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ABSTRACT: In this paper, the bending test of Engineered Cementitious Composites (ECC) with PVA fiber 
is conducted to investigate the size effect for bending behavior of ECC. The main parameter is the size of the 
specimens. The test results show that the bending strength increases as the size of specimen decreases. To ex-
press the wall effect of fibers, probability of fibers which cross the surface of specimen is solved theoretically. 
In the case of 40×40mm section specimen, 23% of fibers are influenced by specimen surface and considered 
to be oriented toward two-dimension. The coefficient of contribution to bending strength by two-dimensional 
orientation of fibers is proposed based on the probability. 

1 INTRODUCTION 

To use the feature of Engineered Cementitious 
Composites (ECC) (Li 1993) well, it is important to 
evaluate the tensile performance of ECC appropri-
ately. Although a lot of methods to evaluate the ten-
sile performance are proposed, uniaxial tension test 
is most proper. However, the shape, the size and the 
boundary condition of the specimens cause large in-
fluences on the test results. Therefore, it is difficult 
to perform the uniaxial tension test as a standard 
test. Although the tensile performance can be evalu-
ated from the result of the bending test, the bending 
test results give a structural performance which is 
not a material performance. Therefore, it is neces-
sary to understand a bending behavior and to clarify 
the relation between tensile behavior and bending 
one. Moreover, the size effect is caused by the dif-
ference of the size of the specimen. In addition, it is 
considered that the wall effect caused by two-
dimensional orientation of fibers along the specimen 
surfaces affects the size effect on tensile and bend-
ing behavior. In this paper, the bending test of ECC 
with PVA fiber is conducted to investigate the size 
effect for bending behavior of ECC. The main pa-
rameter is the size of the specimens. After that, 
probability of fibers which cross the surface of 
specimen is solved theoretically to express the wall 
effect of fibers, The coefficient of contribution to 
bending strength by two-dimensional orientation of 
fibers is discussed based on the probability. 

2 BENDING TEST 

2.1 Employed material 
The characteristics of PVA fiber are shown in Table 
1. The compressive strength and the elastic modulus 
of ECC at the testing age are shown in Table 2. 
Moderate-heat Portland cement and fly ash (type II 
by JIS A 6201) are used as binder. Crushed lime-
stone which specific surface area is 2500cm2/g is 
used as the fine aggregate. The fiber volume fraction 
is 1.5% (PVA15) and 2.0% (PVA20). PVA15 and 
PVA20 were mixed by two batches each using a 
practical mixer with volume of 1m3. The specimens 
were uniformly and continuously cast into the mold. 
After steam curing for 8 hours with 35 Celsius de-
gree, the specimens were cured in atmospheric envi-
ronment. 

2.2 Specimens 
Figure 1 shows the shape of the specimens. Table 3 
shows the list of the specimens. The 4-point bending 
test is applied. The number of specimens for the 
same parameter is three. 

2.3 Loading and measurements 
The displacement controlled 2MN universal testing 
machine was used. The loading speed was set to 
0.5mm/min. The applied load and the axial deforma-
tion at the test section were measured to calculate 
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curvature. The position of displacement transducers 
was set to have the same dimensional ratio in each 
size of specimens. However, the gauge length of the 
B40 was 25mm due to the loading device restric-
tion. 

2.4 Test results 
Table 4 shows the test results. The bending stress is 
defined as a value of bending moment divided by 
the modulus of section and the bending strain is the 
curvature multiplied by specimen depth. These fac-
tors are defined to consider the differences of the 
size of specimens. Figure 2 shows the relationship 
between the bending stress versus the bending 
strain. In spite of the difference of fiber volume 
fraction and the size of specimen, the deflection 
hardening behavior in which the load increases after 
first crack can be recognized. The average value and 
the coefficient of variation (COV) of the maximum 
bending stress and the bending strain at the maxi-
mum are shown in Table 5 and Table 6. There are a 
lot of the specimens which COV is lower than 10% 
for the maximum bending stress. However, the 
range of the COV is from 20% to 30% for the bend-
ing strain. A clear relationship can not be confirmed 
between the size of the specimens and the COV. 

3 QUANTIFICATION OF THE SIZE EFFECT 

3.1 Probability of fibers which cross the surface of 
specimen 

In this paper, the idea of "Buffon's Needle" (Ro-
zanov & Sobor 1976) enhanced to three-dimension 
is discussed. "Buffon's Needle" treats the needle of 
a certain length that is distributed at random in the 
limited plane area, and expresses the calculation of 
the probability of crossing the boundary in the area 
by the algebraic formulation. In this paper, it is en-
hanced to three-dimension, and the probability of 
the fiber crossing the surface is calculated from the 
boundary in the spatial area. When the fibers are 
distributed in a three-dimensional space, the fibers 
which are actually restrained by the mold and a free 
boundary (casting surface) are thought to be ori-
ented along two-dimension as shown in Figure 3. 
These fibers do not cross the surface and exists in 
the neighbor. This phenomenon is defined as a 
probability event in which the originally random 
oriented fibers are influenced by the boundary (wall 
effect). 

3.2 Theoretical probability 
The size of the specimen and the length of the fiber 
are treated as the parameters. The probability  

 
that the fiber crosses the boundary is constructed. To 
simplify the construction, the diameter of the fiber is 
disregarded. At first, the complementary event of the 
target probability is considered. The left figure in  

Table.1 Characteristics of PVA fiber. 

Length Diameter Tensile 
strength Elastic modulus 

(mm) (mm) (MPa) (GPa) 
12 0.04 1690 40.6 

 
Table.2 Compressive performance of ECC. 

Fiber 
volume 
fraction 

Air  
content 

Compressive 
strength 

Elastic 
modulus Batch 

(%) (%) (MPa) (GPa) 
PVA15-1 5.4 55.3 18.9 
PVA15-2

1.5 
5.6 56.9 19.9 

PVA20-1 45.0 16.0 
PVA20-2

2.0 11.0 
47.1 16.4 

 
 

 
Figure 1. The shape of the specimens (*:25mm in B40). 

 
Table 3. The list of the specimens. 

a Test 
section Name of speci-

mens Batch 
(mm) (mm) 

B40-15 40 50 
B100-15 100 100 
B200-15 

PVA15-1 
200 200 

B400-15 PVA15-2 400 400 
B40-20 40 50 
B100-20 100 100 
B200-20 

PVA20-1 
200 200 

B400-20 PVA20-2 400 400 
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Figure 2. The relation between bending stress and bending strain. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



 

Table 4. Test results. 
At the maximum load Size of the 

cross section Bending moment Curvature Bending stress Bending strain Name of specimens 
(mm) Mmax(kNm) φmax(1/m) σmax(MPa) εmax(%) 

B40-15-1 0.100 0.215 9.58 0.85 
B40-15-2 0.095 0.185 9.06 0.73 
B40-15-3 

40×40 
0.105 0.201 9.76 0.80 

B100-15-1 1.525 0.548 9.08 0.55 
B100-15-2 1.670 0.539 9.97 0.54 
B100-15-3 

100×100 
1.780 0.847 10.45 0.85 

B200-15-1 7.911 0.032 5.92 0.64 
B200-15-2 6.465 0.030 4.82 0.60 
B200-15-3 

200×200 
6.803 0.015 5.06 0.30 

B400-15-1 52.740 0.005 4.93 0.18 
B400-15-2 40.276 0.005 3.72 0.21 
B400-15-3 

400×400 
34.168 0.005 3.18 0.19 

B40-20-1 0.124 0.487 11.49 1.96 
B40-20-2 0.110 0.247 10.30 0.99 
B40-20-3 

40×40 
0.109 0.367 10.47 1.45 

B100-20-1 1.863 0.677 11.20 0.68 
B100-20-2 1.728 0.726 10.44 0.72 
B100-20-3 

100×100 
2.160 1.170 12.85 1.18 

B200-20-1 7.591 0.027 5.58 0.55 
B200-20-2 8.048 0.014 5.98 0.28 
B200-20-3 

200×200 
6.763 0.025 5.08 0.49 

B400-20-1 67.002 0.012 6.27 0.49 
B400-20-2 52.358 0.009 4.91 0.38 
B400-20-3 

400×400 
54.202 0.004 5.03 0.14 

 
Table 5. Maximum bending stress. 

Specimen 
Average of the maximum 
bending stress 
(MPa) 

Coefficient of 
variation 
(%) 

Specimen 
Average of the maximum 
bending stress 
(MPa) 

Coefficient of 
variation 
(%) 

B40-15 9.47 3.1 B40-20 10.75 4.9 

B100-15 9.83 5.8 B100-20 11.50 8.7 

B200-15 5.27 8.9 B200-20 5.54 6.7 

B400-15 3.94 18.6 B400-20 5.40 11.4 

 
 

Table 6. Bending strain at the maximum load. 

Specimen 

Average of 
bending strain at the 
max. 
(%) 

Coefficient of 
variation 
(%) 

Specimen 

Average of 
bending strain at the 
max. 
(%) 

Coefficient of 
variation 
(%) 

B40-15 0.79 6.2 B40-20 1.47 27.2 

B100-15 0.65 22.5 B100-20 0.86 26.2 

B200-15 0.52 29.2 B200-20 0.44 26.5 

B400-15 0.19 6.0 B400-20 0.34 43.3 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  

 

J•∇=
∂

∂
−

t

w
                              (2) 
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of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 

 

( ) s
s

s

vg
kc

c

c

vg
k

sc
G αααα +=,
1

                 (5) 

 
where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



Figure 4 shows the cross-section of the specimen 
with shows the cross-section of the specimen with 
b(mm)×D(mm). Four fibers are expressed by 
straight lines in the figure. As for two fibers, the 
both ends of the fiber touch the boundaries with the 
orientation angle of θ. The other two fibers touch the 
corner at the end also with the orientation angle of θ. 
These fibers indicate the maximum area in which the 
fiber has possibility to cross the boundary, in other 
words, possibility to be influenced by the surface of 
the cross section. The grayed rectangle in the figure 
expresses the area in which when the center of the 
fiber exists, the fiber is not influenced by the bound-
ary. The central figure in Figure 4 shows the expan-
sion the above mentioned consideration to 3-
dimensional fiber existence toward the axial direc-
tion of the specimen. The fiber inclines with the di-
rection of φ by the axial direction keeping the angle 
of θ to the cross-sectional direction. Then the grayed 
rectangle in the left figure expands by considering 3-
dimensional orientation as shown in the right figure. 
If the center of the fiber exists in the grayed rectan-
gle, that fiber does not cross the boundary. 

Next, the above-mentioned probability event is 
formulated. It is described step by step from the left 
figure in Figure 4. 

1) Left figure 
The probability in two-dimension is given by cal-

culation of the ratio of the grayed inner rectangle 
area to cross section area of the specimen with vary-
ing of angle θ. When the length of the fiber is de-
fined as lf, inner rectangle area is given by the fol-
lowing formula. 
 
( )( )θθ sincos ff lDlb −−                             (1) 
 
where, cosθ is expressed as the absolute value. This 
is because the range of θ is from 0 to π, and the pro-
jection of the fiber length on a horizontal axis can be 
expressed. 

2) Central and right figure 
The cosφ is multiplied to Formula (1) including lf 

when the fiber inclines by the axial direction with 
the angle of φ as shown in the central figure. When 
assuming that the surface exists toward the axial di-
rection at certain distance L, it shall be considered 
that the lf sinφ expresses the influenced region of fi-
bers in the axial direction. The axial length of the 
non-influenced solid can be described as L－lf sinφ. 
Therefore, the volume of the solid is given by the 
following formula. 

 
( )( )( )φφθφθ sincossincoscos fff lLlDlb −−−              (2) 
 

The probability that the fiber is not influenced by 
the boundary is given by the following formula. 

( )( )( )
bDL

lLlDlb fff φφθφθ sincossincoscos −−−                    (3) 
 

Formula (3) gives the probability in case of an 
arbitrary orientation angle, θ and φ. It is necessary to 
calculate the probability in all the orientation angles. 
The probability that θ varies with random angle dθ 
from 0 to π is given by the following formula. 
 

θ
π

d⋅1                                              (4) 

 
Similarly, for the case of φ, 

 
φ

π
d⋅1                                              (5) 

 
The events expressed by formulas (3), (4), and (5) 

are the independent events. The probability that the 
fiber is not influenced by the boundaries ( p ) can be 
calculated by the double integral of these product. 
However, it is not necessary to treat axial direction 
when only the pure bending section is considered. 
Therefore, a part of formula (3) is given as follows. 
 
( )

1
sin

=
−

L
lL f φ

                              (6) 

 
Finally, p  is given as follows. 

D

b

θ φ

D

b

Fiber

Figure 4. The non-influenced area for center position of fi-
ber. 

Fiber

Surface of specimen

 M
ol

d

 
Free           Restricted orientation 

Figure 3. Fiber influenced by the surface. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
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that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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Because p  is a complementary event of the target 
probability that the fiber crosses the boundaries, the 
probability p  that the fiber crosses the boundaries is 
given as the following equations. 
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In case of this study, for B40 specimen, 23% of 

fibers are influenced by specimen surface and con-
sidered to be oriented toward two-dimension. 

3.3 Evaluation of Bending Test Results 
The bending strength (maximum of bending stress) 
observed in bending test is evaluated using previously 
discussed probability. The fiber distributed along the 
surface is considered to be in two-dimensional and 
has a big influence to the bending strength. In the lit-
erature (Li 1990), the strength of pull out test of the 
single fiber is expressed according to the orientation 
angle. It is assumed that the probability given by Eq. 
(7) has the certain influence to the bending strength. 
In the bending test, it is assumed that bending behav-
ior has the same tendency with the behavior of pull 
out test. Eq. (8) is introduced referring to the pro-
posed model by exponential formula in order to ex-
press the size effect considering the probability. 
Where, αb is introduced as a contribution coefficient 
that expresses the influence of two-dimensional ori-
ented fiber to bending strength. Figure 5 shows the re-
lation between the bending strength of each size 
specimen normalized by that observed by B400 
specimen and the probability given by Equation (7). 
The curve in the figure indicates Equation (8). The 
value of αb is obtained from the least squares method. 
αb is 4.68 in case of fiber volume fraction of 1.5%, 
and 3.59 in case of 2.0%. The size effect becomes 
smaller as the fiber fraction increases. 
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σmax : bending strength of each size specimen 
σ0  : bending strength of the largest size specimen 
αb : contribution coefficient (αb>1) 
p  : probability that fiber crosses boundaries 
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Figure 5. The relation between probability and bending strength. 

4 CONCLUSION 

To quantify the size effect in bending behavior of 
ECC, the bending test is carried out using the speci-
men with various sizes as the main parameter. The 
probability that the fiber crosses the boundary is 
constructed. The followings are concluded in this 
study. 

(1) The bending test results show that the bending 
strength increases as the size of specimen decreases. 

(2) To express the wall effect of fibers, probabil-
ity of fibers which cross the surface of specimen is 
solved theoretically. In the case of 40×40mm section 
specimen, 23% of fibers are influenced by specimen 
surface and considered to be oriented toward two- 
dimension. 

(3) The coefficients of contribution to bending 
strength by two-dimensional orientation of fibers are 
proposed based on the probability. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k
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vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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