), he and his
collaborators arrived at the formulation based
on a derivation using the minimum weighted
residual method named SBFEM. A collabora-
tion with Deeks [12] led to the derivation of the
SBFEM equations by virtual work formulation.

Originally intended for unbounded domains
it was soon found that SBFEM is equally effec-
tive for bounded domains [11] as well as dam-
age related phenomena. By further utilizing
the Schur decomposition in conjunction with
a matrix exponential during the solution pro-
cess [13], the numerical issues with repeated
eigenvalues associated with the standard eigen-
value decomposition are eliminated. Further,
the power of the crack tip singularity is ac-
curately accounted for, which allows quantify-
ing the stress intensity factors (SIFs) at mate-
rial interfaces with greater precision. Based
on these findings, crack propagation algorithms
have been proposed ([14], [15], [16]).

Additional topics of note include the treat-
ment of dynamics based on a continued frac-
tion solution [17], a Frobenius series expansion
[18] and the spectral element method [19]. Re-
cently, SBFEM has been extended to material
non-linearity [20] as well as material and geo-
metric non-linearity [21]. Further, a non-linear
heat transfer problem was solved using the ho-

motopy analysis method (HAM) [22]. Also,
hybrid methods such as coupling with mesh-
less methods [23], boundary element method
(BEM) [24] and the finite element method
(FEM) [25] have been developed. Furthermore,
SBFEM has been used as crack tip enrichment
in XFEM [26]. In addition, isogeometric analy-
sis has successfully been fused with the SBFEM
principles [27]. Finally, a novel variation of
SBFEM with diagonalized and thus decoupled
coefficient matrices has been developed [28], in
which each node can be treated independently.

As SBFEM lends itself naturally to the so-
lution of damage related phenomena it remains
to be determined how it compares to XFEM in
this regard. Unfortunately, very little literature
exists on this topic. The authors are only aware
of two publications that in passing touch on this
subject matter. One compares a polygon based
SBFEM to XFEM directly [15], the other com-
pares XFEM with SBFEM as tip enrichment
to standard XFEM [26]. Unfortunately, based
on these publications no comprehensive conclu-
sions can be made, which affirms the need for a
more thorough investigation.

As a result, this paper is organized as fol-
lows: Section 2 presents the underlying theory
of SBFEM with focus on the SIFs. Section 3
contains numerical examples, wherein the per-
formance of SBFEM is compared to analytical
and references solutions as well as published
benchmark problems. Finally, the findings are
summarized in section 4.

2 THEORY
The strong form of the governing equations

in 2D elastostatics is given as follows:

equilibrium: Lσ + b = 0 in Ω (1a)
constitutive: σ = Dε in Ω (1b)

compatability: ε = LTu in Ω (1c)
boundary conditions: u = û on Γ (1d)

σ · n = t̂ on Γ (1e)

First, the elastostatic equilibrium equations of
the discrete problem are formulated by means
of the Principle of Virtual Work resulting in the
scaled boundary finite element equation in elas-
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tostatics. Next, the solution procedure, which
leads to the formulation of the stiffness matrix
will be presented. Then, as part of the post-
processing, the computation of the stress inten-
sity factors (SIFs) will be shown.

2.1 Summary of SBFEM

SBFEM’s unique properties originate from
the introduction of a scaling center O, which, in
all but a few special cases, must be directly vis-
ible from every point on the domain boundary.
In doing so, the Cartesian coordinate system is
transformed into one resembling polar coordi-
nates. Thus, a radial coordinate ξ and a tangen-
tial coordinate η are introduced. Based on the
premise that an analytical solution can be found
in the radial direction and therefore only the tan-
gential direction must be discretized in the fi-
nite element sense, ξ runs from 0 ≤ ξ ≤ 1 for
bounded domains, 1 ≤ ξ ≤ ∞ for unbounded
domains and ξinterior ≤ ξ ≤ ξexterior for
bounded domains consisting of similar bound-
aries, whereas η spans −1 ≤ η ≤ 1 for each
element.

ξ ξ ξ
10 1 ∞ ξ1 ξ2

scaling center

boundary node

system domain

ξ-axis

Figure 2: Possible domain types using SBFEM

By consequence, it is only necessary to dis-
cretize the boundary, which reduces the dimen-
sion of the problem by one. As a result, each el-
ement includes additional information pertain-
ing to the portion of the domain spanned by it-
self and the scaling center (Fig. 2).

2.1.1 Derivation based on the virtual work
approach

The change of coordinates from Cartesian
(x, y) to scaled boundary (ξ, η) is termed the
scaled boundary transformation of geometry. It
states that any point in the domain is therefore
equivalently mapped as:

x(ξ, η) = xO + ξx(η) = xO + ξ[N(n)]{x} (2a)
y(ξ, η) = yO + ξy(η) = yO + ξ[N(n)]{y} (2b)

where [N (η)] corresponds to the fi-
nite element interpolation functions
[N1(η), N2(η), ..., Nn(η)], {x} resp. {y} repre-
sents the nodal coordinates [x1, x2, ..., xn]T and
n is the number of nodes per element on the
boundary. The derivatives relating the Carte-
sian to the scaled boundary coordinate system
are linked by the Jacobian J , its inverse J−1
and determinant |J | all at the boundary as ex-
pressed below:[
•,ξ
•,η

]
=

[
x,ξ y,ξ

x,η y,η

][
•,x
•,y

]
= J

[
•,x
•,y

]
(3a)[

•,x
•,y

]
=

1

|J |

[
y,η −y,ξ
−x,η x,ξ

][
•,ξ
•,η

]
= J−1

[
•,ξ
•,η

]
(3b)

where the notation •,x is introduced as the
derivative with respect to x.

Consequently, a differential unit of volume
dV may be formulated in scaled boundary co-
ordinates as:

dV = |J |ξdξdη (4)

The derivatives may further be used to con-
struct the linear differential operatorL in scaled
boundary coordinates. In a first step, it is
split. Then the partial derivatives are substi-
tuted, which results in the following formula-
tion:

[L] = [b1(η)] · •,ξ +
1

ξ
[b2(η)] · •,η (5)

where [b1(η)] and [b2(η)] represent:

[b1(η)] =
1

|J |

 y,η 0
0 −x,η

−x,η y,η

 (6a)

[b2(η)] =
1

|J |

−y,ξ 0
0 x,ξ

x,ξ −y,ξ

 (6b)
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Legend:

P(x̂, ŷ)= point in domain

P(x, y)= point on boundary

(ū, t̄)= boundary conditions of domain

(ūe, t̄e)= boundary conditions of elements (i.e. discretized boundary)

= nodes of line element with coordinates (xn, yn)

O = scaling center and origin of normalized radial coordinate ξ

(ξ,η)= scaled boundary coordinates with 0≤ ξ≤ 1 and −1≤ η≤ 1

DOFi = degree of freedom of each node in global (x,y)-direction

(x, y)= global coordinate system

Figure 1: Introduction of SBFEM specific discretization of the domain

The displacements on the boundary are in-
terpolated in an isoparametric fashion. Anal-
ogous to the geometry mapping the displace-
ments {u(ξ, η)} are comprised of an analyti-
cal part in radial direction {u(ξ)} and an inter-
polatory part relying on interpolation functions
[Nu(η)] in tangential direction:

{u(ξ, η)} = [Nu(η)]{u(ξ)} (7)

where [Nu(η)] represents the shape functions
[N (η)] applied to each degree of freedom inde-
pendently by applying the identity matrix I as
follows:

[Nu(η)] = [N1(η)In, N
2(η)In, ..., N

n(η)In] (8)

Hence, by substituting into eqn. 1c an expres-
sion for the strains may be formulated:

{ε(ξ, η)} = [B1(η)]{u(ξ)},ξ +
1

ξ
[B2(η)]{u(ξ)} (9)

where

[B1(η)] = [b1(η)][Nu(η)] (10a)

[B2(η)] = [b2(η)][Nu(η)],η (10b)

And as a consequence the stresses follow as:

{σ(ξ, η)} = [D]

(
[B1(η)]{u(ξ)},ξ +

1

ξ
[B2(η)]{u(ξ)}

)
(11)

Choosing to proceed by means of the principle
of virtual work, the corresponding virtual dis-
placements and strains are expressed as:

{δu(ξ, η)} = [N(η)]{δu(ξ)} (12a)
{δε(ξ, η)} = [L]{δu(ξ, η)} (12b)

As such, the virtual work statement equating in-
ternal work to external work in scaled boundary
coordinates becomes:∫
V

{δε(ξ, η)}T {σ(ξ, η)}dV −
∫
∂Ω

{δu(η)}T {t(η)} = 0

(13)
Proceeding analogously as in the case for stan-
dard FEM, two equations arise:

{P } = [E0]{uh},ξ + [E1]T {uh} (14)

[E0]ξ2{u(ξ)},ξξ + [[E0] + [E1]T − [E1]]ξ{u(ξ)},ξ
− [E2]{u(ξ)} = {0} (15)

and the following substitutions are introduced
for brevity, which bare striking similarity to
stiffness matrices in FEM:

[E0] =

∫
∂Ω

[B1(η)]T [D][B1(η)]|J |dη (16a)

[E1] =

∫
∂Ω

[B1(η)]T [D][B2(η)]|J |dη (16b)

[E2] =

∫
∂Ω

[B2(η)]T [D][B2(η)]|J |dη (16c)
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Additionally, P represents the nodal forces and
uh the calculated displacements on the bound-
ary. It can be seen that eqn. 14 must be satisfied
on the boundary and eqn. 15 must be satisfied
in the domain. Eqn. 15 is termed the scaled
boundary finite element equation in displace-
ment.

2.1.2 Solution procedure

A general solution of the scaled boundary fi-
nite element equation is assumed as a power se-
ries of following form

{u(ξ)} = c1ξ
λ1{φ1}+c2ξ

λ2{φ2}+ ...+cnξ
λn{φn}

= [φ]ξdλc{c} (17)

where λi and {φi} are the corresponding eigen-
values and eigenvectors. The integration con-
stants ci are dependant on the boundary condi-
tions. Visually, this solution may be interpreted
as resembling the mode superposition method
for standard finite element schemes: The eigen-
vector {φi} can be thought of as a modal dis-
placement vector of the boundary nodes, while
λi is the accompanying modal scaling factor in
radial ξ direction.

Upon substitution of the general solution
into the scaled boundary finite element equa-
tion in displacements, the following quadratic
eigenvalue equation results:

[dλc2[E0]− dλc[[E1]T − [E1]]− [E2]]{φ} = {0}
(18a)

{q} = [[E1]T − dλc[E0]]{φ}
(18b)

Eqn. 18b thus represents a modal interpretation
of the boundary forces and consequently can be
regarded as nodal force modes required to bal-
ance the corresponding displacement modes on
the boundary. As a result, all quantities associ-
ated with φ must correlate to displacements by
assumption of the general solution, while q di-
rectly links to the modal forces on the boundary.

It has been shown that from a fracture
mechanics standpoint, the linearisation of the
above quadratic equations is beneficial [13].
However, this comes at the price of doubling the
amount of equations needed to be solved and re-

sults in the following formulation:

[Z]

[
φ

q

]
= dλc

[
φ

q

]
(19)

where

[Z] =

[
[E0]−1[E1]T −[E0]−1

[E1][E0]−1[E1]T − [E2] −[E1][E0]−1

]
(20)

and [Z] is a Hamiltonian matrix, which dictates
symmetry about the real and the imaginary axis
for all eigenvalues.

Based on the symmetry of the eigenvalues,
their contributions towards the solution should
be separated accordingly. The same applies
analogously to the integration constants [c].

[Z]

[
φ

q

]
= dλc

[
φ

q

]
=

[
[φ1] [φ2]

[q1] [q2]

][
dλ−c

dλ+c

]
(21)

where the subscripts “+” and “-” denote pos-
itive and negative eigenvalues respectively.

This corresponds to splitting the bounded re-
sponse from the unbounded response.

In order to determine the stiffness matrix of
the domain, the eigenvalues and eigenvectors
are substituted into the general solution (eqn.
17):

{u(ξ)} = [φ1]ξdλ
+c{c1} + [φ2]ξdλ

−c{c2} (22)

Using the previous observation and the fact
that a bounded domain is to be analysed, the
second part of eqn. 22 is discarded. Fur-
ther, in order to determine the stiffness ma-
trix of the bounded domain, the displacements
at the boundary {u(ξ = 1)} are compared
to their corresponding equivalent nodal forces
{Pbounded} = [q1]{c1}, resulting from the inte-
gration constants enforcing the boundary con-
ditions on the force modes. This is achieved by
first evaluating eqn. 22 at ξ = 1 and then solv-
ing for the integration constants {c1}:

{c1} = [Φ1]−1{u(ξ = 1)} (23)

Next, substituting eqn. 23 into the expression
for the equivalent nodal forces {Pbounded} re-
sults in:

{Pbounded} = [q1][Φ1]−1{u(ξ = 1)} (24)

Consequently, the stiffness matrix of a bounded
domain is given as:

Kbounded = +[q1][Φ1]−1 (25)
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The back calculation of strains and stresses
follows by first determining the integration con-
stants (eqn. 23), then the general solution (eqn.
22) and finally the stresses (eqn. 11) and strains
(eqn. 9) follow.

2.2 Calculation of stress intensity factors
One unique feature of SBFEM is the ease

with which the stress intensity factors (SIFs)
can be calculated. As opposed to other meth-
ods, no modification to the solution procedure
is necessary and they can be extracted conve-
niently in post-processing. This stems from
the fact that an analytical solution for displace-
ments, and by extension also the strains and
stresses, is found in radial direction. By placing
the scaling center at the crack tip, an analytical
limit as the stresses approach the crack tip can
be taken (Fig. 3).

A

y

xθ

rL(θ)

Lθ=0

Figure 3: SBFEM domain including a crack and
scaling center at crack tip

This results in the following expression for
the stresses of one particular element:

σ(ξ, η) =

n∑
i=1

ciξ
−λi−1Γi (26)

with Γi representing the corresponding stress
modes.

Γi =

Γxx
Γyy
Γxy


i

= D[−λiB1(η) +B2(η)]Φi (27)

It can be shown, that the only modes contribut-
ing to a singular response are within the range
of −1 < λ < 0. Thus, Φi represents a sub-
matrix of the displacement modes correspond-
ing to the intersection of a sigular mode column
and the associated DOFs rows of the element

encompassing node A. By matching the expres-
sion for the singular modes with the definition
of the SIFs on the boundary and applying the
boundary conditions via integration constants,
an expression for the mode I and mode II SIFs
can be found:[

KI

KII

]
=
√

2πL0

[∑
i=I,II ciΓyy(η = ηA)i∑
i=I,II ciΓxy(η = ηA)i

]
(28)

Since the calculation of SIFs is based purely
on stresses, favourable post-processing tech-
niques are directly applicable. Using a stress re-
covery technique such as the Super-convergent
Patch Recovery (SPR) theory ([29], [30]), the
raw stress field may be recovered resulting in
significantly improved results. Next to the
fact that only the singular modes have to be
smoothed on the boundary, numerical experi-
ments have shown that excellent results can still
be achieved by only recovering the stresses over
a few element in the general crack extension
direction, further reducing computational cost.
Furthermore, an effective and computationally
economical error estimator [31] for SIFs is pos-
sible based on the difference between recovery
and raw stresses (Fig.10). As opposed to XFEM
though, no additional enrichment terms must be
included and thus the need for integration of
singular terms is eliminated. Since in SBFEM
all elements can be treated equally, many issues
pertaining to the condition number of the stiff-
ness matrix can be avoided. Additionally, no as-
sumptions on the type of singularity to include
in the crack tip enrichment function is neces-
sary. On top of that SBFEM is also exempt of
parameter specific dependencies, such as the ra-
dius of integration and enrichment, as encoun-
tered in XFEM.

3 Numerical Examples
In a first numerical example, the conver-

gence characteristics of SBFEM are studied. In
a second numerical example, its accuracy and
speed of computing SIFs is compared to XFEM
and ABAQUS. SBFEM and XFEM are both
implemented in Matlab R© 2015b. In ABAQUS
6.14-1, the contour integral was used to com-
pute the SIFs. All calculation were performed
on an Intel XEON E3-1225 v3.
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3.1 Square plate with edge crack, mode II
The square, homogeneous domain with an

edge crack, as described in fig. 4, is considered.
For this example, an analytical solution exists
[32] for the displacements, stresses and SIFs.

L = 1

E = 200 GPa
ν = 0.3

L
=

1
L
=

1

L = 1

Material properties:

KI = 0

KII = 1

Loading:

Figure 4: Problem domain with material prop-
erties and loading of example 1

In this experiment, a mode II plane stress load-
ing case was considered, resulting from setting
KI = 0 and KII = 1, that is setting the mode I
SIF to zero and prescribing a mode II SIF equal
to one. Based on this choice, the resulting ex-
act displacements were enforced as boundary
conditions for each node. Consequently, the L2

norm of displacement error can be easily for-
mulated.

DOF
40 100 200 500

er
ro

r

10-12

10-10

10-8

10-6

10-4
L

2
 displacement norm vs. DOF

2-node, m = 1.19
3-node, m = 3.47
4-node, m = 3.58
5-node, m = 4.49
6-node, m = 5.43

Figure 5: Error in L2 displacement norm vs
DOF

Fig. 5 illustrates the convergence behaviour
of SBFEM, where the displacement error is

plotted against DOF of the domain, including
higher order elements. It becomes apparent that
linear, 2-node elements perform significantly
inferior to the higher order elements. Addition-
ally, there tends to be minor oscillation in the
convergence behaviour that subsides as higher
order elements are used. This can be attributed
to the stability of the routine used to solve the
eigen-problem. During the eigen-decompositon
of the Hamiltonian matrix Z, a small stabiliz-
ing parameter ε is added. Numerical experi-
ments have shown that though the introduction
of ε does lead to a correct solution, the conver-
gence is impacted marginally. Consequently, it
must be noted, that although SBFEM converges
rapidly, only close to optimal convergence is
achieved.

Similarly, the L2 norm of stress error can be
evaluated as seen in Fig. 6.

DOF
40 100 200 500

er
ro

r

10-8

10-6

10-4

10-2
L

2
 stress norm vs. DOF

2-node, m = 1.08
3-node, m = 2.17
4-node, m = 3.09
5-node, m = 4.21
6-node, m = 5.63

Figure 6: Error in L2 stress norm vs DOF

For this, the stresses were first computed and
then smoothed using SPR theory. Finally, the
van Mises stresses were computed and used as
the basis for the calculation. Remarkably, all
convergence lines contain an abrupt change in
slope. This can be primarily attributed to the
fact that SBFEM performs poorly, if only one
element is employed to model one side of a do-
main as is the case in this example. Because
the solution for SBFEM is found as a super-
position of modes, having only one element to
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model a part of the boundary significantly lim-
its the mode shapes that can be reflected. Thus,
it is recommended to use at least two elements
per side when modelling a domain with abrupt
changes in element orientation. Removing the
computations where only one element is used
to model a side surface, excellent convergence
properties are obtained.

The rapid convergence properties of SBFEM
can also be observed when examining the SIFs.
Indeed very few DOF are necessary in order to
approximate the exact solution as can be seen in
Fig. 7.

DOF
100 200 300 500

K
II

0.994

0.995

0.996

0.997

0.998

0.999

1

1.001
Value of K

II
 vs. DOF

exact
2-node
3-node
4-node
5-node
6-node

Figure 7: Absolute values of numerically com-
puted KII vs DOF

DOF
40 100 200 500

er
ro

r 
of

 K
II
 in

 %

10-4

10-2

100

Percent error in K
II
 vs. DOF

3-node
4-node
5-node
6-node

Figure 8: Percent error in numerically com-
puted values for KII vs DOF

With the aim of facilitating visual inspection,
the same response as in Fig. 7 is plotted in Fig.
8, however this time as percent error in SIFs
between the numerically computed values and
the exact solution. From this second figure, it
would seem that the even and odd noded ele-
ments converge at different rates. If this hold
true for other numerical examples is still to be
determined.

Nevertheless, as a main goal of coupling
SBFEM with a multiscale approach is to ideally
increase the accuracy with which the SIF can
be computed while decreasing computational
cost, Fig. 9 compares percent error in calculated
SIFs to wall clock time. As can be seen, in or-
der to achieve sub percent accuracy in SIFs for
this benchmark problem, it is not necessary to
compute for longer than 0.1 seconds. As again
SPR theory was applied to recover the singular
stresses and thus calculate the SIFs, this enables
the construction of a straight forward error esti-
mator. Fig. 10 demonstrates the effectivity in-
dex for the case of 3-node elements. Naturally,
as the numerical solution obtained by SBFEM
converges rapidly with only few DOF, the re-
covered SIFs closely conform to the exact so-
lution, which ultimately contributes to the ac-
curacy of the error estimator and its effectivity
index.

seconds
0.1 0.2 0.5 1 2 3 4 5

er
ro

r 
of

 K
II
 in

 %

10-4

10-2

100

Percent error in K
II
 vs. time

3-node
4-node
5-node
6-node

Figure 9: Percent error in numerically com-
puted values for KII vs computational time
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Figure 10: Effectivity index of error estimator

3.2 Rectangular plate with edge crack
This next numerical example is a rectangular

plate with an edge crack under mode II loading,
as is depicted in Fig. 11.

15
0
m
m

15
0
m
m

75 mm 75 mm

x

y

τ = 0.1 GPa

E = 200 GPa
ν = 0.3

Figure 11: Problem domain, material properties
and loading of example 2

Based on the geometry of the domain in
conjunction with the boundary conditions, the
mode I and mode II SIFs, KI and KII respec-
tively, will both take on values other then zero.
The aim is thus to contrast SBFEM with its
nearest competitors, XFEM as well as a soft-
ware package ABAQUS, all with regards to the
computation of SIFs. To this end, the effect of
stress smoothing on accuracy will briefly be dis-
cussed first. Then the accuracy of the computed

SIFs will be plotted vs computational wall clock
time required to obtain the SIFs.

Qualitatively, the stress recovery method
based on SPR theory has been previously de-
scribed as being highly advantageous. How-
ever, its effects have previously not been quan-
tified before in the context LEFM. In order
to illustrate the effect, the mode I SIF KI is
compared to the exact solution. Fig. 12 left,
plots the deviation of the numerically computed
value, based on raw stresses, to the exact solu-
tion as a percentage versus computational time.
In Fig. 12 right, on the other hand, the recov-
ered stresses were used to calculate the SIFs.
A couple of effects can be observed. First, all
solutions based on the recovered stresses con-
verge to the exact solution and without oscil-
lation in accuracy. Thus, a higher amount of
DOF is guaranteed to produce a closer estimate
of the exact SIFs. Next, all meshes of higher
order elements obtain higher accuracy after a
stress recovery method is applied. Further, there
is no guarantee that the numerically calculated
SIFs approach the exact solution strictly from
the positive of negative side alone. This is in
part due to the modal superposition characteris-
tic of the SBFEM solution. Finally, the lower
order the element, the higher the deviation be-
tween raw and recovered SIFs.

Recalling that the SBFEM and XFEM im-
plementations are written in Matlab as proto-
type code while ABAQUS is a commercial soft-
ware, the comparison of computational time
required must always be examined in con-
text. Further, in order to provide a parametric
study in XFEM similar to the one performed in
SBFEM based on higher order elements, the ra-
dius of tip enrichment (rd) was modified. Cal-
culations were performed with the enrichment
radius ranging from 1.55-3.55 times an element
length. Figs. 13 and 14 illustrate the SIFs KI

andKII calculated by all three numerical meth-
ods. The marginal ‘overshooting’ of XFEM is
attributed to the slight difference in which the
boundary conditions were applied in SBFEM
and ABAQUS. Nevertheless, it is indisputable
that it is possible to compute the SIFs, but
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Figure 12: Comparison between SIFs computed using raw (left) and recovered (right) stresses

with the same accuracy one order of magnitude
faster when using SBFEM in place of XFEM.
Furthermore, the SBFEM approach is slightly
more accurate for the same amount of time al-
located on computation as the commercial soft-
ware ABAQUS. It is interesting to note that the
SIF KI approaches the exact value from the up-
per side, while the SIF KII does so from the
lower side in this particular example.

4 Conclusion

SBFEM combines many of the benefits from
BEM and FEM into one method, while offer-
ing unique features of its own, especially with
regards to LEFM and the calculation of SIFs.
The semi-analytical nature of SBFEM allows to
derive formulations for the SIFs based directly
on their definitions, without the need to alter the
solution process in any form based on a priori
knowledge. As in SBFEM the SIF calculation
is based purely on stresses, stress recovery tech-
niques such as SPR theory may be applied to
gain additional accuracy at negligible computa-

tional cost. Furthermore, by contrasting SIFs
computed with the raw stresses to those deter-
mined by the recovered ones, an effective error
estimator can be formulated.

Finally, comparing SBFEM to XFEM and
ABAQUS indicates that SBFEM is an order of
magnitude faster than XFEM for the examples
presented and matches the computational speed
of ABAQUS at equal or better accuracy. With
this in mind, SBFEM appears to be a promising
numerical method to couple with existing multi-
scale schemes for the purpose of efficiently and
accurately including fracture. This is a direction
of future research.
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