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Abstract

Unsymmetrical crack problems are important for brittle materials
such as concrete and brittle polymers. In this paper, by defining a
new stress function which is a weight integral of the classical com-
plex stress function over the fracture process zones at two crack tips
an unsymmetrical fracture process zone model is developed. As a
numerical example, the fracture process zone behavior of a radical
crack with an inclusion under longitudinal shear deformation is in-
© vestigated.
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1 Introduction

The distribution of stress in the vicinity of a crack plays a key role
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in understanding the fracture behavior of materials. The theory of
linear fracture mechanics predicts that stresses approach infinity at
the tip of a crack with r=/2 singularity, where r is the distance from
the crack tip (Sneddon et al., 1969). But, the singular stress distribu-
tions near the crack tip are not realistic, since a real material can only
sustain a finite stress before it yields, crazes or cracks. The fracture
process zone is a small region surrounding the crack where the frac-
ture develops through the successive stages of inhomogeneous slip,
void nucleation, growth and coalescence, and bond breaking on the
atomic scale. Dugdale (1960) first developed a continuum mechan-
ics model for the fracture process zone, assuming an elastic-ideally
plastic material. In Dugdale model, the fracture process zone is dis-
tinguished from the rest of the crack by the action of a constant
cohesive stress which resists the crack opening displacement. Dug-
dale model is only realistic for materials without strain softening or
hardening.

Non-metallic materials, such as brittle polymers and concretes,
are different from metals in that the stress and strain relation is al-
most linear until the stress reaches the failure strength, then it drops
rapidly with further increases in strain (Peterson, 1981). Dugdale
model is not suitable to these materials. Two types of models have
been proposed to study the fracture process zone behavior for such
cases. The first type includes the fictitious crack model(FCM) by
Hillerborg (1980) and the crack band model(CBM) by Bazant and
Oh (1983). These models require the fracture energy Gy and the
tensile strain-softening curve before numerical simulations of frac-
ture phenomena of the structure are possible. Experimentally, the
load-displacement relationship for the whole structure can be easily
determined, but this is not the case for the tensile strain softening
curve in the process zone. Predicting the structure behavior or to
deduce the strain-softening behavior from the structure experiment
requires very. tedious iterations of numerical simulations.

A different modeling approach was proposed by Duan and Naka-
gawa (1988) to study the stress distribution in fracture process zone.
Their model defines a new complex stress function which is a weight
integral of the classical complex stress function over the length of the
fracture process zone. Using different weight functions different stress
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fields can be analytically determined in the fracture process zone as
well as over the whole structure. The boundary conditions are auto-
matically satisfied. Unlike the classical singular solutions, with this
new stress function, the crack tip singularity vanishes. Duan and
Nakagawa’s approach is conceptually simple, direct and elegant. But
there are several drawbacks in Duan and Nakagawa’s model: (1) The
model is in complex plane and this makes the model can only be used
for a very small group of simple problems. (2) The model can not
take the advantage of large amount of existing approximate singular
solutions. (3) The model assumes that both the geometry and the
loading conditions are symmetric. But this is not always the case.
As well known, most engineering problems are in the unsymmetrical
crack problem category due to the unsymmetrical geometry or the un-
symmetrical loading conditions. The original Duan and Nakagawa’s
. model has already been reformulated from the complex domain to the
real domain by the current authors (Zhu and Chang, 1998). In this
paper, with the same weight function idea Duan and Nakagawa em-
ployed in their model, an unsymmetrical fracture process zone model
is developed. The advantages of this model are: First, all boundary
conditions are satisfied automatically in this model. Second, the final
model is in the real domain so that it is easy to use. Third, approxi-
mate singular solutions can be directly used in this model to simulate
the fracture process zone behavior. Forth, the fracture process zone
behaviors of different materials can be simulated by choosing differ-
ent weight functions. As a numerical example, the facture process
zone behavior of a radical crack with an inclusion under longitudinal
shear deformation is investigated with constant weight function.

2 The Fracture Process Zone Model

In this section, the unsymmetrical fracture process zone model is
developed for mode III crack problem. The unsymmetrical fracture
process zone model for both mode I and mode II crack problems can
be obtained easily by following the same approach. Fig. 1 shows a
crack in a solid where ¢; and ¢, are the two crack tips, and b; and b
the two fracture process zone sizes. When the solid is loaded by far
field shearing force 7, which is parallel to the z axis, the resulting
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deformation will be anti-plane type. In this case, we have:
W=v=0, w=uw(zy) (1)

where u, v, and w are displacements along the coordinate axes. The
nonzero displacement and stress components can be given, in terms
of a stress function F(z, ¢, cz) of the complex variable z=x-+iy:

pw(z,y) = Re{F(Z,Cl,Cz)} 2)
Tez — iTyz = % -

where Re{.} denotes the real part of the function in the brackets and
p is the shear modulus. The boundary conditions of this problem
are:

. = 0 y=0<zr<cg 3
Ty: = Teo far field )
y
b2 bl
++ +—
+—8 e >
c2 cl X

Fig. 1. Crack geometry

The above singular solutions are not realistic near the crack tip
because the structure can only sustain finite stress before it yields,
crazes or fractures. Researches show that there is a process zone
existing at the tip of a crack. If b; and by are two fracture process
zone sizes at two crack tips as shown in Figure 1, we can define a new
stress function as

c1+b1
®(z, ¢, ;) =/c /cll pi(t1)p2(ta) F (2, t1, 1) dt1dty (4)

‘where py(t) and py(t) are two weight functions and satisfy the follow-
ing equations

fcczz—bz pQ(t)dt =1.0 (5)
[ o (8)dt = 1.0

(5]

2_62

The stress singularity vanishes with this new stress function and
different weight functions will give different stress and displacement
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distributions. The stress and displacement components obtained b
this new stress function satisfy the following boundary conditions:

Ty = 0 y=0, a<r <

Tyr = Too far field (6)
w = 0 xSCQ——bQOT’.’L‘ZCl'{“bl

w = 0 lz| =1

Those two fracture process zone sizes are determined by:
maz{7y(z,0),co—bs <z <co} = 7 ‘ (7)
mar{ry(z,0),a <z <ci+bi} = 7

where 73, is the shear failure stress. Substituting the new stress func-
tion into Eq. 2 and taking the integration out of the derivative, we
can obtain the finite stress concentration solutions as

Tor = Jorop, S pr(t1) palte) 75, dt1dts

Ty = [, JO p1(t1)pa(te) Ty, dt1dty (8)
woo= [o, J8T pi () pa(be)widty dis :
where 7;,, 7, and w® are singular solutions of the same problem.

From the above equation, we see that both analytical and the ap-
proximate singular solutions can be used in this model. Along the
crack line, both the stress and displacement components can be cal-
culated by

e(®,0) = [ 5 (1)l 2, Ot

Tyz (m’ 0) = Czo fcclw P1 (tl)p2(t2) Tyz (:1:, 0)dt dty (9>
w = [o2, [0 pr(t) palte)w®(z,0)dErdty
where:
€1 g <xr<c _
C10 = z a<z<c+b (10)

ca+b z>ci4bh or T < cy—by

z cg—by <z < ey
Cop = Cs < z<e (11)
Cy — by T < cyg—by or x >c+ —b

It is needed to point out that, in real calculation, we do not need to
calculate the new stress function. We can obtain the finite stress con-
centration solutions directly by doing simple numerical integrations
of Eq. 8 and 9 with the classical solutions.
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3 Numerical Examples and Discussion

3.1 Basic Equations
M

4
\/_cz cl *

Fig. 2. A radical crack with an inclusion

Fig. 2 shows a solid containing a crack with a rigid inclusion of unit
radius. The crack occupies the region ¢s < z < ¢;, y=0. The shear
modulus p and the failure stress = 73 of the material are 2.5GPa and
10MPa respectively. The solid is loaded by the far field shear stress
Teo along z axis. The boundary conditions to be satisfied at the crack
and inclusion are

Ty = 0 y=20 o<r<c

w = 0 y=0 r<coorzx>c

w o= 0 |z=1 (12)
Ty = Too far field

For this typical crack problem, the singular stress function F(z,
¢;) satisfying the above boundary conditions is suggested by Sedeckyj
(1974):

2= e)(1/z = er)(z = e2)(1/z - )} (13)

c3

F(z,¢;) = —iP {(

The singular solutions along the crack line can be easily obtained
when ¢s <z < ¢

1 1
_ (z2-p c2(c1—z) cl——— 2 ci(z—ca)(ea—2)] 2
sz(:E, 0) - ‘ 222 {[61(1‘ —cg)(c2—1) ] + [Cz (c1—z)( 61‘1)] }
Ty (2, 0) = 0 (14)
1
_ (e1=z)(ci=1)(z—c2)(ca=3) | 2
{ w(JI, 0) - 3 { — CiC2 . }
When z > ¢; or < ¢y, we have:
( T22(2,0) = 0
_ (@=1p [ [eale—e)(@=D)]7 |, [erle—co)(e=1)]7
Tyz(-'l? O) 922 {[cl(z‘—Cz)(Cz——)] + [cz(x—cl)(cl—%)] } : (15)
w(z,0) = 0
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The unsymmetrical fracture process zone solutions along the crack
line can be obtained by substituting Eq. 14 and 15 into Eq. 9 where

pi1(t) = 1/b1 and py(t) =1/by

1
. . 2—1)P C20 140y to(z—t1) (¢ —1/z) | 2
72:(2,0) = Wibys? Jea—bs Jero 11 (z—12) ({2—1/2)

+ [ilgx-—izzgtz—lfwz]%} dt,dt

ig(m—tl)(tl—l/z)

(16)

1
. . !22—1!12 c2 C10 tg!:l]-—tl!!tl—-l!x 2
Tyz(‘l70) T 2bibaz? JrCzo fCl ti(z—t2)(t2—1/z)

1 (17)
tl I—tg tz—l z 2
+ aEte)] }dtldt?
w(z,0) = ;;bljbg e fccl10+bl {ﬁ_l:z)gtll_—l_ﬁl o)

1
e }2 dtdt

When ¢y approaches the inclusion, the left crack tip will be arrested
and the solution can be obtained by letting cs go to the inclusion

Tae(2,0) = o Joth ([0 gy | [Uemalaol/Ony g

(2, 0) = 5 o [ ACYA T | el g (19)
’UJ(LL‘,O) = Lfc1+b1{(i—-z) :-—1/x) (x—cz)(cz—l/x)}%dt

pby “cio c2

where k = (22 — 1)p/(2b;2?)
3.2 Numerical Results and Discussion

In this subsection, with constant weight functions, we first study
the fracture process zone behaviors of the above mentioned problem.
Then, the crack-inclusion interaction is briefly discussed.
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Fig. 3. Stress distributions Fig. 4. b vs 7, curve
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Fig. 3 shows the shear stress distributions (7, 7,.) along the crack
line when ¢i=>5cm, co=2cm and the far field shear stress 7,,=0.47;.
The curve tells us that 7,, reaches its maximum at crack tips ¢; and
cg, but 7, reach their maximum at the ends of the process zone. Fig.
4, 5, and 6 show how fracture process zone sizes b;, crack tip opening
displacements CTOD; and the J integers J; (i=1,2) change with the
increase of 7. We see that the left crack tip is much weaker than
the right tip even though b;, CTOD; and J; increase with 7. The
unsymmetrical characteristics can not be ignored. o
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Fig. 7. Type one interaction results

Two kinds of crack-inclusion interactions are discussed with fixed
far stress ( 7oo = 0.47): (1) The left crack tip ¢y is fixed (ce=2cm) and
the crack length changes; (2) The crack length is fixed (¢; — cp=3cm)
but the left crack tip moves towards the inclusion. Figure 7 shows
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the results of the first type of crack-inclusion interaction. Fig. 7
tells that, when the crack length increases, both b; and J; increases.
Then, it also shows that both J; and Jy are almost linear with the
crack length. The results of the second type of crack-inclusion
interaction is shown in Fig. 8. It tells that, when ¢y approaches the
infinity, the unsymmetrical characteristics tend to disappear. Then,
it also tell us that, when ¢y goes to the inclusion, by tends to go to
zero. This is because the analytical solution assumes the inclusion
rigid and this makes the inclusion sustain all the load when the crack’s
left tip is on the inclusion’s surface.
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Fig. 8. Type two interaction results

4 Conclusion

In the present paper, by defining a new stress function which is a
weight integral of the classical complex stress function over the length
of two fracture process zones, a unsymmetrical fracture process zone
model is developed. The advantages of this model are: (1) All bound-
ary conditions are satisfied automatically in this model. (2) The final
model is in the real plane so that it is easy to use. (3) Approximate
singular solutions can be directly used in this model to simulate the
fracture process zone behavior. (4) The fracture process zone be-
haviors of different materials can be simulated by choosing different
weight functions. As a numerical example, the facture process zone
behavior of a radical crack with an inclusion under longitudinal shear
deformation is studied.
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