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Abstract: The safety of double wall Concrete Containment Buildings (CCBs) primarily depends on
the integrity of concrete. The delayed deformations of concrete induced by creep and shrinkage cause
the loss of pre-stress that may reduce the air-tightness of the CCB internal wall in accidental
conditions. Creep of concrete is a complex phenomenon and its rate depends on several factors among
which microcracking is of major significance. To be able to represent effectively creep/microcracking
couplings in concrete with a mesoscale numerical model, a reliable damage model has to be primarily
defined. The phase field method for the modeling of fracture in brittle materials implemented in the
finite element software Cast3m is chosen as a basis. The interest of the study is to identify consistent
phase-field parameters for mortar and cement paste. The study is carried out by comparison of
experimental and numerical three-point notched bending tests using experimental elastic properties
and boundary conditions measured with Digital Image Correlation (DIC). Parameter identification is
performed using DIC measurements on three-point notched beam bending tests and validated in 3D
cases.
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The double wall CCB undergoes accelerated
creep and shrinkage kinetics as compared to a
single wall due to its particular environmental
conditions (heated air of reactor, absence of
rehydration from outside).
The consequence of creep and shrinkage is
increased risk of potential leaks under prooftesting or accidental high internal pressure. The
structure may develop local tensile stresses due
to the relaxation of pre-stresses. The cracks
formed at young age or under drying, closed
due to pre-stressing, may be re-opened. The
local tensile stress state of concrete can be
sufficient to initiate new cracks [1].
In view of this issue, the prediction of
delayed
deformations
and
subsequent

INTRODUCTION

The safety of double wall Concrete
Containment Buildings (CCBs) that are widely
used in the French nuclear industry primarily
depends on the integrity of concrete. The
containment building is the final barrier
implemented to protect the public from
radioactive substances released during an
accident inside the containment. Sometimes
called the third containment barrier for French
reactors, it must provide confinement of
radioactive species in the event of failure of fuel
rod cladding (first barrier) and reactor coolant
system (second barrier).
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mechanical property degradation is of major
interest. To be able to accurately describe
creep/microcracking couplings in concrete in a
mesoscale analysis, a reliable damage model
has to be first defined.
The phase field method for the modeling of
fracture in brittle materials [2] implemented in
the finite element software Cast3m is chosen as
a basis. The interest of the study is to identify
consistent phase-field parameters for mortar
and cement paste. The study is conducted by
comparing experimental data and numerical
predictions of three-point notched bending tests
using experimental elastic properties and
boundary conditions measured with Digital
Image Correlation (DIC).

Figure 1 : 1D diffusive crack zone [3]

The minimization problem for the crack
surface 𝑑 = arg {inf Γ 𝑙 (𝑑)} gives the crack
𝑑

phase field function
𝑑(𝑥) = 𝑒 −|𝑥|/𝑙

The total energy is equal to the sum of the
bulk energy 𝐸𝑒 and the energy required for
crack propagation 𝐸𝑑 . Based on Griffith’s
theory

2 MODELING THE FRACTURE WITH
THE PHASE FIELD METHOD
Phase field model has been proven to be an
effective tool for crack modeling in brittle
materials. In this section, a short review of the
thermodynamic and energetic approach of
Miehe et al. [2],[3] is presented.
Sharp crack topologies are regularized by
introducing a diffusive crack zone. The crack
surface is described by a functional Г dependent
upon an auxiliary variable d (crack phase field)
and characteristic length l

𝐸𝑑 = ∫ 𝜓𝑑 𝑑Ω = ∫ 𝐺𝑓 𝛾𝑙 (𝑑) 𝑑Ω
Ω

(4)

Ω

where 𝐺𝑓 is the fracture energy. The degraded
bulk energy is derived for the case of tensile
induced rupture with a split in positive and
negative energy contributions.
(5)
𝐸𝑒 (𝑑, 𝜀) = ∫ 𝜓𝑒 𝑑Ω
Ω

𝜓𝑒 (𝑑, 𝜀) = (𝑔(𝑑) + 𝑘)𝜓0+ (𝜀) + 𝜓0− (𝜀)

Γ𝑙 (𝑑) = ∫ 𝛾𝑙 (𝑑)𝑑Ω

(3)

(1)

(6)

where 𝜓0+ (𝜀) is the “positive” extension
energy, 𝜓0− (𝜀) the “negative” contraction
energy, 𝑔(𝑑) = (1 − 𝑑)2 the degradation
function. As 𝑔(𝑑) is specifically associated
with the extension energy, it allows the stiffness
recovery to be modeled in contraction due to
crack closure.
The variational derivative of the potential
energy for irreversible process reads

Ω

𝑑2 𝑙
(2)
𝛾𝑙 =
+ |∇𝑑|2
2𝑙 2
where 𝛾𝑙 is the crack surface density (with 𝑑 =
0 characterizing the unbroken state and 𝑑 = 1
the fully broken state of the material). To bring
in continuous principles, the damage variable 𝑑
is
gradually
changing
from
𝑥=0
corresponding to the cracked surface, and 𝑥 =
𝑙, where the body is considered intact
(Figure 1).

𝜎: 𝜀̇ = 𝜓̇ + 𝜙 , 𝜙 ≥ 0

(7)

where 𝜎 is the Cauchy stress tensor, 𝜀̇ the strain
rate, 𝜓̇ the free Helmholtz power, and 𝜙 the
dissipated power.
The free Helmholtz energy is expressed as
𝜕𝜓̇
𝜕𝜓̇
(8)
∙ 𝑑̇ +
: 𝜀̇
𝜕𝑑
𝜕𝜀
minimization of Eq. (7) gives a

𝜓̇ = 𝜓̇𝑒 + 𝜓̇𝑑 =
The
2

A. Tsitova, F. Bernachy-Barbe, B. Bary and F. Hild

thermodynamically consistent phase
equation for the damage variable d
(

𝐺𝑓
l

field

+ 2ℋ) d − 𝐺𝑓 l∆d = 2ℋ

The specimens were stored at ~100%
relative humidity before the tests that were
carried out at 28 day age.

(9)
3.2 Compression tests

+
ℋ𝑛 = 𝑚𝑎𝑥{𝜓𝑛−1
, 𝜓𝑛+ }

The Young’s modulus, Poisson’s ratio and
compressive strength were determined by
means of compression tests on cylindrical
specimens of size Ø30 × 65 mm. Compression
tests were performed in a closed-loop
displacement-controlled machine with 250 kN
capacity. The longitudinal and transverse
strains were measured with strain gages glued
with X60 HBM® adhesive. The force was
measured with the load cell of the testing
machine.

(10)

The temporal changes of the phase field is
driven by a local history field ℋ, which is equal
to the maximum tensile strain obtained in the
history of 𝜓0+ (𝜀).
3

EXPERIMENTAL TESTS

3.1 Introduction
Experimental tests were performed to
measure the mechanical properties (Young’s
modulus, Poisson’s ratio, fracture energy,
tensile strength) on mortar and cement paste
VeRCoRs
(VErification
Réaliste
du
Confinement des Réacteurs) [4] for modeling
purposes. The formulations for cement and
mortar are derived from the VeRCoRs concrete
formulation that is used in laboratory tests
(Table 1). The water to cement ratio is
W/C = 0.525.
The mortar formulation
represents the matrix surrounding the coarse
aggregates, and the cement paste formulation
corresponds to the matrix surrounding the fine
aggregates in the mortar.

3.3 Three-point bending tests
The fracture energy of cement paste and
mortar was measured based on the three-point
bending tests on notched prisms 4 × 4 × 16 cm
in size. Notches 12mm in length were cut with
a wire saw. Bending tests were performed with
a
closed-loop
displacement-controlled
machine. The stroke velocity is 0.03 mm/min,
which allows steady crack propagation to be
achieved [5]. The loading block and both
supports can rotate about their axes in the
direction of the specimen axis. The force is
measured by the load cell of the 250-kN testing
machine. The CMOD is measured using a clip
gage, which is attached to metal plates glued on
both sides of the notch with a base length of 9
mm (Figure 2).

Table 1 : Material constituents

Constituents
Mortar
Cement CEM I 52.5
N CE CP2 NF
Gaurain
Sand 0/4 REC LGP1
thresholded to 2 mm
Sikaplast Techno 80
Addition water
Total water
Cement paste
Cement CEM I 52.5
N CE CP2 NF
Gaurain
Total water

Mass
(kg)

Density
(kg/m3)

320

3.1

680.6

2.6

2.6
169.8
171.8

1.1
1.0
1.0

320

3.1

167.9

1.0

Figure 2 : Experimental setup for three point bending
test
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The fracture energy is calculated based on
the CMOD-force curve [5]
0.75𝑊0𝑐 + 𝑊1𝑐
(11)
𝐺𝑓 =
𝐴𝑙𝑖𝑔
with
𝑆
(12)
𝑊1𝑐 = 0.75 ( 𝑚1 + 2𝑚2 ) 𝑔 ∙ 𝐶𝑀𝑂𝐷𝑐
𝐿
𝑐
where 𝑊1 is the area below CMOD curve up to
the failure of the specimen, 𝑊1𝑐 the work done
by the deadweight of the specimen and loading
jig, 𝐶𝑀𝑂𝐷𝑐 the CMOD at failure, 𝐴𝑙𝑖𝑔 the area
of the broken ligament, 𝑚1 the mass of the
specimen, 𝑆 the loading span, 𝐿 the total length
of specimen, 𝑚2 the mass of the jig not attached
to the testing machine but put on specimen.

4

NUMERICAL EXAMPLES

4.1 Benchmark and parametric study

Figure 3 : Mesh geometry for a benchmark three-point
bending test

The mesh geometry replicates the specimen
geometry (Figure 3). The mesh in the fracture
initiation and propagation zone is discretized
with quadrangle elements of dimension
hmin = 0.4 mm. The size of elements is
increasing from the expected damage zone
toward boundaries. The vertical load is
prescribed as the sequence of vertical
displacements 𝑈𝑦 (𝑡) = 𝑚∆𝑈𝑦 , applied in the
middle top point with the integer 𝑚 ranging
from zero to the number of simulated time steps
𝑁 and with ∆𝑈𝑦 a constant incremental
displacement.

3.4 Digital image correlation
The three-point bending tests were
monitored with a camera on one side during the
test with 1.5 to 2.0 fps acquisition rate for the
following DIC analyses. DIC enables for
measuring displacement fields of specimen
surfaces during the whole test [6]. To improve
DIC performances, a random “speckle” pattern
can be sprayed onto the surfaces of interest.
Global DIC is used for measuring
displacement fields of specimens during the
tests. Also, this technique is an effective tool for
detecting and quantifying crack propagation.

Table 2: Input parameters for the phase field model

3.5 Brazilian tests
Young’s modulus, GPa
Poisson’s ratio
Fracture energy, N/m
Characteristic length 𝒍,
mm
𝑼𝒚,𝒎𝒂𝒙 , mm

The tensile strength was measured by means
of Brazilian tests on disks Ø30 × 15 mm. Tests
were carried out with a closed-loop
displacement control based machine with 20 kN
capacity.

Cement
paste
13.3
0.26
4.5

Mortar
28.9
0.2
52.0

1.5

1.5

0.03

0.1

The Young’s modulus and Poisson’s ratio
were determined in compression tests described
in Section 3.2 as the average for 3 specimens
(see Table 2).
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The comparison of

The comparison of numerical and
experimental force-CMOD curves reveals
discrepancy of the peaks corresponding to the
rupture (Figure 4). Following Equation (4) and
Griffith’s theory, crack initiation in this model
is governed by the fracture energy Gf. In order
to compare the energy contribution needed for
crack initiation in experiments and numerical
simulations, 𝐺𝑓,𝑝𝑟𝑒−𝑝𝑒𝑎𝑘 is calculated with the
integral of force-CMOD curve until Fmax and
compared to the full energy. Experimental and
numerical values are given in Table 3.
Experimental values are the average of 3 tests
for the mortar and 4 tests for the cement paste.

𝑒𝑥𝑝

7.52 N/m

1.4 N/m

𝑒𝑥𝑝

14.2%

20.7%

Prediction
52.0 N/m

4.5 N/m

𝐺𝑓𝑛𝑢𝑚

55.6 N/m

4.6 N/m

𝑛𝑢𝑚
𝐺𝑓,𝑝𝑟𝑒−𝑝𝑒𝑎𝑘

39.2 N/m

3.6 N/m

𝑛𝑢𝑚
𝐺𝑓,𝑝𝑟𝑒−𝑝𝑒𝑎𝑘

70.7%

79.7%

𝑒𝑥𝑝

𝐺𝑓

𝐺𝑓,𝑝𝑟𝑒−𝑝𝑒𝑎𝑘
𝐺𝑓,𝑝𝑟𝑒−𝑝𝑒𝑎𝑘

shows an

𝑡

measurements, for mortar 𝑙 varies within the
range 32-52 mm, and for the cement paste as 711 mm. To study the effect of characteristic
length on the non-linearity of the response,
several values were tested. In Figure 5, the
force-CMOD curves with varying 𝑙 are
reported. The loading is the experimental force
history presented in Figure 4. The fracture
energy is set equal to 10 N/m.

Table 3 : Experimental and numerical fracture
energy

Cement paste

𝐺𝑓

important misbalance in energy necessary for
failure in experiments (14% for mortar and 21%
for cement paste) and numerical simulations
(71% for mortar and 80% for cement paste).
Keeping the same numerical model, the
displacement control mode was changed into
the experimental force. Such change led to the
fact that 𝐺𝑓 = 10 N/m gives a good agreement
on the peak force for mortar.
Other features that can be observed from
Figure 4 is the absence of nonlinear pre-peak
behavior and steady post-peak propagation.
Energy discrepancies and mostly linear prepeak behavior can be the consequence of the
small size of the fracture process zone (FPZ) as
the value 𝑙 = 1.5 mm was initially chosen to
be in agreement with the mesh size.
Characteristic lengths can be selected as 𝑙 =
𝐸𝐺𝑓
[7]. Based on the experimental
𝑓2

Figure 4 : Experimental and numerical force-CMOD
curves for mortar

Mortar
Experiment
52.7 N/m

𝐺𝑓,𝑝𝑟𝑒−𝑝𝑒𝑎𝑘

6.6 N/m

𝑒𝑥𝑝
𝐺𝑓

𝐺𝑓 input value

Figure 5: Effect of the characteristic length on the
pre-peak response

It is observed that an increase of
characteristic length induces more pronounced
non-linear pre-peak responses, and decreases
the ultimate load. Values between 𝑙 = 25 mm

𝐺𝑓𝑛𝑢𝑚
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and 𝑙 = 35 mm are observed to give a good
agreement on the pre-peak part. However, due
to the important size of the diffusive crack zone,
once the damage variable reaches 𝑑 = 1, the
simulation experiences convergence issues.
In Figure 6, 𝐺𝑓 = 10 N/m and 𝑙 = 35 mm
give a good agreement in the pre-peak part.
However, the simulated failure is always brittle,
without a steady crack propagation.

4.2 Crack propagation study

Figure 7: Mesh geometry and precribed
displacements

In the second part of the study, the realistic
crack path is modeled using as boundary
conditions the experimental displacement
fields. The geometry is reduced only to the
middle part of the beam. The measured
displacements are applied at mesh points with
0.3 mm step on top and lateral boundaries as
illustrated in Figure 7. They were measured
with global DIC. The material properties for
mortar were taken as indicated in Table 2.

Figure 6: Comparison of numerical and experimental
force-CMOD curves
(input Gf = 10 N/m, lch = 35 mm)

For the cement paste, crack propagation is
considerably influenced by the details of its
microstructure (e.g., porosity, elevated W/C
ratio areas) and local defects (e.g., air bubbles,
drying microcracks). The variability of
experimental results is more important and
finding the parameters to fit the experimental
data is more challenging. Numerical simulation
𝑒𝑥𝑝
of the average calculated values 𝐺𝑓,𝑝𝑟𝑒−𝑝𝑒𝑎𝑘
=
1.5 N/m and 𝑙 = 10 mm gives a good agreement
with the experimental peak force.

Figure 8 : Numerical crack path computed with DIC
displacements

The control of the vertical and horizontal
displacements allows to model realistic and
complex crack geometry even for the case of
homogeneous structure (with no inclusions or
other types of heterogeneities, see Figure 8).
The comparison of CMOD histories shows a
good agreement (Figure 9). However, it was
observed that due to explicit displacement field
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control, the fracture initiation no longer
depended on 𝐺𝑓 .
[3]

[4]

[5]

Figure 9: Experimental and numerical CMOD
history

5

CONCLUSIONS
[6]

In this study, an elastic brittle phase-field
model was applied to the case of three-point
bending tests for mortar and cement paste. The
influence of the characteristic length on the
non-linear pre-peak behavior was investigated.
The fracture energy 𝐺𝑓 was adapted to
represent rather a local fracture energy than
global. The material parameters (characteristic
length, fracture energy) were obtained to give a
good agreement in terms of pre-peak response
and ultimate load.
However, modelling post-peak steady crack
propagation remained challenging. Further
developments are needed (e.g., CMOD control
of the simulations). Further, 2D simulations
propose a rather simplified cracking model. To
represent explicitly quasi-brittle failure, 3D and
mesoscale models will be developed. The
enrichment of the model is also possible by the
introduction of viscoelasticity of the
cementitious matrix.

[7]
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