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ABSTRACT: This paper presents recent results obtained by the Lattice Discrete Particle Model (LDPM) for
the simulation of concrete and ﬁber reinforced concrete behavior. LDPM is a meso-scale model which has
been recently formulated at Rensselaer Polytechnic Institute and extensively validated against experimental
data. LDPM can accurately predict several phenomena characterizing concrete behavior, including failure under
uniaxial, biaxial, and triaxial compression; material compaction under hydrostatic compression; and tensile
fracturing.
1

THE LATTICE DISCRETE PARTICLE MODEL

Since the mid-1980s, many meso-scale models for
concrete have appeared in the literature. The main
advantage of these models over classic constitutive
models for concrete is their ability to simulate material heterogeneity and its effect on damage evolution and fracture. Noteworthy examples of mesoscale models are the ones published in Roelfstra et al.
(1985), Wittmann et al. (1988), Bažant et al. (1990),
Schlangen & Van Mier (1992), Carol et al. (2001),
Lilliu & Van Mier (2003), Cusatis et al. (2003a),
Cusatis et al. (2003b), Cusatis et al. (2006a), Cusatis
& Cedolin (2006b), Yip et al. (2006).
This paper presents and discusses recent results obtained at Rensselaer Polytechnic Institute by the Lattice Discrete Particle Model (LDPM). LDPM simulates concrete mesostructure by taking into account
only the coarse aggregate pieces, typically with characteristic size greater than 5 mm. The mesostructure is
constructed through the following steps. 1) The coarse
aggregate pieces, whose shapes are assumed to be
spherical, are introduced into the concrete volume by
a try-and-reject random procedure. 2) Zero-radius aggregate pieces (nodes) are randomly distributed over
the external surfaces. 3) A three-dimensional domain
tessellation, based on the Delaunay tetrahedralization
of the generated aggregate centers, creates a system
of cells interacting through triangular facets, which
can be represented in a two-dimensional sketch by
straight line segments (Fig. 1). A vectorial constitutive law governing the behavior of the model is imposed at the centroid of the projection of each single
facet (contact point) onto a plane orthogonal to the
straight line connecting the particle centers (edges of
the tetrahedralization). The projections are used in-

Figure 1: a) Meso-structure tessellation. b) Threedimensional discrete particle. c) Deﬁnition of nodal degrees of freedom and contact facets in two-dimension.

stead of the facets themselves to ensure that the shear
interaction between adjacent particles does not depend on the shear orientation. The straight lines connecting the contact points with the particle centers deﬁne the lattice system.

Rigid body kinematics describes the displacement
ﬁeld along the lattice struts and the displacement
jump, uC , at the contact point. The strain vector is
deﬁned as the displacement jump at the contact point
divided by the inter-particle distance, L. The components of the strain vector in a local system of reference, characterized by the unit vectors n, l, and m,
are the normal and shear strains:

J

= − D ( h , T ) ∇h

The proportionality coefficient D(h,T)

εN =

nT uC 
lT uC 
mT uC 
; εL =
; εM =
(1)
L
L
L

The unit vector n is orthogonal to the projected facet,
and the unit vectors l and m are mutually orthogonal
and lie in the projected facet.
The elastic behavior is described by assuming that
the normal and shear stresses are proportional to the
corresponding strains:
σN = EN εN ; σM = ET εM ; σL = ET εL

(2)

where EN = E0 , ET = αE0 , E0 = effective normal
modulus, and α = shear-normal coupling parameter.
E0 and α are assumed to be material properties.
The tensile fracturing behavior (εN > 0) is formulated through a relationship between the effective
strain and the effective stress (Cusatis et al. 2003a),
deﬁned as:


(σM + σL )2
2
+
ε = ε2N + α(ε2M + ε2L ); σ = σN
α
(3)
By using the effective strain and the effective stress,
the relationship between normal and shear stresses
versus normal and shear strains can be calculated in a
way similar to simple damage models(see derivation
in Cusatis et al. (2003a)):
σN = σ

εN
αεM
αεL
; σM = σ
; σL = σ
ε
ε
ε

(4)

The effective stress, σ, is incrementally elastic
(σ̇ = E0 ε̇) and must satisfy the inequality 0 ≤ σ ≤
σbt (ε, ω). The strain dependent boundary σbt (ε, ω) can
be expressed as


εmax − ε0 (ω)
σbt = σ0 (ω) exp −H0 (ω)
σ0 (ω)

(5)

in which the brackets • are used in Macaulay sense:
x = max{x, 0}.
The internal variable ω is deﬁned as follows
(Cusatis et al. 2003a):
√
σN α
εN
=
(6)
tan ω = √
σT
αεT
and it characterizes the coupling between normal and
shear strains (or stresses). The σbt boundary evolves
exponentially as a function of the maximum effective
strain, whichis a history-dependent variable deﬁned
as εmax = ε2N,max + αε2T,max , where εN,max (t) =
max[εN (τ )] and εT,max (t) = max[εT (τ )] are the maxτ <t

τ <t

imum normal and total shear strains, respectively, attained during the loading history (in absence of unloading εmax ≡ ε).
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explicitly accounts for the evolution of hydration
reaction and SF content. This sorption isotherm
reads
Table 1: Geometric data for three-point bending tests.
Specimen S [mm] ⎡ d [mm] a [mm] ⎤
1
50 ⎥ +
we (h, α cSmall
, α ) = G (α ,840
α s )⎢⎢1 − 100
⎥
s
c
1
∞
Medium
1188
200
(g α
α )h ⎥
10
−100
⎢
c
1 c
Large
1455 ⎣ e 300
150 ⎦
⎡ 10(g α ∞
K1 (α c , α s )⎢e 1 c
⎢
⎣

− α c )h

(4)

⎤
− 1⎥
⎥
⎦

where the first term (gel isotherm) represents the
physically bound (adsorbed) water and the second
term (capillary isotherm) represents the capillary
water. This expression is valid only for low content
of SF. The coefficient G1 represents the amount of
water per unit volume held in the gel pores at 100%
relative humidity, and it can be expressed (Norling
Mjornell 1997) as
c α c+ ks α s
G (α c α s ) = k vg
c vg s

(5)

,

1

where kcvg and ksvg are material parameters. From the
maximum amount of water per unit volume that can
fill all pores (both capillary pores and gel pores), one
can calculate K1 as one obtains
Figure 2: Three-point bending tests.

⎡
⎛
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∞
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⎥
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⎢
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⎛
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∞
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3 UNIAXIAL COMPRESSION
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tained by ﬁtting the stress-strain curve relevant to

J

= − D ( h , T ) ∇h

The proportionality coefficient D(h,T)

vant to L = 50 mm. Overall the agreement is excellent
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rather than a phenomenological formulation of compressive softening, as∂wtypically done in continuum− = ∇•J
based models.
∂t

4 BIAXIAL COMPRESSION
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In this section theofnumerical
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(chemically
bound)
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=
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sorption/desorption
The adopted loading paths were proportional in the
(Norling
Mjonell
1997).
Under this assum
space of the in-plane principal stresses σ1 and σ3 , i.e.
by substituting
Equation
1 into Equati
Figure 4a shows
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obtains
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∂w
w
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−

Figure 3: Uniaxial compression test results.

cubic specimens with low friction at specimen ends
(Fig. 3a). The calibration procedure also required the
simulation of a hydrostatic compression test, a splitting (Brazilian) test, and a three-point bending (TPB)
test . The relevant experimental data, not available in
Van Mier et al. (1997), were estimated on the basis
of available literature on similar concretes (Bažant &
Planas 1998). In addition, ﬁtting of the high friction
stress-strain curve for the cubic specimens (Fig. 3a)
allowed for the calibration of the friction parameters.
In Figures 3a, b, and c, the experimental curves relevant to the cubic specimens are compared with the
average of three numerical results obtained by running the same tests with specimens featuring different
generated mesostructures. Error bars show the scatter
of the numerical solutions. Figure 3d shows a typical
failure mode for low-friction conditions.
After calibrating the model, validation simulations
were performed without further adjustment of the parameters. This was obtained by simulating uniaxial
compression tests of prisms with length L = 50 mm
and 200 mm. Figure 3f shows the results relevant to L
= 200 mm. The numerical simulations predicted very
accurately both peak stress and post-peak behavior of
the stress-strain curves for both low platen friction
and high platen friction. Figure 3e shows comparisons
between experimental data and numerical results rele-

e

∂h ∂t

+ ∇ • ( D ∇h ) =

h

∂α

e α& + e α& + w
c
s
∂α
c
s
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FigureNorling
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explicitly accounts for the evolution of hydration
reaction and SF content. This sorption isotherm
reads
we (h α c α s ) =
,

,
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where the first term (gel isotherm) represents the
physically bound (adsorbed) water and the second
term (capillary isotherm) represents the capillary
water. This expression is valid only for low content
of SF. The coefficient G1 represents the amount of
water per unit volume held in the gel pores at 100%
relative humidity, and it can be expressed (Norling
Mjornell 1997) as
c α c+ ks α s
G (α c α s ) = k vg
c vg s

(5)

,

1

where kcvg and ksvg are material parameters. From the
maximum amount of water per unit volume that can
fill all pores (both capillary pores and gel pores), one
can calculate K1 as one obtains
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1

The material parameters kcvg and ksvg and g1 can
be calibrated by fitting experimental data relevant to
free (evaporable) water content in concrete at
various agesFigure
(Di Luzio
& Cusatis 2009b).
5: Triaxial test results.
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where q is the heat flux, T is the absolute
temperature, and λ is the heat conductivity; in this

J

6 FIBER REINFORCED CONCRETE
Recently, LDPM has been extended to include the
effect of randomly dispersed ﬁbers. During the preprocessing phase, each individual ﬁber is inserted in
the specimen volume. Fiber positions and orientations
are randomly generated, and the intersection between
each ﬁber and the LDPM facets are detected. Stresses
on each LDPM facets can be computed as
1 
Ff (w, df , Lsf , Llf , nf )
σ = σc +
Ac f ∈A

= − D ( h , T ) ∇h

The proportionality coefficient D(h,T)
moisture permeability and it is a nonlinea
of the relative humidity h and temperature
& Najjar 1972). The moisture mass balanc
that the variation in time of the water mas
volume of concrete (water content w) be eq
divergence of the moisture flux J
− ∂ = ∇•J
∂
w

(13)

c

where σ = [σN σM σL ]T , σ c = [σN c σM c σLc ]T , and
Ff = [FN f FM f FLf ]T represents the ﬁber contribution. The concrete stress components σN c , σM c , and
σLc are computed according to the LDPM constitutive law presented in Section 1. The ﬁber contribution,
Ff , is computed according to the micro-structural
ﬁber-matrix interaction model developed by Lin and
coworkers (Lin et al. 1999), and it depends on facet
crack opening, w; ﬁber geometry (df = ﬁber diameter, Lsf = short embedment length, Llf = long embedment length); and ﬁber orientation with to respect
to the crack (facet) plane, nf ). Equation 13 is consistent with the assumption of a parallel coupling at facet
level between concrete matrix and ﬁbers.
Simulation of the ﬁber effect on the tensile fracturing behavior of concrete is shown in Figure 6. The experimental data are relevant to experiments reported
by Li et al. (1998). In this experimental investigation,
dog-bone shaped specimens were subjected to direct
tension. The tests were controlled through displacement measurements over a measure length of 120 mm
to ensure the stability in the post-peak and softening
regime. The simulated ﬁbers were Dramix steel ﬁbers
with hooked ends characterized by a diameter of 0.5
mm and a length of 30.0 mm.
Figure 6a shows experimental and numerical stress
versus displacement curves for three different ﬁber
volume fractions, 0% (plain concrete), 2%, and 6%.
LDPM is able to predict the increased strength and
ductility due to the effect of ﬁbers. The behavior gradually transitions from softening for plain concrete and
low ﬁber volume fractions to hardening for high ﬁber
volume fractions.
LDPM numerical results are further investigated in
Figure 6b, where contours of the meso-scale crackopening at the end of the simulations are reported for
the various ﬁber volume fractions. For plain concrete,
the crack pattern is characterized by one localized
crack that propagates from one side towards the other
side of the specimen. As fracture propagates, material
outside the crack unloads as the overall load applied
to the specimen tends to zero. For the 2% volume fraction, one main crack propagates, but the entire specimen features diffuse cracking, and no unloading occurs. Absence of unloading outside the main crack
is attributed to the fact that, even though the overall
behavior is still softening, the stress versus displace-

t
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Figure 6: Simulation of ﬁber reinforced concrete.
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Caner, F.C., and Bažant, Z.P., 2000. Microplane model M4
for concrete. II: Algorithm and calibration. J. of Engrg.
∂w 126(9):
∂w954-961.
∂w ∂Mechanics,
Trans. ASCE
e Roa, O.,
e2001.
e h +I.,∇López,
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The material parameters kcvg and ksvg and g1 can
be calibrated by fitting experimental data relevant to
free (evaporable) water content in concrete at
various ages (Di Luzio & Cusatis 2009b).
2.2 Temperature evolution
Note that, at early age, since the chemical reactions
associated with cement hydration and SF reaction
are exothermic, the temperature field is not uniform
for non-adiabatic systems even if the environmental
temperature is constant. Heat conduction can be
described in concrete, at least for temperature not
exceeding 100°C (Bažant & Kaplan 1996), by
Fourier’s law, which reads
q

= − λ ∇T

(7)

where q is the heat flux, T is the absolute
temperature, and λ is the heat conductivity; in this

