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Abstract: High-performance concretes (HPC) are an emerging material in modern structural design, 
enabling the development of ever more robust and slender structures. This mode of construction, 
however, opens up new problems. While gaining compressive strength, HPC loses deformation 
capacity, ductility and gets more and more prone to fatigue loading. Hence, special attention needs to 
be paid to ductility and fatigue scenarios. In this case, HPC are just an example. The outlined approach 
is applicable to any material that shows a three-stage development of damage during fatigue. It is 
agreed in literature that the gradient of the secondary creep phase is a good indicator to predict failure. 
However, at present it is only possible to assess the secondary creep phase retrospectively, i.e. after 
failure. To the author's knowledge, there is no comprehensive indicator or conclusive approach to 
determine the onset of the second and third phases of a fatigue process during testing without prior 
knowledge of the point of failure. Such an approach would offer several advantages, e.g.: Firstly, 
from a material science standpoint, recognition of reaching the third phase of fatigue during testing 
is beneficial to stop laboratory tests, e.g. for CT measurements. Secondly, for cycle-jump methods to 
reduce numerical effort in modelling high-cycle fatigue, knowledge of the evolution of deterioration 
rate allows a reasonable estimation for the length of the cycle jump without losing precision. It could 
further be very helpful in structural health monitoring when adjusted to a specific structure. This 
paper outlines an approach to distinguishing between the different stages of fatigue using uniaxial 
compression fatigue tests on HPC specimens with a compressive strength of about 90 MPa as an 
example. Both specimens with and without steel fibres are considered. The aim is to have a clear and 
reproducible separation of the three phases of the classic S-shape degradation curves. It is taken 
advantage that no major individual events are to be expected during the secondary creep phase, which 
ensures a sufficiently constant deterioration rate. Accordingly, it is sufficient to detect the beginning 
and end of this behaviour. It is evident that the moving standard deviation of the stiffness evolution 
as a damage indicator has a very high significance in detecting both the beginning and the end of the 
second fatigue phase. Furthermore, it is shown that the approach can be transferred to completely 
different framework conditions, in this case to flexural fatigue of the mentioned HPC and compressive 
fatigue tests on normal strength concrete with only slight changes adjustment in parameters. 
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1 INTRODUCTION AND STATE OF 
THE ART 

For the description of the degradation 

behaviour of a specimen loaded in fatigue, 

various damage indicators are considered in 

literature. These indicators are derived from 

different concepts and can, for example, be 

based on measured deformations, see [1–3], 

energetic or acoustic indicators, see [3–7] or 

computer tomographic methods, see [8,9]. 

Most common, are damage indicators that can 

be calculated from deformation or strain 

measurements using e.g. strain gauges, LVDTs 

or laser distance devices.  

As damage indicators, most often 

development of strain or stiffness is plotted 

against the number of load cycles, see e.g. 

[6,7,10], as shown in Figure 1. The processes of 

fatigue of concrete classically takes place in a 

three-phase progression, often also referred to 

as S-curve. In the first phase, non-linear 

accumulation of damage takes place, which is 

said to manifest in micro-cracking [11]. The 

cracks remain small and sufficiently dispersed 

to prevent catastrophic failure, see [10]. 

Damage development becomes almost linear 

independent of the damage indicator under 

consideration. Only in the final failure phase III 

start to form larger crack clusters and. 

Depending on the brittleness of the concrete in 

question, these will lead to the failure of the 

component at varying speeds. In this phase, the 

damage process is non-linear again with an 

increasing gradient of damage per cycle. 

The division into these three phases is 

derived almost exclusively empirically in 

literature and usually only takes place with 

knowledge of the entire fatigue process up to 

failure. Different researchers have described 

qualitatively, that transition between phases 

depends on the compressive strength of tested 

concrete. It is said, that phases I and III get 

shorter with an increasing compressive strength 

[12,13]. Absolute and relative changes in 

different damage indicators are also of limited 

use as they depend on the compressive strength 

of the concrete being investigated. Increasing 

brittleness of concrete with high compressive 

strengths can also be seen in fatigue.  

 

 

Figure 1: Qualitative phases of fatigue. 

Table 1: Relationship between compressive strength 

and stiffness development until failure. 

Compressive 

strength 

Stiffness loss up 

to Phase III 
Source 

40 N/mm² ~40 % [6] 

70 N/mm² ~30 % [7] 

90 N/mm² ~15 - 25 % [14] 

110 N/mm² ~5 - 15 % [14] 

 

In Table 1 the total reduction in stiffness 

throughout different fatigue tests is 

summarised. It is evident that the stiffness 

reduction generally decreases with increasing 

compressive strength.  

This means that the gradient of the second 

phase cannot be used for the phase 

classification directly, as it depends on 

compressive strength of the concrete. Secondly, 

the identification is more difficult for high 

strength concrete because changes in gradient 

are smaller.  

An approach to phase classification is also 

given in [15], but this again requires knowledge 

of the load cycle count to failure. 

There is also a correlation between the strain 

development and the number of load cycles to 

failure. In [16,17], for example, an approach is 

outlined to model this with a linear-logarithmic 

regression. There, the formula  

log � � �� � �	 ∗ log ��� (1) 

gives a relationship between the logarith-

mised number of cycles to failure � and strain 
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development with �� and �	 as test-specific 

coefficients over which the regression is 

applied. Again, the number of load cycles until 

failure is required for a statement. 

An additional factor complicating the 

identification of phases is that fatigue damage 

inherently is subject to distinct scattering, see 

[18].  

An approach to determine phase transitions 

should therefore require the least possible 

knowledge about the total duration of the 

experiments. In summary, a generalised phase 

classification applicable in running tests is 

desirable for various reasons, but not generally 

implemented. 

2 EXPERIMENTS STUDIED FOR 
CALIBRATION AND EVALUATION  

The approach presented here is established 

in several steps: Firstly, the basic idea and 

calibration on test series A is presented. Here, 

uniaxial compression fatigue tests on cylinders 

with a height of 300 mm and a diameter of 

150 mm made of high performance concrete 

(HPC) were used. The specimen had a 28-day 

compressive strength of 102 N/mm² under 

static loading. In total, two specimens are 

chosen in this context, one without fibres and 

one with 57 kg/m³ of steel fibres with hook 

ends. The fibres have a diameter of 0.92 mm, a 

total length of 60 mm and a tensile strength of 

1160 N/mm². Fatigue loading was applied at a 

loading frequency of 1 Hz with a lower level of 

5 % and an upper load level of 75 % of the 

compressive strength were applied. 

Deformation was measured with three 

longitudinally applied LVDTs. 

Then, the transferability of the approach to 

two other framework conditions is demon-

strated. Here, on the one hand, another uniaxial 

compression fatigue test from test series B with 

a different specimen geometry and compressive 

strength as well as a reduced upper load level, 

is used. The dimensions here are 180 mm in 

height and 60 mm in diameter, the compressive 

strength class was C25/30, which is in the 

normal strength concrete (NSC). In series B 

load was applied at a frequency of 0.1 Hz. 

Again, the deformation was measured using 

LVDTs along the sides of the specimen. 

Finally, a flexural fatigue test on a beam 

made of the aforementioned HPC mixture with 

57 kg/m³ fibres taken from test series C is 

looked into. This experiment was conducted on 

a notched beam with dimensions of 

150 x 150 x 700 mm³ tested in flexure. In this 

test, the lower and upper load levels were 5 % 

and 75 % of the limit of proportionality, 

respectively. Here, the load was applied at a 

frequency of 1 Hz. 

The data acquisition-rate was 100 times the 

loading frequency for all tests considered.  

Both concrete compositions are listed in 

Table 2. 

Table 2: Concrete mixtures. 

Ingredient 
NSC 

kg/m³ 

HPC 

kg/m³ 

CEM I 42.5 R 290 - 

CEM I 52.5 R - 500 

Quartz powder 40 - 

Aggregate 0/2 
791 925 

Quartz Quartz 

Aggregate 2/8 
966 

Quartz 

920 

Basalt 

Superplasticizer 0.9 5 

Stabilizer 0.3 3 

Water 203 176 

Steel fibres - 0 / 57 

 

3 APPROACH 

The approach is based on the relative 

stiffness as a damage indicator �, i.e. the 

gradient modulus of any given hysteresis loop � relative to the initial stiffness � as shown in 

Figure 2. In principle, the outlined approach 

can also be applied to other damage indicators. 

 

Figure 2: Definition of the relative stiffness � as  

exemplarily chosen damage indicator. 
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As stated, fatigue formulated by a 

deformation-based indicator such as the 

stiffness, is defined by an S-curve with three 

phases as illustrated in Figure 3 a). 

While phase I and phase III of the curve are 

nonlinear, phase II is approximately linear. In 

order to subdivide the fatigue process, it is 

intended to identify the beginning of the second 

phase of the linear damage development. For 

this purpose, e.g. derivates of the development 

of the initial indicator with respect to the 

number of load cycles could be used. As 

illustrated in Figure 3 b), a derivate should 

show a plateau in the area of the second fatigue 

phase. Potentially, higher derivates could be 

considered. However, depending on the 

approach chosen, this may not be necessary or 

may even dilute the results. 

 

 

Figure 3: Usual classification of fatigue phases, 

a) scheme for stiffness as damage indicator and  

b) according derivate with regard to load cycles. 

Upon closer examination it is noticeable that 

all data is subject to various influencing factors 

that provide for significant variations in the 

linearity of the second fatigue phase. Some can 

be traced back to cracking events, especially in 

flexural tests of steel-fibre reinforced concrete. 

Hence, these events are of relevance for the 

damage evaluation, while others are 

undesirable interfering factors from other 

sources. The latter include, for example, 

statistical factors like inherent noise in the 

measurement of the recording instruments or 

daily changes in temperature in the lab. 

This combination of noise and the relatively 

small sought-after changes in the damage 

indicators themselves per load cycle becomes 

problematic when looking directly at derivate. 

The higher the degree of derivate, the more 

specific characteristics of the individual fatigue 

phases may get lost. In order to obtain a clearly 

separable second phase nevertheless, various 

statistical methods can be applied. In the given 

context, the following statistical characteristics 

are used: 

1. Simple moving mean – for each relative 

stiffness of a load-cycle �, the simple 

moving mean ������� is the 

unweighted average over a �-value 

window of data points preceeding �, 
including � itself. It is defined as: 

������� � 1� � �
�
�������  (2) 

2. Moving standard deviation – the 

standard deviation �������� of the 

data set with respect to the moving mean ������� mentioned above, defined as: 

�������� �  1� � !� � �������"	�
�������  (3) 

Accordingly, the evaluation of data using the 

moving standard deviation acts like a derivate 

itself due to the reference to the moving average 

value. Only the reference to the change in 

stiffness # on individual load cycles #LC is 

replaced by � load cycles. To highlight the 

significance, Figure 4 shows a comparison of 

the derivate with respect to #LC to the �������� using the example of a specimen 

from test series A with 57 kg/m³ fibres. The 

window size � was set to 1 % of the number of 

load cycles until failure as this turned out a 

good reference value. Here, the entire test was 

known. However, comparison with other 

datasets shows that a rough estimate of the 

number of cycles was sufficient. While 

calculation of the moving standard deviation 

does not remove all statistical noise, a plateau 

can still be seen spanning the entire phase II of 

fatigue. Sufficient accuracy can already be 

achieved in this example if a static limit in the 

standard deviation is chosen. 

a) 

b) 
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Figure 4: Uniaxial compression fatigue of an HPC 

specimen with fibres, test series A. a) Development of 

relative stiffness, b) corresponding derivate with respect 

to #LC and c) moving standard deviation ��������. 

To further minimize the influence of the 

remaining noise, a second optimization step is 

performed. First, a rough estimation of the 

plateau of the standard deviation is carried out. 

In the given data set, a value as low as �����,%�& � 0.04 % is suitable. Now, the 

relative density of standard deviations below 

this threshold is used. This is achieved by 

dividing the data set into ranges of size �. Then, 

for each range, the ratio of the moving standard 

deviations below the threshold value �����,%�& to the total number of values con-

tained in the last � values is formed. This is 

illustrated in Figure 5 as histogram.  

Note, that �������� is only calculated 

after a full �-sized window is available to avoid 

boundary effects. I.e. in this case the first 

considered value is evaluated starting at the 

70th load cycle. 

This makes it possible to define phase II as a 

range characterised by the first and last 

occurrence of a relative density of the sought 

standard deviations being 1.0.  

 

Figure 5: Combined approach for phase definition, 

extended from Figure 4. 7000 load cycles to failure. 

Thus, despite the relatively large number of 

steps taken to identify the second fatigue phase, 

the procedure generally requires only two 

control variables. The window size � and a 

threshold value for the density of standard 

deviations �����,%�&. As supplementary tests 

have shown, both allow reliable identification 

of the fatigue phases already by rough 

estimation. 

Figure 6 shows another cylinder from test 

series A, in this case a fibre-free specimen with 

a small number of cycles to failure. This 

example considers the influence of a changed 

window size � relative to the total number of 

cycles. Here, � was set to the same value as in 

the previously considered data set. Due to the 

overall lower number of load cycles until 

fatigue failure of the specimen, this corresponds 

to 5 % of the load cycles until fatigue. 

Nevertheless, the plateau of the standard 

deviation remains, again the phases can be 

clearly identified. Again, the first � values are 

not calculated, until 70 cycles have passed. 

However, it has been shown that the two 

parameters necessary for the approach can be 

estimated with sufficient accuracy even during 

an ongoing experiment.   

Phase II 

a) 

b) 

c) 
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Figure 6: Uniaxial compression fatigue of HPC without 

fibres from test series A. 1350 load cycles to failure. 

Furthermore, as the algorithm only uses 

values from past load cycles, a change in 

fatigue phase can also be detected during an 

ongoing experiment. 

It was found, that there are threshold values 

for �. For all specimens considered in the wider 

scope of the study, this was around � � 10 load 

cycles on the lower end for a useful prediction. 

A maximum value for � as such was found to 

be primarily based on the expected amount of 

load cycles until fatigue. Larger window sizes 

generally provide smoother curves while 

smaller window sizes allow an earlier detection 

of phase changes. It can also be noted that 

similar experimental frameworks also achieved 

similar magnitudes for the limit values �����,%�& required for phase identification 

when � was kept unchanged. 

4 TRANSFERABILITY 

4.1 Choice of examples 

In the following, the transferability of the 

presented approach to other framework 

conditions is shown. In a first example, another 

specimen in uniaxial compression is 

considered.  

 
Figure 7: Uniaxial compression fatigue of NSC from 

test series B. 32300 load cycles to failure. 

This aims to demonstrate the applicability to 

lower strength concrete, see Section 4.2. To 

illustrate that the approach is also independent 

of the type of loading, its transfer to flexural 

stress fatigue is then shown in Section 4.3. 

4.2 Normal strength concrete in 
compressive fatigue 

Figure 7 shows a preparation of a data set 

from a specimen from test series B. The 

specimen, part of a fatigue creep study from 

[19], has an h/d ratio of 3:1 as described with 

smaller overall dimensions. It was loaded at a 

frequency of 0.1 Hz to 65 % of the static failure 

load. The changed framework conditions of the 

test setup do not seem to show any major 

influence on the general applicability of the 

approach here. Despite a window size � of only 

about 0.7 % of the cycles to failure, a distinct 

second fatigue phase is again obtained, thus 

proving the applicability of the method. 

4.3 HPC in flexural testing 

Figure 8 shows a study of a flexural beam 

from test series C, a fibre modified HPC. In this 

context, the introduction of fibres also results in 

two successive fatigue processes, see [1–3]. 

Phase II Phase II 
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Figure 8: Flexural fatigue of HPC form series C with 

distinct matrix and fibre-matrix fatigue,  

282.400 load cycles to failure, � � 200,  �����,%�&,-.�-/010 � 0.1 % (red) and �����,%�&,2�30/ � 0.005 % (blue). 

First, the concrete matrix degrades before a 

crack is initiated, the fibre load-bearing effect is 

not yet significantly activated. Then, a crack 

opens and the fibre-matrix bond degrades in 

fatigue. For both processes, degradation of 

matrix and successive degradation of fibre load 

bearing mechanism, a separate plateau in the 

standard deviation results successively. The 

transition between the two processes, however, 

results in a pronounced peak in standard 

deviation which allows for a clear 

differentiation between the two fatigue 

processes. In further experiments it has been 

found that the limit values necessary to identify 

these plateaus are dependent on the amount of 

fibres. 

Despite the fact that the total number of load 

cycles to failure of the specimen is about ten 

times higher than in the tests shown before, the 

window size � was again set to 200. Higher 

values would smooth the fatigue process of the 

fibre-matrix bond more strongly. 

The comparatively low value for � was 

primarily chosen to illustrate again that only a 

rough estimate is needed for the window size. 

The fatigue process of the fibre-matrix bond 

also shows clear fluctuations in the standard 

deviation, which appear to be almost cyclic in 

nature. This can be attributed to the fact that a 

large number of fatigue processes of individual 

fibre-matrix bonds take place due to the large 

number of fibres introduced. However, it can be 

seen that the material can redistribute the loss 

of stiffness from these fibres to other fibres in 

the cross-section. 

Overall it can be seen that the approach 

presented does allow a phase classification for 

fatigue, even when applied to completely 

different experimental framework conditions 

and decoupled from the number of load cycles.  

5 SUMMARY AND OUTLOOK 

5.1 Summary 

In this paper, a generalised approach for 

identifying individual fatigue phases is outlined 

and applied on different concrete materials in 

different framework conditions. This includes 

data sets for high-performance concrete in 

uniaxial compression fatigue and flexural 

fatigue tests with and without fibres as well as 

uniaxial compression fatigue on normal 

strength concrete with dimensions and a lower 

loading frequency. Overall, it was found that 

when considering the standard deviation in 

development of the relative residual stiffness as 

a damage indicator, two values are sufficient to 

identify a transition between the three phases of 

the typically S-shaped curve of the fatigue 

progression. These are: 

1. a window of size � load cycles over 

which a moving standard deviation of 

the relative stiffness is calculated, and 

2. a limit value �����,%�& for the moving 

standard deviation, below which the 

standard deviation is regarded as 

constant in the second phase of fatigue. 

Both values can be estimated in preliminary 

tests as well as during a running test. It is also 

important that the moving window always 

refers to the � values preceding the current load 

Phase II 

Matrix  

Phase II 

Fibre matrix bond  
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cycle. This ensures that an evaluation of the 

current fatigue phase is possible at any time 

during a running test. For size � at least 10 load 

cycles should be taken into account in order to 

guarantee meaningful results. Such a limit for a 

maximum window is actually only given by the 

(expected) total number of cycles until fatigue 

of a specimen. However, it has turned out, that 

a maximum of about 2000 values for the 

window size is reasonable. 

For the threshold value �����,%�&, it was 

shown that, despite the direct coupling to the 

window size �, similar magnitudes can also be 

assumed as expected values under comparable 

experimental conditions. 

For all examples presented in this study, the 

relative residual stiffness was taken as damage 

indicator. Nevertheless, other well-known 

indicators such as development of strain can be 

applied in this approach more or less equally 

good.  

Overall, the discriminatory power of the 

approach seems to be capable of enabling the 

identification of phase transitions in fatigue. It 

thus represents a tool for studying the fatigue 

process of brittle materials as a whole. 

5.2 Outlook 

The outlined approach provides a 

comprehensive and adaptable tool to detect the 

beginning and end of the second phase of 

fatigue with good reproducibility. However, in 

the form presented here, simplifications are 

made in some places. E.g. for the window size �, while showing good selectivity already, 

more comprehensive studies for a better 

estimation of the values to be applied are in 

process. Meanwhile, the static limit value �����,%�& is currently chosen mainly for its 

simplicity. For example, a more detailed 

analysis of the underlying trends of the moving 

standard deviation curve can possibly provide a 

more differentiated result. If this static border 

criterion will be kept, the definition of the 

second phase by relative density can be 

adjusted. Currently, the second fatigue phase is 

defined by the range between the first and last �-sized window in which all standard 

deviations lie below the limit value �����,%�&. 

This static consideration is potentially subject 

to smaller fluctuations and will therefore be 

optimised. No additional limit value or further 

optimisation step was inserted in this paper. An 

additional limit value for the relative density 

lower than 1.0, would obvious be beneficial in 

order to compensate for smaller fluctuations. In 

addition, more sophisticated density distri-

bution functions could be utilised, such as 

outlaid in [20]. 

As it is the aim to provide an approach that 

is able to detect the beginning of the second and 

third phase during a running tests, an algorithm 

will be developed to adapt the values �, �����,%�&.as well as the threshold value for the 

density in the course of testing. Furthermore 

boundary values as ratios e.g. between the 

window size � and threshold for the density are 

currently being developed. 

Finally, a more detailed consideration of 

other influences such as temperature is also still 

pending at this point, even if, as described, the 

influence is already minimised by the approach 

in the first considerations. 
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