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Abstract 
The heuristic considerations, which are responsible for the orientation of the 
fictitious cracks in the classical models, are replaced by an analytically de­
rived expression. The critical directions of the failure planes are shown to 
depend solely on the character of the unilateral fracture criterion and on the 
applied loading. The ductility of the material is found to play a key role in the 
process of secondary cracking. Based on these findings, the range of applica­
bility of the classical formulations is assessed. The analytical model also al­
lows for the derivation of a homogenized 'equivalent macroscopic failure 
criterion', which can be related directly to Griffith's criterion of fracture me­
chanics. 

1 Introduction 

Concrete exhibits an immense variety of failure mechanisms. It is there­
fore not astonishing that a wealth of different methodologies is used to de­
scribe these phenomena. Cracking of large structures is successfully ana-
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Fictitious Crack Models react to such a 
ferent manner. Thus, they do not to a common '-''-''" .... "'''V 

qualitative differences are unsurmountable. Nevertheless, 
cal nonlinearity is entirely determined by these ._,.._.._...., .... ,_...., .............. ,..,..,, ................. j ... U_,, 

is of utmost importance and resolved. 

2 Bask ingredients 

The smeared crack concept stress co1ns1sH~nc:v 
tractions [qn, qt], which act on each 

point, are resolved from the global stresses 

where N constitute direction "''-'._,,._.._ .... .,..., 
cal stresses in the plane are always consistent 

any change of the stress state is 
plane. 

Following the ideas of Litton (1974), total 
one part of response of the eco' 

linearities e.g. due to visco-plasticity or shrinkage, 
tributions er due to the relative crack opening 
[un, Ut]fr of each crack. 

Figure 1: The smeared crack 

The width h of the crack band is '"t'\"""""" .... ' '" strongly 
size and geometry, Oliver (1989). 

ure plane is the basic ingredient of any Fictitious Crack 
distribution of stresses and a subsequent rotation of 
strains inevitably leads to mixed mode situations, 
must provide for a consistent mode separation. The 

this requirement and will be used to derive 
subsequent sections without loss of "'""'""""""" 
model itself is not subject of the present discussion, 
model is given. For a detailed description, the reader is 
al. (1994). 
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Figure 2: The fracture criterion at initial failure and its residual shapes 
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(4) 

[qn, qt] denote the current normal and tangential (shear) tractions in the fail­
ure plane, qn,f O and qt,Jo = 'Y · qn,Jo are the initial normal and shear strength 
of the plane. It is noted that the residual surface for Mode I failure differs 
from the residual surface obtained in Mode II situations (which is the Mohr­
Coulomb criterion, characterized by the friction angle ¢). 

relaxation mechanism is expressed in a pressure dependent, non-as-
sociated 'flow rule' for inelastic crack opening and sliding displacements 
[u~,un. 

'r/ := exp ( -qt,r'r/o) 

qt,r := (-qn) tan¢ 
(5) 

evolution laws for the degradation are formulated with two indepen­
dent energy state variables e' which equilibrate the critical energy release 
rates G~ and Gf after complete debonding and ensure objectivity with re­
spect to mesh refinement. 

'J { 1 q Ucr Ucr > Q t (JTnn' n-
<:, .- f 

0 ucr < 0 
' n 

(6) 

(7) 

2 .. 3 Classical Fictitious Crack Models 
orientation of the failure planes becomes a decisive property of the Fic­

titious Crack Models. The classical formulations, i.e. the Fixed Crack and 
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Figure 3: The degradation of the normal strength (Mode I) and the shear 
strength (Mode II, different compressive normal loads applied) 

Rotating Crack Model with their more advanced successors in the form of 
the Multiple Fixed Crack or (statically constrained) Microplane Model, will 
now be reviewed in that context, cf. Carol & Prat (1991), Rots (1988), and 
Willam et al. (1987). 

In the Fixed Crack Model, the crack is initiated perpendicular to the max­
imum tensile (principal) stress when this stress exceeds the tensile strength 
qn,f O of the material. Secondary cracking is not accounted for, and thus non­
proportional loading can result in stresses parallel to the initial crack which 
may exceed the uniaxial strength by far. The Rotating Crack Model resolves 
this situation by adjusting the failure mechanism (i.e. the material anisotro­
py) to the current loading state and thus monitoring only (locally uniaxial) 
Mode I stress states. Consequently, the degradation mechanism is controlled 
by the major principal stress only. The Multiple Fixed Crack Concept re­
tains the physical plausibility of the Fixed Crack approach, but it allows for 
secondary cracking if the inclination of the principal stresses against exist­
ing cracks exceeds a threshold value aTh. However, the crack is initiated 
Mode I and the choice of the threshold angle remains arbitrary. 

A different concept is pursued by the Microplane Model with a static con­
straint. The potential crack planes are predefined in the sense (of an arbi­
trary number) of sample directions. The degrading mechanism is initiated 
whenever the local fracture criterion F is violated (which does not neces­
sarily need to occur under local Mode I conditions!). Secondary cracking is 
thus incorporated naturally. 

As demonstrated, the two issues which constitute the main interest in this 
context, namely the orientation of the primary crack and especially the re-
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are 

-oo 

~ ................. ,,.., which induce secondary ...., ........ ...,n_ ........ ,..,. 

approaches. 

..... ...,..., .............. ....., ...... to be homogeneous and isotropic the un-
fracture criterion F0 with the virgin material char­

¢ is valid for any newly formed crack plane. The 
is closely correlated to the first one, states that 

to crack formation is confined to the individual 
~AA~..,~A·-A neighbourhood is not affected. Thus a crack is 

tractions a plane with critical orientation acrit 

activate the fracture criterion F0 . 

.... ...,,_ ... ...,_._JLL;I are given in dependence of the macroscopic 
the well-known transformation 

. 2 + O"II sm a 
O"J - O" II 

qt = sin (2a) 
2 

(8) 

stresses from the current to a critical state is deter-
JLVUl ............. i;;_ and the nonlinear response of the structure to 

is assumed to be linear inside a time step. For propor­
..., ....... ," ..... .., range, as well as for small time steps inside the 

.... vu••.u ...... IJ .. JL'<JJ.J. of a proportional increment yields a con­
parameter (. 

( := O"J + O"II ! ~J + ~II =: ( (9) 
O" I - O" II O" I - O" II 

1 0 +1 +oo 

pure shear uniax. tension hydr. expansion 

~~,,~ ...... ~ to uniquely identify the orientation the 
expression for the load-type parameter ( yields 

current and the critical loading state. Substituting 
.......... ,. '-'""'' .... ...., ...... ..._ the expression obtained for the critical trac­

((,a)~ 0 

general yields an expression of the follow-

acrit = { a j F ( (, a) ! max} 
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tan2 ¢> ( 

acrit = 

is synonymous 
failure 

acrit = 
(-1 
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Figure 5: Transition between failure modes(¢= 30°) 

Again, the important parameters are the load-type (left part) and the material 
characteristics (right part the inequality). It is found that: 

o Mode I failure is feasible for ( 2: -1. Even a macroscopic stress state of 
pure shear may lead to local Mode I fracture. 

o If the applied loading is dominated by tensile components, then failure 
under Mode I is favoured. For pure equibiaxial tension, failure necessar­
ily occurs under Mode I. 

o Materials with a low relative shear strength r := qt,Jo/ qn,Jo usually fail 
under mixed mode ('V7 metals, polymers), whereas materials with a high 
relative shear strength tend to fail under Mode I ('V7 concrete, ceramics). 

conclusion, cracks will occur under Mode I if the material is sufficiently 
brittle and if the loading is dominated by tensile components. In other cases, 
such as in the neighbourhood of loading platens, the maximum stress crite­
rion for fracture initiation is inadequate. 

3.2 Orientation of secondary cracks 
The most important finding of the previous section is, however, that eqn. ( 11) 
is not only valid for the initiation of the primary crack, but, due to the consis­
tency of the stresses (see above), for all subsequent cracking events as well. 
The 'tension-shear' problem, originally proposed by Willam et al. (1987), is 
used to demonstrate this important feature. 

The primary crack in the tension-shear specimen is initiated through uni­
axial loading under displacement control. Subsequently, the loading is ap-

832 



plied with a continuous rotation of the directions of the principal strains 
(Exx : Eyy : 2Exy = 0.50 : 0.75 : 1.00). 

plane stress: 

E 
v 

O'n,J 
O'tj 

';p 
G} 
cy 

10.0 GPa 
0.2 
1.00 MPa 
1.25 MPa 
20° 

0.15 J/m2 

0.20 J/m2 

Figure 6: Tension-Shear: Loading (a) before and (b) after initial failure 

It is clearly seen from Fig. 7 that even for identical material parameters, 
the characteristic response differs drastically for the conventional models, cf. 
Willam et al. (1987), Rots (1988), and Feenstra (1993). Since these differ­
ences are caused by the fundamentally different assumptions inherent 
model, the various results do not converge to a common solution - and thus 
the computational predictions are difficult to assess. 
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Figure 7: 'Tension-Shear' problem: Conventional Models 

With the present approach, the formation of secondary cracks is uniquely 
defined by an analytical derivation c~ eqn.(11)) that replaces the variety of 
heuristic assumptions addressed in section 2.3. The results become objec­
tive. As shown in Fig. 8, the ductility of the material has a significant 
fluence on the angle between primary and secondary (and further) crack(s). 
Therefore, the material dependent relative toughness Z is introduced. It cor­
relates the potential energy, which is stored in the material at the instant 
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Figure 9: Angle .6.a between primary and secondary crack in the 
Shear' problem: Predictions by the present approach and ...,v ........... ..,, .... .L 

ison with the classical models 

approach, both quantities are utilized and the relative toughness Z 
lishes the correlation between them. 

4 Range of applicability for the classical models 

With the derived criteria, the heuristic assumptions of the conventional 
els can be reassessed. If a significant rotation of the principal directions 
the applied loading is to be expected, the following recommendations 
range of applicability of the conventional models are deduced: 

1. The Fixed, Multiple Fixed and Rotating Crack Model assume crack 
tiation under Mode I. This has been shown to be a valid assumption 
materials with a high relative shear strength ry under tensile loading 
ations (eqn.(13)). Such materials typically exhibit a relatively 
ure behaviour (e.g. concrete or ceramics). 

2. As demonstrated, the inclination between primary and secondary 
ing is substantial for brittle failure, because pronounced unloading 
substantial shielding of cracks parallel to existing ones occurs. Since 
Fixed Crack Concept does not account for secondary cracking, the 
tiple Fixed Crack Model with aTh ~ 45° should be preferred these 
situations. However, the choice of aTh remains arbitrary and the 
should be assessed carefully. 
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3. The Rotating Crack Concept combines a mechanism for brittle materials 
(primary crack initiation under Mode I) with a concept that is appropriate 
for a very ductile material (continuous rotation of the material anisotropy). 
This is considered a major inconsistency since for quasi-brittle materials, 
a significant shielding of cracks must be expected. The Rotating Crack 
concept, as well as plasticity based formulations (e.g. Rankine) should 
therefore be used with care when simulating failure processes in quasi­
brittle materials. 
The statically constrained Microplane Model accounts for a proper inter­
action of normal and shear components. However, a strong dependence 
of the results on the number of sampling directions is observed, especially 

the material is not perfectly brittle but exhibits some significant tough­
ness. The results converge to the analytical solution given by eqn.(11) as 
the number of sample directions is increased. For this case, however, the 
numerical treatment is very inefficient and the determination of the active 
set of cracks becomes extremely difficult. 

The proposed Fictitious Crack Model yields consistent results for primary 
and secondary cracking in the complete range of materials, from perfectly 
brittle to ductile behaviour. Except for highly ductile materials, where clas­
sical plasticity is to be preferred for numerical reasons, the present approach 
is an attractive enhancement to the conventional Fictitious Crack Models. 

5 Equivalent macroscopic failure criterion 

5 .. 1 Homogenization 
result for the orientation of the critical fracture plane ( 11) is introduced 

into eqn.(8). Thus the local tractions [qn, qt] in the fracture criterion (4) can 
be substituted by the applied principal stresses [a 1, a 11]. After some calcu­
lus, the obtained equivalent macroscopic failure criterion reads: 

I 
<7J - qn,JO . 0 

for a 1 ( 1 2 
- ( 1 + tan 2 ¢>)) + a II ~ 0 

(a1 - an) B - qn,fo ((tan2¢ + 1 2
) a1 +an+ VA) ! O 

a1 - an 
for a I ( 1 2 

- ( 1 + tan 2 ¢>)) + an < 0 
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with 

A = 

B = 

The uniaxial tensile strength f i and uniaxial compressive strength f ~ are 
en by 

l qn,JO for 1 2 2: 1 + tan2¢ 

1; 
qn,JO (1 - ( 1- J1+tan2

</:>)
2

) for 1 2 < 1 + tan2¢ 

!~ = qn,JO ( 1- ( / + J1 +tan2¢ )2) (16) 

This is in accordance with the results in section 3.1, where the tensile 
strength of the fracture plane could be utilized under uniaxial loading only 
if 1 2 2: 1 + tan2¢. Otherwise, mixed mode failure in an inclined fracture 
plane is predicted for uniaxial tension. 

As shown in Fig. 10, the predictions for plain concrete under biaxial stres­
ses are quite adequate in the tensile and tensile-compressive regime. 
transition between failure under Mode I and mixed mode failure for increas­
ing compressive components is captured very well. The failure in the com­
pression regime is dominated by tensile splitting. Since the present approach 
has been implemented two-dimensionally, this physical failure mode, which 
resides in the third dimension, cannot be represented by the numerical pre­
diction. 

It should be noted that the macroscopic failure criterion and the (micro­
scopical) Fictitious Crack Model are only equivalent at the onset of initial 
failure. The further evolution of the failure process is formulated in terms 
of micromechanically oriented fracture. This leads to a highly anisotropic 
softening behaviour on the equivalent macroscopic scale, which cannot 
represented with homogenized quantities. Therefore, the microscopic 
mulation with the pertinent evolution laws should be favoured. 

5.2 Correlation with Griffith's criterion 
The equivalent macroscopic fracture criterion is now evaluated for a special 
choice of the material parameters(¢ = 0, '"'/ = 2). The critical orientation 
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fracture criterion simplify to 

COS ( 20'.crit) 

cos ( 2 acrit) 

1 

1 

2( 

for 

for 3a°J + (Jn < 0 
(17) 

:Fa:= { 
for 

for 

3(J1 +(Jn ~ 0 

3(JI + (Jn < 0 

This criterion is syntactically identical to the fracture criterion, which Grif­
(1924) derived on the basis of Inglis' solution for the stress distribution 

a crack in a linear elastic continuum under plane stress conditions. 
However, the tensile strength Qn,Jo in Griffith's derivation is not at all a mate­

parameter, but - as is well known from fracture mechanics - is dependent 
on the a of the crack: 

Strength Criterion: qn,Jo = const 

Fracture Mechanics: q - {EGf n,J 0 - V ----:;-;---
(18) 

Under assumption that a technical material contains initial microscop-
ical defects, and that the geometry and size of these defects is determined by 

production process of the material, then the length a of the initial defects 
becomes a characteristic constant, and the tensile strength Qn,Jo becomes a 

838 



............. ....., ............. parameter. is 
a strength criterion to 

6 

-.-..-n,ro..-,,,,.a mechanics. !l-'ll{'"XH=>"\Ti::•r 

sense of the 'size-effect' . 
., ..... ""."""""· ... """ ... descriptions, 

ac-

839 



7 References 

Bafant, Z.P. and Oh, B.H. (1983) Crack band theory for fracture of concrete, in 
Materials and Structures (RILEM, Paris), 16(93), 155-177. 

Carol, I. and Prat, P.C. (1991) Smeared analysis of concrete fracture using a mi­
croplane based multicrack model with static constraint, in Fracture Processes 
in Concrete, Rock and Ceramics (eds J.G.M. van Mier, J.G. Rots, and A. 
Bakker) E&FN Spon, London, Vol.2, 619-628. 

Feenstra, H.P. ( 1993) Computational Aspects of Biaxial Stress in Plain and 
Reinforced Concrete. Doctoral Thesis, Delft University of Technology (NL). 

Griffith, A.A. (1924) The theory of rupture, in Int. 1st Congress Appl. Mech. 
(eds. Biezeno and Burgers), Delft (NL), 55-63. 

Hillerborg, A., Modeer, M., and Petersson, P.E. (1976) Analysis of crack formation 
and crack growth concrete by means of fracture mechanics and finite 
elements. Cement and Concrete Research, 6, 773-782. 

Kupfer, H, Hilsdorf, H.K., and Rusch, H. (1969) Behavior of concrete under biaxial 
stresses. Proceedings American Concrete Institute, 66(3), 656-666. 

Litton, R.W. (1974) A Contribution to the Analysis of Concrete Structures 
Under Cyclic Loading. PhD Thesis, University of California, Berkeley (USA). 

Oliver, J. (1989) A consistent characteristic length for smeared cracking models. 
Int. J. Num. Meth. Eng., 28, 461-474. 

Rashid, Y.R. (1968) Analysis of prestressed concrete pressure vessels. Nucl. 
Engng. and Design, 7, 334-344. 

Rots, J.G. (1988) Computational Modeling of Concrete Fracture. Doctoral 
Thesis, Delft University of Technology (NL). 

Swenson, D.V. and Ingraffea, A.R. (1991) The collapse of the Schoharie Creek 
Bridge: A case study in concrete fracture mechanics. Int. J. Fracture, 51, 
73-92. 

Weihe, S., Konig, M., and Kroplin, B. (1994) A treatment of mixed mode fracture 
in debonding. Comp. Mat. Sc., 3, 254-262. 

Willam, K.J., Pramono, and Sture, S. (1987) Fundamental issues of smeared 
crack models, in SEM/RILEM Int. Conf. on Fracture of Concrete and Rock 
(eds. S.P. Shah and S.E. Swartz), Houston, Texas (USA), 142-153. 

840 


