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Abstract. Debonding of coarse aggregates from the surrounding matrix is considered as a major
energy dissipative mechanism which affects the mechanical behavior of cementitious composites like
concrete. In the present work, a micromechanical model has been developed to study the effect of
debonding on the macroscopic behavior of concrete. Concrete is modeled as a two phase composite
and a linear softening law has been used to characterize the interface between the phases. Numerical
analysis is carried out to obtain the macroscopic stress-strain behavior under uniaxial tension. A
parametric study is conducted to study how the various material properties of the individual phases
affect the overall stress-strain behavior of concrete, with special emphasis on the post-peak softening.

1 INTRODUCTION

Existence of an inelastic zone, known as
the fracture process zone (FPZ), ahead of the
macrocrack tip is well documented in literature
of concrete fracture. The FPZ is characterized
by different toughening mechanisms like mi-
crocracking, aggregate bridging, crack deflec-
tion which consume considerable part of the
energy supplied to the specimen by the exter-
nal tensile load. The toughening mechanisms
occurring in the fracture process zone are re-
sponsible for the quasi-brittle behavior of con-
crete [1, 12]. Several experimental and ana-
lytical work have been conducted to explain
the toughening mechanisms in the process zone
[5, 10, 11]. However, a clear understanding of
the role of the different constituents of concrete
in its mechanical behavior is still lacking. Plain
concrete can be considered as a two phase par-
ticulate composite containing coarse aggregates
dispersed in mortar matrix. The inherent het-
erogenous nature of concrete results in its com-

plex mechanical behavior. The difference in
elastic properties of the coarse aggregates and
the surrounding mortar results in making the in-
terface between the two phases relatively weak.
When a concrete specimen is subjected to ten-
sile loading, debonding of the aggregates from
the mortar matrix occurs and bond cracks intiate
at the interface. The bond cracks act as precur-
sors of microcracks and upon increased load-
ing, the microcracks localize to form a macroc-
rack [2, 4]. Extensive debonding can also result
in crack deflection [8]. Figure 1 shows schemat-
ically the separation of mortar and aggregate at
an interface between coarse aggregate and ce-
ment matrix.

The mechanism essentially involves differ-
ent material length scales and a multiscale mod-
eling should be adopted in order to gain a better
understanding of the fracture behavior of con-
crete.

Micromechanics is used to describe the
behavior of composite materials wherein the
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macroscopic or overall response of the compos-
ite is expressed in terms of the parameters of its
constituents. Different homgenization schemes
such as the Dilute distribution method, Self con-
sistent method, Mori-Tanaka method etc. ex-
ist to relate the microfields of the constituent
phases to the macroscopic behavior of the com-
posite. The micromechanics framework pro-
vides a robust method and gives an insight to the
physics of the different mechanisms occurring
at the constituent level of heterogeneous mate-
rials. [7, 8] provide a comprehensive account of
the various micromechanical models developed
in the recent years.

Micromechanics has been used to describe
the mechanical behavior for concrete in the past
few decades. Pensee et. al. [9] have developed
a model coupled with damage mechanics to an-
alyze the behavior of concrete. Damage is ac-
counted for by considering a density of micro-
cracks. Microcrack growth causes anisotropy
in the overall behavior. Unilateral effect is also
taken into account in case of the microcracks.
Mihai and Jefferson [6] used exterior point Es-
helby solution to determine the location of mi-
crocrack initiation. Constitutive model of con-
crete has been developed considering a dilute
distribution of penny shaped microcracks in the
interfacial transition zone (ocurring between the
matrix and the aggregate). Stress recovery due
to rough closure of the microcracks was devel-
oped using contact mechanics.

In the present work, a two dimensional
micromechanical model for concrete is pro-
posed to capture the phenomena of aggregate
debonding from the surrounding mortar matrix.
Airy stress functions are used to determine the
stress and displacement fields in the individ-
ual phases. The Mori-Tanaka homogenization
scheme, which is suitable for materials con-
taining significant percentage of inclusions, is
adopted to obtain the overall constitutive behav-
ior of concrete. The effect of debonding on the
macroscopic stress-strain behavior of concrete
when subjected to monotonic tensile loading is
studied.

2 MICROMECHANICAL MODEL
Concrete is modeled at meso-scale as a

two phase composite containing circular aggre-
gates (phase ’a’) dispersed in mortar matrix
(phase ’m’). Micromechanics is used to re-
late the stresses and displacements obtained at
the meso-scale to the behavior of concrete as a
whole. The elastic properties of the constituents
and the volume fractions of the different phases
are considered in the formulation. Macroscopic
stress and strain are obtained from the corre-
sponding average field quantities of the respec-
tive phases [13] as:

σ = (1− f)σm + fσa (1)
ε = Sm : σ + f(Sa − Sm) : σa

+ fεint (2)

where Sm and Sa are the compliance tensors
for the mortar matrix and the aggregate respec-
tively, f represents the volume fraction of ag-
gregates present in the concrete mix, σm; σa

are the average stresses of the individual phases.
The term εint accounts for the inelastic strain
which occurs at the interface due to displace-
ment discontinuity when debonding of the ag-
gregate from the mortar matrix takes place.

Average stress in the aggregate is given by:

σij =
1

Aa

∫
Aa

σijdA (3)

which can be simplified to the form

σij =
1

Aa

∫
Sa

TixjdS (4)

The final form of the average stress requires
the cumulative effect of the interfacial traction
Ti acting on the boundary of the aggregate.

The inelastic strain resulting from the dis-
placement jump occurring across the interface
is given by:

εint =
1

2Ai

∫
S

(‖u‖ ⊗ n+ n⊗ ‖u‖)dS (5)

where ‖u‖ is the displacement jump across
the interface and n is the normal to the inter-
face.

The Mori-Tanaka (MT) method of homog-
enization is employed to obtain the relation
between the macroscopic quantities and their
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mesoscopic counterparts. In this method, the
interaction between the constituents is taken
into account by assuming that the inclusion (in
this case, the coarse aggregate) is embedded in
an infinite matrix and the far field stress (or
strain) is approximated by the average matrix
stress (or strain) [8].

ε = [Sm − f{(Sm − Sa).B}
. {(1− f)I + fB}−1] : σ + fεint (6)

where B is the coefficient tensor which re-
lates the average stress components of the ag-
gregates to the applied stress. σa = B : σ0 re-
lates the average aggregate stress to the far field
applied stress. In MT method, the far field stress
σ0 is replaced by σm. Equation 6 gives the final
result after substitution.

2.1 Interface behavior

A traction-separation law showing linear
softening is used to describe the behavior of the
interface after the interface strength is reached.
The area under the softening curve represents
the fracture energy Gf . The cohesive law is
characterized by the tensile strength and the
shear strength of the interface and the maximum
displacement discontinuity (both opening and
sliding). Figure 2 shows a schematic represen-
tation of the softening behavior of the interface.

2.2 Stress and displacement fields based on
Airy stress functions

A single aggregate embedded in infinite ma-
trix (mortar) is subjected to far field tensile
loading as shown in Figure 3. The coarse ag-
gregate is considered to be circular with radius
a. Elastic properties of the two phases (Kolosov
constant κ and shear modulus µ) are distin-
guished by the superscripts ’a’ and ’m’.

The elastic solution to the problem is found
with the aid of Airy stress functions. The Airy
stress functions for the aggregate phase and the
mortar phase are [3]:

φm =
T

4
{r2 − r2 cos(2θ) + Aa2logr

+ Ba2 cos(2θ) + C
a4

r2
cos(2θ)}

φa =
T

4
{Dr2 + Er2 cos(2θ)

+ F
a4

r2
cos(2θ)} (7)

The stress and displacement components for
both the phases as obtained from the Airy stress
functions are:

σmrr =
T

4
{2− 2 cos(2θ) + A

a2

r2
logr

− 4B
a2

r2
cos(2θ) + 6C

a4

r4
cos(2θ)}

σmrθ =
T

4
{−2 sin(2θ)− 2B

a2

r2
sin(2θ)

− 6C
a4

r4
sin(2θ)}

2µmumr =
T

4
{(κm − 1)r + 2r cos(2θ)− Aa

2

r

+ B(κm + 1)
a2

r
cos(2θ)

+ 2C
a4

r3
cos(2θ)}

2µmumθ =
T

4
{2r sin(2θ)

− B(κm − 1)
a2

r
sin(2θ)

+ 2C
a4

r3
sin(2θ)} (8)

σarr =
T

4
{2D − 2E cos(2θ)}

σarθ =
T

4
{2E sin(2θ) + 6F

a2

r2
sin(2θ)}

2µauar =
T

4
{D(κa − 1)r − 2Er cos(2θ)

+ F (κa − 3)
a3

r2
cos(2θ)}

2µauaθ =
T

4
{2Er sin(2θ)

+ F (κa + 3)
a3

r2
sin(2θ)} (9)
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The elasticity based solutions are used to ob-
tain the field quantities until the applied loads
reach the tensile strength of the interface. The
six constants appearing in the expressions are
determined by using suitable boundary condi-
tions.

Initially, when the applied load is relatively
low, the aggregate is perfectly bonded at the in-
terface. Equilibrium conditions require conti-
nuity of stress components σrr, σrθ and conti-
nuity of displacement components ur, uθ at the
interface between the aggregate and the matrix.

||σrr(a, θ)|| = 0 ||σrθ(a, θ)|| = 0

||ur(a, θ)|| = 0 ||uθ(a, θ)|| = 0 (10)

where ‖•‖ = (•)m − (•)a represents the dis-
continuity at the interface.

Upon increased loading, debonding occurs.
For the present analysis it is assumed that the
shear strength of the interface is sufficiently
high compared to the tensile strength. Hence,
only opening (normal direction) of the inter-
face is considered. A trial and error method is
adopted for the numerical analysis by assuming
some initial value of ‖ur‖.

3 NUMERICAL ANALYSIS
Numerical analysis is carried out to deter-

mine how the properties at the aggregate-mortar
scale affect the macroscopic constitutive behav-
ior of concrete. Parameters such as diameter
of the coarse aggregates, volume fraction and
the elastic properties of the individual phases,
behavior of the interface (in terms of tensile
strength of the interface and the fracture energy)
are considered to have effect on the behavior of
concrete.

While the linear elastic behavior is directly
obtained from the Airy stress function solu-
tion of the boundary value problem; in order
to capture the post peak softening behavior of
concrete, an incremental iterative procedure is
adopted. For the prefectly bonded case, the
stress-strain behavior is obtained by increment-
ing load at each step. However, once the tensile
strength of the interface is reached, strain is in-
creased in each step.

In the present study, all aggregates are as-
sumed to have the same diameter. However, a
distribution of different aggregate sizes may be
assumed to obtain a more realistic concrete mix.
Previous studies have shown that the shape of
the traction-separation law at the interface has
little effect on the behavior of concrete. There-
fore, only a linear softening law has been used
for analysis for simplicity of the model. Differ-
ent parameters characterizing the law has been
taken into account. The following assumptions
have been made for the present analysis:

1. The nonlinear behavior of concrete oc-
curs as a result of aggregate debonding.

2. The aggregate and mortar matrix are
isotropic and homogeneous.

3. The volume fraction of aggregates is high
in concrete and crack propagation occurs
mainly through interface.

4. Aggregates are all of the same size.

5. Plane stress conditions prevail.

6. The shear strength of the interface is
greater than its tensile strength. There-
fore, in the present study, it is assumed
that no slip occurs at the interface in the
tangential direction. Separation occurs
only in the normal direction.

7. 90% of the aggregates fail by debonding
at the interface [4].

4 RESULTS
Analysis in carried out using MATLAB for

the different material properties as given in Ta-
ble 1. The results for the effect of different size
of aggregates and the volume fraction of aggre-
gates are presented in this section.

4



Sudakshina Dutta and J. M. Chandra Kishen

Table 1: Material Properties

Property Value
Young’s modulus of
coarse aggregate Ea 70 GPa
Young’s modulus of

mortar Em 25 GPa
Poisson’s ratio of

coarse aggregate νa 0.20
Poisson’s ratio of

mortar νm 0.20
Tensile strength of

interface ft 3.0 MPa
Fracture energy

GfI 0.03 MPa-mm

Figure 4 shows the macroscopic stress
(normalized)-strain behavior for two different
aggregate sizes when the volume fraction of ag-
gregates is 45% . For both the sizes, the behav-
ior is similar in the linear elastic regime. The
pre-peak behavior is independent of the size of
the aggregates. Size of the aggregates enter the
formulation only when debonding starts at the
interface. The aggregate of smaller size (D =
16mm) debonds at an earlier stage compared
to that of the larger aggregate (D = 25mm).
From the area under the stress-strain curve it
can be seen that energy dissipated by aggregate
of larger size is higher thereby leading to a more
ductile behavior after peak load is reached. This
can be due to the fact that larger aggregate par-
ticles have greater boundary in contact with the
matrix. Hence, a higher energy is dissipated
when debonding at interface between the ag-
gregate and mortar occurs. To obtain an op-
timum post-peak softening behavior, a distri-
bution containing aggregates of different sizes
should be used.

Figure 5 shows the constitutive behavior of
concrete for different volume fractions of ag-
gregate for aggregate size of 20mm. For higher
volume fraction, we can observe a stiffer behav-
ior before the peak stress is reached. This is be-
cause, a higher aggregate content increases the
stiffness of concrete (aggregate having higher
Young’s modulus than mortar). At present, no
conclusion can be drawn regarding the effect of

aggregate volume fraction on the post-peak be-
havior at the macroscopic scale. Further analy-
sis needs to be conducted until complete failure
occurs at the interface.

In order to obtain a smoother response, a re-
finement is required in the increment of strain
(after debonding sets in at the interface) at each
step.

5 CONCLUSIONS
In the present study, the mechanism of ag-

gregate debonding under uniaxial tension is
modeled with the aid of micromechanics. Elas-
tic solution for the field quantities of the in-
dividual phases is obtained using Airy stress
functions. A linear softening cohesive law is
used to characterize the interface. An incre-
mental iterative procedure is adopted for solu-
tion when nonlinearity sets in (i.e., the tensile
strength of the interface is reached and debond-
ing occurs). The model is able to capture the
softening behavior after reaching peak load sat-
isfactorily. Effects of parameters like the ag-
gregate volume fraction and diameter of the ag-
gregate on the overall mechanical behavior of
concrete are investigated. This provides valu-
able insight regarding the behavior of concrete
at the constituent level and hence, will enable
to design concrete mix for desired performance
under tensile loading. The model can be further
improved by considering the effect of shear at
the interface and a distribution of different sizes
of aggregates.
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6 FIGURES

Figure 1: Debonding of aggregate from surrounding ma-
trix

Figure 2: Softening at the interface

Figure 3: Single aggregate subjected to uniaxial tensile
loading
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Figure 4: Effect of aggregate diameter
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Figure 5: Effect of aggregate volume fraction
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