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Finite element simulation of punching failure in reinforced 
structures is investigated. The non-linear material behavior 
sidered by superimposing elastoplastic behavior of steel 
cement and the tensile cracking behavior of concrete. 

The simulation of failure is performed for a 
slab. It is shown that the mode of failure-characterized 
by a localized inclined reproduced. This simulation 
dicates that the failure mechanism results from micro-crack co­
alescence phenomenon at the top of the slab followed by a 
propagation towards the corner of the slab-column. 

The size-effect is reproduced numerically. It is shown 
modification of the tensile stress distribution along the 
crack reflects the influence of the size. A size-effect law is 
based on the adjustment of the numerical results. 
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1 Introductory remarks 

Reinforced concrete slabs supported on columns fail by punching 
when a column suddenly perforates the slab by extrusion of a co­

plug of concrete. A review of this failure phenomenon has 
been presented by Regan and Braestrup (1985). The approach ado­

here is concerned with the numerical simulation of this failure 
mechanism. Further details are given by Menetrey et al. (1994), 
(1995a), and (1995b ). 

2 Numerical model 

2.1 Preliminaries 
reinforced concrete model uncouples the actions of steel rein­

forcement and concrete. The incremental flow theory of plasticity is 
considered as the framework of the constitutive model description. 

steel model is characterized by a bi-linear stress-strain be­
and an identical response under traction and compression. 

The concrete model is characterized by a triaxial strength which 
delimited by a new 3-parameter failure criterion described by 

Menetrey and Willam ( 1995). A non-associated flow rule is deri­
so as to reproduce the dilatancy of the plastic strains obser­
in concrete triaxial experiments as reported by Menetrey et 

(1995a). 

2 .. 2 Concrete cracking simulation 
crack formation is described in a general manner with strain­

softening which refers to a gradual decrease in tensile strength with 
additional deformation. The fictitious crack model developed by 
Hillerborg et al. (1976) is considered for which the tensile stress (J"t 

controlled by the crack opening w. This mechanism is controlled 
the degradation of the cohesive parameter c. The decohesion 

function is expressed with an exponential in order to fit the ten­
sile experimental data which dominates the post-peak response of 
concrete 

c= ;: =exp{-<}, (1) 

a is the slope of the softening branch, ft the tensile strength 
of concrete, and w1• the crack rupture opening. The concrete failure 
criterion is written so that the cohesive parameter is decoupled, 
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resulting in an isotropic loss of strength due to reduction of 
cohesion. 

The energy absorbed in the fracture zone to complete separation 
of the specimen in tension is expressed as 

~Wr JWr { W} G f == atdw == ft exp -a- dw ~ --, 
o o w,,. a 

(2) 

defining the fracture energy. The fracture energy must be invariant 
with the finite element size. Therefore, the mapping between 
crack opening w used for the definition of the constant fracture 
energy, and the strain E used at the constitutive level leads to the 
definition of the height of the element he normal to the crack band 
so that w == heE. 

From experiments, it is known that tensile splitting compres­
sion as well as shear is due to distributed micro-cracking. Hence, a 
general crack model can be interpreted as a multiple tensile crack 
model. Consequently, the fracture model for tension is extended 
to capture general fracture based on the definition of the fictitious 
number of cracks N which is formed in a specimen under a given 
state of stress. 

The cracking phenomenon is also responsible for stiffness degra­
dation and the model described by Lubliner et al. (1989) is~~~-~~~~~ 
red. It is based on the assumption that elastic degradation occurs 
only in the softening range. 

In order to evaluate the plastic corrector step, the cutting plane 
algorithm developed by Ortiz and Simo (1986) is used which 
coupled to a relaxation method. 

2 .. 3 Finite element model 
The analysis of circular concrete slabs is considered. The concrete 
is modelled with four node quadrilateral axisymmetric continuum 
elements. The size of the element (he) which appears in the softe­
ning formulation is the square root of the cross section area so 
the radial direction is not taken into account. This implies a 
constant crack spacing along the perimeter is simulated (observed 
experimentally during punching failure). 

The developed concrete constitutive model often allows for 
tle volume change, so if plastic strains become large, the response 
becomes nearly incompressible. This difficulty is overcome by 
treatment of incompressibility as developed by Hughes (1980) using 
the mean-dilatation formulation. 
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non-linear solution is advanced with incremental and 
steps using the modified N ewton-Raphson algorithm. 

mechanism 

circular slab tested by Kinnunen and Nylander (1960) and 
by 15a is simulated. This slab is considered because of its 

axially symmetric geometry (circular reinforcement). It has 
a total diameter of 1840 mm and a thickness of 150 mm. Experi­
mentally, the load is applied to the column (150 mm in diameter) 
by mean of a hydraulic jack and transferred to the floor by mean 
of tie rods along a radius of 855 mm. 

cracking phenomenon in the vicinity of the column as shown 
1 for three load steps (the tangential cracks are symboli­
a straight line for which the length is proportional to (1-c) 

the orientation equals the principal strains orientation). The 
first inclined stress-free crack ( c < 0.01) appears inside the slab 
thickness, just below the reinforcement. Under increasing displa­

this inclined crack expands toward the corner of the slab­
and the micro-cracks around are closing. At failure, 

punching crack has reached the corner of slab-column and the 
slab separated into two parts. 

plots illustrate that the punching failure results from micro­
cracks coalescence at top of the slab. This micro-cracks co­
alescence are further justified experimentally by the tests of Regan 
(1983) (micro-cracks are formed across the slab thickness before fa­
ilure occurs) and Moe (1961) (formation of inclined cracks across 

thickness before failure occurs). Micro-cracks coalescence 
is followed by a crack propagation at the bottom of the slab already 
suggested by the ACI committee 446 (1992). However, the propo­
sed direction of propagation is the contrary to the one observed 
here as the punching crack is propagating from the upper part of 
the slab to the bottom. 

4 Size-effect 

The size-effect is studied for the same circular slab but made with 
orthogonal reinforcement (modelled with ring and axisymmetric bar 
elements). The partial bond between concrete and steel is simulated 
by fasten rigidly the steel to the concrete only at the extremity of a 
fictitious fastening length. The purpose of this fictitious fastening 
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Figure 1: Tangential cracks for with ring 
cal displacement at the extremity: 3.1 3.2 mm, and 3.3 mm 
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... ~ .... L_V ....... is to facilitate some cracks to grow consequently others 
This fictitious length is determined by analogy with the 

cover 
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a tensile reinforced 
with a scaling factor 

area as summarized 
dimensions, the slabs are 

size on 

so 

and on 

Tn 
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2.8 
2.15 
1.58 
1.3 

Bazant ( 1984) 

da is aggregate size. 

(4) 

the size-effect punching failure by 
.LJU;,LJ~.,I." and Cao ( 1987). Based on the slab simulations, this 

law is adjusted following the RILEJVI Recommendation 
(1990) by linear regression which gives 

- d -1/2 
Tn - l.55ft(l + 

34
) · (5) 
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This relation is plotted in figure 2 where the two asymptotes: 
rizontal (strength criterion) and inclined (linear elastic fracture 
mechanic) are distinguished. Another adjustment of the size-effect 

0.9 -+-------.....------.-------..-------. 

strength criterion of Marti and Thurlimann (1977) 
( d )-1/2 

----- "tn == 1.55 f 1 1 + 34 

0.6 -1-------=....._~+-+-~--1----,-ine_a_,_r e--,-las-t.,-.ic-----l 
( d ,-112 __ "tn = 1.80 f 1 1 + 

24 

fracture mechanics 
a numerical solution 

0 2 3 4 

Figure 2: Size-effect law derived from the numerical simulations 

law is obtained in forcing the strength criterion given 
bound load proposed by Marti and Thurlimann (1977) which 
N /mm 2. This leads to the following size-effect law 

- d -1/2 
Tn - l.8ft(l + 

24
) · 

This relation is also plotted in figure 2. It can be noted that 
both proposed laws, the value da is close to standard aggregate size. 

The tensile stress distribution along the punching crack just be­
fore the crack initiation is presented in figure 3 for three different 
slabs. It can be clearly observed that the tensile stress distribution 
is not affine between the three slabs (an affine stress distribution 
would illustrate an insensitivity with regard to the size of the stru­
cture). Therefore, the modification of the tensile stress distribution 
along the expected punching crack reflects the size-effect. 

5 Conclusion 

The simulation of punching failure in a circular slab and the com­
parison with the experimental results reveals that the punching 
failure mechanism-characterized by a localized inclined punching 
crack-is generated. This simulation allows to show that the fa­
ilure mechanism results from micro-crack coalescence phenomenon 
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the top of the slab followed by a crack propagation towards the 
corner of the slab-column. 

The size-effect observed experimentally is reproduced numeri­
cally as the nominal shear stress decreases with 
thickness. A size-effect law is adjusted to the 
It is shown that the modification the tensile ,..,+ ... r-,..,,... 

along the expected punching crack reflects the size-effect. 
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