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ABSTRACT: A numerical algorithm is proposed for the prediction of the mechanical behavior of the plastic
hinges taking place in RC beams at the ultimate loading conditions. The main novelty of such an approach is
the introduction of the Overlapping Crack Model, based on nonlinear fracture mechanics concepts, to de-
scribe concrete crushing, along with the well-known Cohesive Crack Model for concrete in tension and a
stress versus crack opening displacement relationship for steel reinforcement. As a result of a systematic ap-
plication of the proposed algorithm, new practical design diagrams are proposed for the improvement of the
current codes of practice, which completely disregard the size-scale effects. In this context, Dimensional
Analysis is also applied in order to obtain further simplifications in the description of the overall response. It
is in fact demonstrated that only two nondimensional numbers, Np and N, are responsible for the available
ductility. A new interpretation of the experimental results on the plastic rotations in terms of Np and N¢ is also
proposed.

1 INTRODUCTION From the theoretical point of view, in fact, the prob-

lem of the rotational capacity of reinforced concrete
A detailed analysis of the mechanical behavior of re-  beams has been faced by several models developed
inforced concrete structures during the loading proc-  in the last decades, each of them focusing on a dif-
ess evidences a series of complex phenomena char-  ferent aspect: steel ductility and steel-concrete inter-

acterizing the global nonlinearity, namely concrete  action (Langer 1998, Bigaj & Walraven 1993), con-
fracturing and/or crushing and steel yielding and/or  crete strain localization in tension and compression
slippage. Aiming at providing an accurate descrip-  (Bigaj & Walraven 1993, Hillerborg 1990), tension-
tion of the flexural response of reinforced concrete  stiffening (Cosenza et al. 1991), shear effect (Pom-
beams, Carpinteri et al. (2007, 2009) proposed a  merening 1996). Analogously, experimental tests
numerical model based on fracture mechanics con-  have been carried out in order to investigate the ef-
cepts. In particular, the concrete fracturing is de-  fect of one parameter at a time on the plastic hinges:
scribed by means of the well-known Cohesive Crack  the steel ductility (Eligehausen & Langer 1987,
Model, whereas the original Overlapping Crack  Calvi et al. 1993, Beeby 1997), the concrete com-
Model has been introduced for concrete crushing.  pressive strength (Shin et al. 1989, Markeset 1993,
According to the latter model, the concrete damage  Pecce & Fabbrocino 1999), the reinforcement in the
in compression is represented by means of a ficti-  compressive zone (Burns & Siess 1966), the con-
tious interpenetration. The larger is the interpenetra-  finement of concrete by means of stirrups (Burns &
tion, the lower are the transferred forces across the Siess 1966, Somes 1966), as well as the structural
damaged zone. An elasto-plastic stress versus crack  dimension (Mattock 1965, Corley 1966, Bigaj &
opening displacement relationship describing the  Walraven 1993, Bosco & Debernardi 1993). This
steel reinforcement behavior is also integrated into  makes difficult the interpretation of the experimental

the numerical algorithm. By applying such a nu-  results and reduces the prediction capability of ana-
merical model it has been possible to simulate the  lytical models. So far, for instance, the relative neu-
moment versus rotation diagrams of several experi-  tral axis position at the ultimate condition, x/d, has

mental tests and to investigate on the rotational ca-  been chosen as a governing parameter for the rota-
pacity by varying all the mechanical and geometrical  tional capacity. According to this choice, the results
parameters, in particular by addressing the issue of  of different experimental campaigns have been
size-scale effects (Carpinteri et al. 2007, 2009a, b). merged in a Spy, versus x/d diagram, as an attempt to

However, due to the presence of lots of variables  obtain a practical design prescription. However, the
and several nonlinearities, it is impossible to propose ~ wide scattering of the results in such a diagram,
a synthetic description of the physical phenomenon.  clearly evidenced in (Siviero 1974), suggests that the
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nondimensional parameter x/d does not completely
describe the considered phenomenon.

In order to overcome such drawbacks, relevant
contributions are given by Dimensional Analysis
based on the Buckingham's Il-Theorem (Bucking-
ham 1915). The application of such a procedure to
structural analysis, in fact, permits to clearly connect
the mechanical response to dimensionless groups of
the variables involved in the phenomenon, rather
than to the individual values of them. Applications
of dimensional analysis to Linear Elastic Fracture
Mechanics have been proposed by Carpinteri since
1981, in order to study the stability of progressive
cracking in brittle materials and in reinforced con-
crete elements (Carpinteri 1981a, b, ¢, 1982), and to
evaluate the minimum reinforcement necessary to
avoid unstable crack propagation (Bosco & Carpin-
teri 1992). In the case of brittle materials, the frac-
turing phenomenon is governed by the following
nondimensional parameter, also called stress brittle-
ness number (Carpinteri 1981a, b, ¢):

K

c

S =
1/2
o,h"

(1)

where K¢ is the material fracture toughness, oy is its
ultimate strength and 4 is a characteristic linear size
of the specimen. A transition from ductile to brittle
failure is predicted by decreasing the brittleness
number, s. In the case of lightly reinforced concrete
elements, instead, a different nondimensional pa-

rameter has been introduced (Carpinteri 1982,
1984):
o hl/Z
N,=p— 2
p=P X (2)

c

where p and oy are, respectively, the percentage and
the yielding strength of steel reinforcement. Also in
this case, a ductile-to-brittle transition occurs by de-
creasing the reinforcement brittleness number, Np.
Finally, the application of dimensional analysis to
Nonlinear Fracture Mechanics, and in particular to
the Cohesive Crack Model, permitted to introduce
the energy brittleness number (Carpinteri 1985,
1991):

Gr
o h

u

)

Sgp =

where Gr is the fracture energy. Analogously to the
previous numbers, a transition from ductile to sof-
tening, or even snap-back, failure is evidenced by
decreasing sz. More recently, the dimensional analy-
sis has been applied to the Bridged Crack Model in
order to analyse the failure mechanism transition,
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from flexural to shear and crushing, in reinforced
and fibre-reinforced concrete beams (Carpinteri et
al. 2003), and to a best-fitting procedure for the pre-
diction of the compressive strength of concrete
specimens (Phatak & Desphande 2005) and the ul-
timate torsional capacity of reinforced concrete
beams (Phatak & Dhonde 2003).

In the present paper, Dimensional Analysis is ap-
plied, contextually to the model proposed by Carpin-
teri et al. (2007, 2009), for the assessment of the ro-
tational capacity of reinforced concrete beams in
bending. In particular, it will be demonstrated that
only two nondimensional parameters, Np and N, are
responsible for the available ductility. Then, experi-
mental confirmations of the numerical approach are
also proposed.

2 NUMERICAL INVESTIGATION

In this section, the numerical algorithm proposed by
Carpinteri et al. (2007, 2009) for the analysis of the
behavior of reinforced concrete elements in bending
is briefly described. This model permits to study a
portion of a reinforced concrete beam subjected to a
constant bending moment M. This element, having a
span to depth ratio equal to unity, is representative of
the zone of a beam where a plastic hinge formation
takes place. It is assumed that fracturing and crushing
are fully localized along the mid-span cross-section of
the element. This assumption, fully consistent with
the crushing phenomenon, also implies that only one
equivalent main tensile crack is considered. The load-
ing process is characterized by crack propagation in
tension, steel yielding and/or slippage, and concrete
crushing in compression.

In the proposed algorithm, the behaviour of con-
crete in tension is described by means of the well es-
tablished Cohesive Crack Model (Hillerborg et al.
1976, Carpinteri 1985, 1989), largely used, in the
past, to study the ductile-to-brittle transition in plain
concrete beams in bending. According to this model,
the adopted constitutive law is a stress—strain linear-
elastic relationship up to the achievement of the ten-
sile strength, oy, for the undamaged zone, and a
stress—displacement relationship describing the ma-
terial in the process zone. In particular, the cohesive
stresses are considered to be linearly decreasing
functions of the crack opening, w'. The critical crack
opening displacement is equal to w. = 0.1 mm,
and the fracture energy, Gr, is assumed to vary from
0.050 N/mm to 0.150 N/mm, depending on concrete
strength and maximum aggregate diameter, accord-
ing to the prescriptions given in the Model Code 90
(1993).

As far as modelling of concrete crushing failure is
concerned, the Overlapping Crack Model introduced
by Carpinteri et al. (2007, 2009) is adopted. Accord-



ing to such an approach, strongly confirmed by ex-
perimental results (van Mier 1984, Jansen & Shah
1997), and derived from the pioneering work by
Hillerborg (1990), the inelastic deformation in the
post-peak regime is described by a fictitious interpen-
etration of the material, while the remaining part of
the specimen undergoes an elastic unloading. As a re-
sult, a pair of constitutive laws for concrete in com-
pression is introduced, in close analogy with the Co-
hesive Crack Model: a stress-strain relationship until
the compression strength is achieved (Fig. 2a), and a
stress-displacement (overlapping) relationship de-
scribing the phenomenon of concrete crushing (Fig.
2b). The latter law describes how the stress in the
damaged material decreases from its maximum value
to zero as the fictitious interpenetration increases
from zero to the critical value, w¢, . It is worth noting
that the crushing energy, G., which is a dissipated
surface energy, defined as the area below the post-
peak softening curve in Figure 2b, can be assumed as
a true material property, since it is not affected by the
structural size. An empirical equation for calculating
the crushing energy has been recently proposed by
Suzuki et al. (2006), taking into account the lateral
confinement exerted by stirrups. By varying the con-
crete compressive strength from 20 to 90 MPa, the
crushing energy ranges from 30 to 58 N/mm. The
critical value for the crushing interpenetration is ex-
perimentally found to be approximately equal to wy,
~ 1 mm (see also Jansen & Shah 1997). It is worth
noting that this value is a decreasing function of the
compressive strength, whereas it increases by increas-
ing the concrete confinement.
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Figure 1. Overlapping Crack Model for concrete in compres-
sion: linear-elastic c—¢ law (a); post-peak softening c—w rela-
tionship (b).

As far as the behaviour of steel reinforcement is
concerned, it is impossible to adopt the classical o—¢
laws, since the kinematics of the mid-span cross-
section of the reinforced concrete member is de-
scribed by means of displacements, instead of
strains. To this aim, constitutive relationships be-
tween the reinforcement reaction and the crack
opening displacement are obtained by means of pre-
liminary studies carried out on the interaction be-
tween the reinforcing bar and the surrounding con-
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crete. In particular, the integration of the differential
slips over the transfer length, /, is equal to half the
crack opening at the reinforcement level, whereas
the integration of the bond stresses gives the rein-
forcement reaction. Simplified procedures of such an
approach have been proposed by Ruiz et al. (1999)
and Brincker et al. (1999). Typically, the obtained
relationships are characterized by an ascending
branch up to steel yielding, to which corresponds the
critical value of the crack opening for steel, wy. Af-
ter that, the steel reaction is nearly constant.

2.1. Numerical Algorithm

A discrete form of the elastic equations governing
the mechanical response of the two half-beams is
herein introduced. The reinforced concrete member
is considered as constituted by two symmetrical
elements characterised by an elastic behaviour, and
connected by means of # pairs of nodes (Figure 2a).
In this approach, all the mechanical nonlinearities
are localised in the mid-span cross-section, where
cohesive and overlapping stresses are replaced by
equivalent nodal forces, Fj, by integrating the corre-
sponding stresses over the nodal spacing. Such nodal
forces depend on the nodal opening or closing dis-
placements according to the cohesive or overlapping
softening laws previously introduced.

With reference to Figure 2a, the horizontal forces,
Fi, acting at the i-th node along the mid-span cross-
section, can be computed as follows:

{Fy=[K, Jw}+{K,} M )

[ L e}
~ i
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Figure 2. Finite element nodes (a); and force distribution with
cohesive crack in tension and crushing in compression (b)
along the mid-span cross-section.
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where: {F} is the vector of nodal forces, [K,,] is the
matrix of the coefficients of influence for the nodal
displacements, {w} is the vector of nodal displace-
ments, {K)} is the vector of the coefficients of in-
fluence for the applied moment M.

In the generic situation shown in Figure 4b, the
following equations can be considered:

FE=03fori=1,2,...,(G-1); 1=#r (5a)

1

t
F =F;(1—K§J; fori=j, ..., (m=1); i#r (5b)

cr

w, =0; fori=m,...,p (5¢)
wy .

Fi=F;(1— ICJ, fori=(ptl),...,n (5d)

Fi=f(wi); fori=r. (Se)

where: j represents the real crack tip, m represents
the fictitious crack tip, p is the fictitious overlapping
tip and r is the node corresponding to the steel rein-
forcement (see Fig. 4b). The reinforcement contribu-
tion is included in the nodal force corresponding to
the r-th node (see Eq. (5¢)).

Equations (4) and (5) constitute a linear algebraic
system of (2n) equations in (2n+1) unknowns, namely
{F}, {w} and M. The necessary additional equation de-
rives from the strength criterion adopted for tensile
crack or crushing zone propagation. At each step of the
loading process, in fact, either the force in the fictitious
crack tip, m, equals the ultimate tensile force, or the
force in the fictitious crushing tip, p, equals the ultimate
compressive force. It is important to note that the condi-
tion for crack propagation (corresponding to the
achievement of the tensile strength at the fictitious crack
tip, m) does not imply that the compressive strength is
reached at the corresponding overlapping crack tip, p,
and viceversa. Hence, the driving parameter of the
process is the tip that in the considered step has reached
the limit resistance. Only this tip is moved when passing
to the next step. This criterion will ensure the unique-
ness of the solution on the basis of physical arguments.

Finally, at each step of the algorithm, it is possi-
ble to calculate the beam rotation, &, as follows:

9={p,} {w}+ DM (6)

where {D,} is the vector of the coefficients of influ-
ence for the nodal displacements, and D), is the co-
efficient of influence for the applied moment.

It is worth noting that Egs. (4) and (6) permit to
analyse the fracturing and crushing processes of the
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mid-span cross-section taking into account the elas-
tic behaviour of the reinforced concrete member. To
this aim, all the coefficients are computed a priori
using a finite element analysis. Due to the symmetry
of the problem, a homogeneous concrete rectangular
region, corresponding to half the tested specimen
shown in Figure 2a, is discretized by means of quad-
rilateral plane stress elements with uniform nodal
spacing. Horizontal constraints are then applied to
the nodes along the vertical symmetry edge. The co-
efficients K entering Equation (4), which relate
the nodal force Fj to the nodal displacement w;, have
the physical dimensions of a stiffness and are com-
puted by imposing a unitary horizontal displacement
to each of the constrained nodes. On the other hand,
by applying a unitary external bending moment, it is
possible to compute the coefficients K),. At the
same time, each coefficient of influence for the
nodal displacement on the global rotation, D], is
given by the rotation of the free edge corresponding
to a unitary displacement of the i-th constrained
node. Finally, D), is the rotation of the free edge cor-
responding to a unitary external bending moment.

3 NEW PROPOSAL FOR DESIGN CODES

In this section, the results of a detailed parametric
study carried out in order to analyze the effect of each
parameter to the overall response are presented, with
particular regard to the plastic rotational capacity.
With reference to the typical moment versus rotation
curve obtained by the application of the proposed al-
gorithm shown in Figure 3, the plastic component of
the total rotation can be obtained as the difference be-
tween the ultimate rotation and the rotation corre-
sponding to the reinforcement yielding. According to
the definition proposed by Hillerborg (1990) and
Pecce (1997), the ultimate rotation is the rotation be-
yond which the moment starts descending rapidly.

The results of the parametric analysis can be
summarized in a plastic rotation versus relative neu-
tral axis position, x/d, diagram. This is also consis-
tent with the practical prescriptions of the Eurocode
2 (CEN TC/250 2004). The numerical results re-
ferred to different beam depths are compared in Fig-
ure 4 with the curve provided by Eurocode 2 for
high ductility steel and concrete compressive
strength less than or equal to 50 MPa. Beams with a
depth equal to 0.2 m have a rotational capacity
greater than that suggested by the code. On the other
hand, by increasing the beam depth up to 0.6 or 0.8
m, the rotations provided by the code appear to be
not conservative. It is worth noting that the numeri-
cal results are however in good agreement with the
curve provided by the code, because the latter was
calibrated on a large series of tests carried out on
beams with depth of about 0.3 m.
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Figure 3. Definition of plastic rotation.
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Figure 4. Numerical plastic rotation for different beam depths (dotted
lines) compared with the Eurocode 2 provision (solid line).

4 APPLICATION OF DIMENSIONAL
ANALYSIS TO THE FLEXURAL
BEHAVIOUR OF RC BEAMS

The most relevant applications of Dimensional
Analysis in Solids Mechanics have concerned the
analysis of complete and incomplete physical similar-
ity of strength and toughness in disordered materials
(Carpinteri 1981a, b, c, 1982, 1984, 1991, Carpinteri
et al. 2003, Phatak & Dhonde 2003, Phatak &
Deshpande 2005) as well as the study of the incom-
plete self-similarity in fatigue crack growth (Baren-
blatt & Botvina 1980, Ciavarella et al. 2008).

When the flexural behavior of reinforced concrete
beams is studied according to the numerical model
proposed in the previous section, the functional rela-
tionship among the quantities characterizing the
phenomenon is the following:

M=o (O'u, gF, Oc, gC, E., Oy, Pt h; b/h, L/h, '9)’ (7)

where M is the resistant bending moment, o, Gr, O,
Ge, E. are, respectively, the tensile strength, the frac-
ture energy, the compressive strength, the crushing
energy, and the elastic modulus of concrete; oy and
o represent the yield strength and the percentage of
the tensile reinforcement, /4 is the characteristic size
of the body, b/h and L/h define the geometry of the
sample according to Figure 1, and 4 is the local rota-
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tion of the element. Since we are interested in the ro-
tational capacity of over-reinforced concrete beams,
the set of variables can be simplified as follows:
M=® (o, Ge, Ec, oy, pr, h; 9 (8)
where the parameters describing the behavior of
concrete in tension, oy and Gy, are not explicitly
considered, since they affect only the ascending
branch of the moment versus rotation response and
do not influence the level and the extension of the
plastic plateau. On the other hand, only the beam
depth, 4, is considered, since the geometrical ratios
of the samples , b/h and L/h, are assumed to be con-
stant in the present study.

The application of the Buckingham’s I1-Theorem
to Eq. (9) yields the following relationship:

M_ _o [10/ LU N IS
T = 1 s Mt s
h2-5 \Y} gCEc gCEc \/chc \/chc

if h and /G-E, are assumed as the dimensionally
independent variables. It is worth noting that the
former parameter is representative of the size-scale
of the specimen, whereas the latter is a material
property. In particular, /G.E. can be physically
interpreted as the concrete toughness in compres-
sion. Its expression, in fact, is analogously to that of
the fracture toughness, K¢, defined in terms of the
fracture energy and the elastic modulus of the mate-
rial. As a consequence, the dimensionless functional
relationship for the proposed model becomes:

M=®,(N,N,,3,)

(10)
where:
hO.S
NP = pt Gy
\]gCEc (11)
and
o h*?
N.=—F+
VGCEC (12)

are the governing nondimensional numbers, M is
the nondimensional bending moment, and 9, is the
normalized rotation. According to Eq. (11), we ex-
pect that the structural response, in terms on nondi-
mensional moment versus normalized rotation, is
only a function of the dimensionless numbers Np and
Nc. In particular, physical similitude is predicted
when the two dimensionless parameters are kept
constant, although the single mechanical and geo-
metrical properties vary.
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5 INTERPRETATION OF NUMERICAL AND
EXPERIMENTAL RESULTS ON THE BASIS
OF DIMENSIONAL ANALYSIS

In this section, an original interpretation of numerical and
experimental results is proposed in order to obtain a com-
plete and exhaustive description of the effects of the mate-
rials and geometrical properties on the flexural behavior of
reinforced concrete beams. On the basis of the analytical
results obtained through Dimensional Analysis, in fact, the
overall mechanical response is profitably analyzed
through the two nondimensional numbers introduced be-
fore. The numerical simulations for values of Np ranging
from 0.049 up to 0.329, N¢ being kept equal to 0.791, are
shown in Figure 5. It is worth noting that, in practical ap-
plications, typical values for Np range from 0.004 up to
0.360, whereas N¢ varies from 0.2 up to 3.5. A clear dec-
rement in the rotational capacity is evidenced with a re-
duction in the plastic plateau as the value of Np increases.
Such a trend can be easily interpreted through an incre-
ment in the steel percentage, p, which appears only in the
expression of Np and not in that of Nc. Note that the ulti-
mate rotation is clearly identified by a softening or even a
snap-back branch at the end of the plastic plateau, due to
the nonlinear behavior of concrete in compression.

— M N, =0.791
bh'* G E,
0.16 - H A: Np =0.049
B:Np =0.063
G C:Np =0.079
0.12 4 F D: Np =0.095
E:Np =0.112
E F:Np =0.142
0.08 1 D c G:Np =0178
L4 B H: Np =0.329
0.04 A 7 A
0.00 .
0 10 20 30 5 W E,

VGcE.

Figure 5. Nondimensional moment vs. normalized rotation dia-
grams for N¢c = 0.791 and different values of Np.
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C: N¢ = 0.560
D: N =0.791
E:N¢=1.016
F:N¢ =1.304
G:N¢ =1.769
H: N = 2.385

Np =0.109

1‘5 0.5
g .,
\Y gCEc

Figure 6. Nondimensional moment vs. normalized rotation dia-
grams for Np = 0.109 and different values of Nc.

On the other hand, the curves in Figure 6 are re-
lated to values of N¢ varying from 0.303 up to 2.385,
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with Np = 0.109. In this case, the rotational capacity
is an increasing function of N¢, as well as of the
concrete compressive strength, o.. Correspondingly,
a more unstable response after the ultimate rotation
is also predicted by the occurrence of a sharper
snap-back branch.

In order to give an experimental validation to the
analytical and numerical approach proposed in the
present paper, the bending tests carried out by Bosco
and Debernardi (1993) on simply supported rein-
forced concrete beams with different sizes and
loaded by three equal loads arranged symmetrically
to the mid-span, are herein considered. The steel
yielding strength is equal to 600 MPa, and the con-
crete compressive strength and elastic modulus are
equal to 30.9 MPa and 30 GPa, respectively. The
other geometrical and mechanical parameters are re-
ported in Tab. 1. The plastic rotation, Jpr, of the
central beam portion characterized by a length to
depth ratio equal to unity, as a function of the rela-
tive neutral axis position, x/d, is shown in Figure 7a.
Such results evidence a different trend in the rota-
tional capacity by varying the beam depth from 0.2
m up to 0.6 m. The shallower beams, in fact, exhibit
a higher ductility than the deeper ones. On the con-
trary, such different trends collapse onto a narrow
band in the normalized plastic rotation versus Np
diagram shown in Figure 7b. In this case, based on
the curves shown in Figure 6, the nondimensional
parameter N¢ is not considered, since it exhibits a
small variation for the considered beams (see Tab.
1). The results of the numerical simulations carried
out with the proposed model are also represented in
Figure 7b by the not filled-in symbols. A generally
good agreement is obtained between numerical and
experimental results. For low values of Np, up to
about 0.03, the global collapse is due to steel failure,
and %L, is an increasing function of size and
amount of steel reinforcement. On the contrary, for
higher values of Np, when the collapse is due to con-
crete crushing, Jpr,» shows an opposite trend.

Table 1. Mechanical and geometrical parameters of the beams
tested by Bosco & Debernardi (1993).

beam b h P Gc Np N¢ xid  Ypy,

[mm] [mm] [%] [N/mm)] [mrad]
T1A3 0.57 0.039 0.282 0.226 73.93
T2A3 100 200 1.13 50.0 0.078 0.282 0.335 64.64
T3A3 1.70 0.118 0.282 0.600 7.56
T4A3 0.28 0.033 0.564 0.115 67.06
T5A3 0.57 0.067 0.564 0.229 122.39

200 400 35.0
T6A3 1.13 0.013  0.564 0.462 14.82
T7A3 1.70 0.199  0.564 0.636 2.50
T8A3 0.13 0.016 0.496 0.108 23.47
T9A3 0.25 0.031 0.496 0.147 52.30

300 600 48.0
T10A3 0.57 0.069 0.496 0.237 32.41
T11A3 1.13 0.138  0.496 0.488 8.50




In order to highlight the different overall response
evidenced by varying the beam size, a comparison in
terms of moment-rotation diagram is shown in Fig-
ure 8§ for three of the considered tests (see Carpinteri
et al. 2009b for a more extensive comparison with
the experimental results).
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Figure 7. Experimental plastic rotations vs. x/d diagram (a);
experimental and numerical normalized rotations vs. nondi-
mensional number Np diagram (b).

6 CONCLUSIONS

A numerical algorithm based on nonlinear fracture
mechanics concepts both in tension and compression
is introduced for the analysis of reinforced concrete
beams in bending, with particular regard to the rota-
tional capacity of plastic hinges. In this context, a
new diagram for practical design purposes has been
proposed to improve the current codes prescriptions
and take into account the size-scale effects. Further
improvements towards a simplification in the de-
scription of the overall response are obtained by the
application of Dimensional Analysis to the proposed
approach. The following main conclusions can be
drawn from the analytical and numerical results:

1. The flexural behavior is not governed by the sin-
gle values of the mechanical and geometrical pa-
rameters, but only by their combinations in two
nondimensional numbers, Np and Nc.
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Physical similitude in the nondimensional mo-
ment versus normalized rotation diagram is pre-
dicted when the two dimensionless parameters
are kept constant, although the single mechanical
and geometrical properties vary.

. As far as the rotational capacity is concerned, it can be
evidenced that the normalized rotation is a decreasing
function of Np, N¢ being kept constant, whereas it in-
creases by increasing the value of N¢, Np being kept
constant. Such an evidence can be profitably used to
give new and accurate descriptions of experimental
results, as proved in Figure 7a, b. In particular, the
diagram in Figure 7b permits to describe with a single
curve the effect of structural dimension and steel rein-
forcement on the rotational capacity, whereas the
analogous ones proposed by Model Code 90 and
Eurocode 2 (2004), with different variables on the
horizontal and vertical axis, completely disregard the
size-scale effects.
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200 A
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e h = 200 mirm

Q = T \ T \
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Figure 8. Comparison between numerical and experimental re-
sults for different beam depths and p, = 1.13 %.
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