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Abstract. The existence of microcracks influences the macroscopic behavior of quasibrittle materials
like concrete. This study aims at predicting the post-peak response of concrete by considering the
effect of microcracks, by quantifying the critical microcrack length. The critical length of a micro-
crack is estimated by considering a small element near the macro crack tip and thereby defining the
critical crack opening displacement of the micro crack, that exists in the interface region between the
aggregate and cement paste. The ratio of critical microcrack to the specimen depth is found to be
constant for a particular mix of concrete and can be used as a material property. The predicted post-
peak response of plain concrete beams is validated using experimental data available in the literature.
Through a sensitivity analysis, it is observed that the elastic modulus of concrete and the fracture
toughness of the interface has a substantial influence on the critical microcrack length.
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Concrete, one of the most widely used con-
struction materials, is treated as homogeneous
from a design perspective. However, on a close
meso level examination it is observed that the
internal structure is heterogeneous, consisting
of coarse aggregates embedded in cement ma-

Figure 1: Structure of concrete.

trix. Upon magnification of the matrix mate-
rial, the coexistence of fine aggregate and ce-
ment paste can be seen as shown in Figure 1.
Further, there exists a region, which is known
as the interfacial transition zone (ITZ) that oc-
curs between the cement paste and aggregates.
The cement paste and aggregates are bonded at
the interface whose strength depends on its mi-
crostructural characteristics.

In fresh concrete, the cement particles can-
not pack together efficiently when they are in
the close vicinity of a larger object such as ag-
gregate. During mixing of concrete, the shear-
ing stress exerted on the cement paste by the
aggregates tends to separate water from cement
particles and results in a small region around
the aggregate particles with fewer cement par-
ticles termed as the ITZ [1]. The existence
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of a thin film of hydrated constituents was ob-
served by Farran [1] in 1953 around the ag-
gregate upon hardening of concrete. The com-
position of this zone was found to be differ-
ent from that of cement paste as the density
of cement particles were lesser than that of
its surroundings. Although several techniques
such as X-ray diffraction, X-ray photoelectron
spectroscopy, secondary ion mass spectroscopy,
mercury intrusion porosimetry, optical micro-
scope and electron microscope have been em-
ployed to study the ITZ, the complete charac-
terization of the distinctive features of this zone
has still not been achieved. The interface acts
as a bridge between aggregate and the cement
paste which neither possesses the properties of
aggregate nor the cement paste.

Upon loading, microcracking initiates in the
ITZ when the local major principal stress ex-
ceeds the initial tensile strength of the interface
[2]. Ansari [3] reported that the macrocrack will
occur only when the microcrack reaches a criti-
cal length. This critical microcrack length prop-
agates and coalesces with existing macrocrack
thereby resulting in the failure of the bond. The
stifftness of the interface decreases although the
individual components on either side of the in-
terface possess high stiffness. This is due to the
presence of voids and microcracks in this region
which do not allow the transfer of stress.

The packing and density of the cement par-
ticle around the aggregates defines the strength
of the interfacial zone. The strength of an in-
terface decides whether a crack should grow
around an aggregate particle, or through the ag-
gregate. Also, the fracture energy of the inter-
face is found to be less than that of the cement
paste and aggregate. The micro structural char-
acter of the interfacial zone governs the mode
I crack propagation in concrete [4]. Thus, the
material behavior of concrete is influenced by
the geometry, the spatial distribution and the
material property of the individual material con-
stituents and their mutual interaction. Hence,
the failure of concrete structure can be viewed
as a multiscale phenomenon, where in, the in-
formation of the material properties at a micro

level can be used to determine the system be-
havior at the macro level.

In this paper, the effects of ITZ and the mi-
crocracks on the overall behavior of concrete
are studied by estimating the critical length of
the microcracks present in the ITZ using the
principles of linear elastic fracture mechanics.
A procedure to determine the material proper-
ties at the ITZ including the elastic modulus
and the fracture toughness by knowing the mix
proportions of the ingredients in concrete is ex-
plained. Using the information of the critical
microcrack length, an analytical model is pro-
posed through a relationship between the ap-
plied stress and the crack opening displacement
to obtain the macro behavior of the material.
The proposed analytical model is validated us-
ing experimental data and the results of vari-
ous investigators that are published in the litera-
ture for normal strength concrete. Furthermore,
since various parameters are involved in the de-
termination of the critical microcrack length,
which is randomly distributed, sensitivity anal-
ysis is done to study the most sensitive parame-
ter which affects the microcrack size.

2 Critical microcrack length

The initiation and propagation of microcrack
at the interface between the cement paste and
the aggregates is attributed to the toughness of
the interface. In this study, the critical microc-
rack length is a parameter which is used to char-
acterize the interface. As the critical microcrack
length increases, the toughness of the interface
increases and there by contributing to the over-
all strength of concrete. The existence of micro-
crack and restraining stress at the macrocrack
tip is a well known fact. Upon loading, the mi-
crocrack will initiate at the interface and later
coalesce with the existing macrocrack resulting
in the crack increment. In this study, the crit-
ical length of the microcrack is determined by
analyzing a small element near the macrocrack
tip and along the interface between the cement
paste and aggregate, as depicted in Figure 2.

The following assumptions are made in the
derivation of the critical microcrack length: (1)
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The microcrack grows in a direction perpendic-
ular to the maximum principal stress. (2) The
initial microcrack length is assumed to be much
smaller than the size of the element considered.
(3) The microcrack tip is sharp for linear elastic
fracture mechanics to be applied.

Cement paste
Interface
Microcrack
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Figure 2: Representation of microcrack at interface.

The stresses and displacement along the
crack tip for this two-dimensional crack prob-
lem is determined through an inverse method
by making use of an Airy stress function
(¢), which satisfies the biharmonic equation
(V2V2¢ = 0). The stresses and strains in the
polar coordinate system are further determined.
Using these strains, the displacements in the po-
lar coordinate system are obtained as

1 0o
V. = TA”[—()\nJrl)
2,umicro nZ:O

Bcos(A, +1)0 + Dycos(A, — 1)0

(o ~ e 0]

1 00
PRI N I
micro n—=0

By, sin(\, + 1)8 + D,sin(\, — 1)0

4

{1 + Vmicro - (An 1)}:| (1)
In the above equations, [iicro and Vpero are
the shear modulus and the Poisson’s ratio of the
interface respectively, where the microcrack is
likely to occur. The microcrack present in the
interface is assumed to be sharp in order to initi-
ate the crack propagation. The crack surface of
the microcrack is considered as stress free and
the corresponding boundary conditions along
the upper surface denoted by (+) and lower sur-
face (-) are given by

ogg = 0,9 = 0,0 = £ (2)

Fine aggregate

Assuming the microcrack to be very sharp, the
microcrack angle attains a value of 7 and the
characteristic equation reduces to sin(2\,7) =
0. The roots of this characteristic equation gives
the eigenvalues (A, = §;n = 0 £1£2,..).
The crack tip singularity is observed when the
eigenvalue becomes 0.5. The displacement field
near the microcrack tip reduces to the following

form

ri/2 1 1
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A relationship between B; and D, is ob-
tained by substituting the eigenvalue into the
boundary condition (B; = D;/3). This re-
duces the displacement field in terms of one
unknown parameter ;. Further, by defining
D, = K, /+/2r, the displacement field becomes
a function of stress intensity factor (K).

The crack opening displacement correspond-
ing to the microcrack is determined by trans-
forming the displacement component perpen-
dicular to the loading direction (V') into rectan-
gular coordinates by making use of the follow-
ing transformation

V = V,.sin(0) + Vycos(6) (5)

By substituting § = +3* and § = —f3*
the displacement field along the upper (V)
and the lower (V' ~) surface of the crack is ob-
tained. The corresponding displacement fields
are given by

VTt =V,sin(0) + %COS(@)‘ (6)
0=+ 5"

V™ =V,.sin(0) + VGCOS(@)’Q_Q* (7
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The following equation provides the cor-

responding microcrack opening displacement
<5micro>:

5micro —_ V+ . Ve (8)
micro __ r K
) =38 o E )

As the microcrack initiates in the interfacial
region, the stress intensity factor K, elasticity
modulus E and 7 is replaced with Knterface,
E™ and 1/2 (as the total length of microcrack
is assumed to be [ as in Figure 3). When the
microcrack reaches a critical length (i.e, [ =
l.), the corresponding fracture toughness and
crack opening displacement reaches their crit-
ical value (K {?t, d.) and is given by,

I K
T Elnt
Microcracks are nucleated in concrete struc-
ture when the applied load reaches 80% of peak
load. When the applied load reaches the peak
load, the microcrack becomes critical and it
coalesces with the macrocrack. Figure 3 rep-
resents the existence of the microcrack at the
macrocrack tip considered in this study.

6271@07“0 — 4
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Figure 3: Representation of microcrack and macrocrack
at peak load.

The macrocrack length and the stress cor-
responding to the peak load (P,eqx) is repre-
sented as the critical macrocrack length (a,) and
peak stress (0,). The crack length correspond-
ing to the peak load is determined by knowing
the crack mouth opening displacement (9,) at
the peak load. The following equation provides
the crack opening displacement at any point (x)
along the macrocrack:

4opa, Qe T Q.
macro __ e e 11
0 E ”(D>%<%’D> (D

where 0, is the stress corresponding to the peak
load, E is the elastic modulus of concrete, D
is the depth of the specimen and the geometric
factors g2(%5) and g3(;-, %) for beam specimen
are taken from standard reference [5]

From Figure 3, it is clear that the crack open-
ing displacement due to the macrocrack at (x =
a. — l./2) will be equal to the crack opening
displacement due to the microcrack at r = [../2.

The critical microcrack length is determined
by equating both the crack opening displace-
ments that are given by Equations 10 and 11.
The solution of the following equation gives the
critical microcrack length.

5macro | — 5micro ‘ (1 2)

m:(acf%)

4o,a. (a. T Q. \/Z Kint
— —, =) =4/—=*~ (13
E ”(D)%<%’D) g (1P
As seen from the above equation, the critical
microcrack length can be obtained by knowing
the fracture toughness and elastic modulus of
the interfacial zone. In the next section, proce-

dure for estimating the interfacial properties is
explained.

—tlc
r=23

3 Interfacial fracture toughness

The lower density of cement particles around
the aggregates makes the interface weaker.
The initiation and propagation of a microc-
rack depends on the toughness of the inter-
face. Hillemier and Hilsdor [6] conducted ex-
periments and analytical investigations to de-
termine the fracture properties of hardened ce-
ment paste, aggregate, and cement-paste inter-
face. Huang and Li [7] considered the nucle-
ation of a crack along the interface of aggregate
and mortar and derived a relation between the
effective toughness of the material and the mor-
tar in terms of volume fractions by considering
the crack deflection and interfacial cracking ef-
fects, which is

Kic
oV

1
\/1 @V -7,y )



Keerthy M. Simon and J. M. Chandra Kishen

where K¢ is the fracture toughness of con-
crete, K74 is the fracture toughness of mor-
tar, V(ca) is the volume fraction of coarse ag-
gregate, and v,.¢y is the Poisson’s ratio of con-
crete. In this work, a relation between the
toughness of matrix and cement paste is de-
rived by suitably modifying and replacing the
fracture toughness of concrete and mortar with
those of mortar and cement paste. Also, the vol-
ume fraction of coarse aggregate and Poisson’s
ratio of concrete is replaced with that of fine
aggregate and Poisson’s ratio of mortar which
takes the form

Km
Kjg _ %1 +0.87(Vy(fa))

1
\/1 — (x2/16)V; (fa)(1 — 12 (15)

The fracture toughness of cement paste - aggre-
gate interface is much lower than that of cement
paste. Hillemeier and Hilsdorf [6] conducted
experiments to determine the fracture toughness
of the interface and the cement paste and ob-
served the toughness of the interface to be 0.4
times of the cement paste (ie, K7 = 0.4K7%)
which is used in the present study.

4 Interfacial elastic modulus

The elastic modulus of the interface is an-
other major parameter used to define the criti-
cal microcrack length (I.) and is reported to be
0.7 times the elastic modulus of cement paste
(E.p) [8] and is used in this study. Hashin [9]
obtained a relation between the elastic modu-
lus of homogeneous material with and without
inclusion, based on volume fraction and modu-
lus of the inclusion by considering the change
in the strain energy of a loaded homogeneous
body due to the insertion of inhomogeneities
using the variational theorems in the theory of
elasticity. Accordingly, the relation between the
elastic modulus of concrete and mortar is ex-
pressed as,

E . Vf(m)Em + (1 + Vf(ca))Eca (16)
E, (14 Vi(ca)E, + Vi(m)Ee,

where V¢(m) and Vj(ca) are the volume frac-
tion of mortar and coarse aggregate and F, F,,,
and E., are the elastic modulus of concrete,
mortar, and coarse aggregate respectively. The
above equation can be simplified to the form,

Vf(m)EVQn + [1 + Vf(ca’)]Em [Eca - E]
—Vi(m)EWE =0 (17)

The elastic modulus of the mortar is obtained
by solving the above quadratic equation. The
relationship between the modulus of elasticity
of mortar and cement paste is obtained in a
similar manner by replacing the material prop-
erties of concrete and mortar with the proper-
ties of mortar and cement paste. Also, the vol-
ume fraction of coarse aggregate and mortar is
replaced with those of fine aggregate and ce-
ment paste. The modulus of elasticity of ce-
ment paste is determined by solving the follow-
ing quadratic equation.

Vi(ep) Bq + [L+ Vi (fa)| Byl Epa — En]
—Vf(cp)EfaEm =0 (18)

where V;(cp) and V(fa) are the volume frac-
tion of cement paste and fine aggregate and £,,,,
E.,, and Ey, are the elastic modulus of mortar,
cement paste, and fine aggregate respectively.

5 Post-peak macro behavior of concrete

The effects of microcracks on the macro be-
havior of plane concrete is studied through its
post-peak response in this section. A relation-
ship is obtained between the applied stress (o)
and the crack opening displacement (6*/) along
the failure plane, which occurs due to the prop-
agation of the dominant crack.

The micro and macrocrack profiles at the
peak load are represented in Figure 3. At
peak load, the microcrack becomes critical and
reaches a length [. and coalesces with the
macrocrack a. The macrocrack corresponding
to the peak load is represented as a.. When the
crack reaches a the corresponding crack mouth
opening displacement (CMOD) is given by [5],
as shown in Figure 3.

591 = 10, (1) (19)
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where 6¢// is the crack opening displace-
ment when the macrocrack reaches the length
a as shown in Figure 3. The crack opening dis-
placement corresponding to the peak load (ie,
when the crack reaches a.) (6™) can be approx-
imated to the sum of §¢// and the crack opening
due to the microcrack (6™) as depicted in Fig-
ure 3.

oM = g/l L gmor o¢f =M — 5™ (20)

Replacing §°// in Equation 19 by Equation
20 yields to the following equation

4
oM — = (=

Folp) @D

Thus, the crack opening displacement due to
the macrocrack takes the following form

doa a
M m
o = £ 92(—D) +90 22)

By substituting a = (a. — [.) and also by re-
2

placing a. = K?,/omg (%) , the macrocrack
opening displacement simplifies to the follow-

ing form

votp »(*5) |
7 E0,(0/0,) | (g91(ae/ D))’

. o ’ ngcw a2
o) K {gl (5) }

where K. is the fracture toughness of the mate-
rial and 0" is the microcrack opening displace-
ment when the microcrack becomes critical (I..)
and is given by Equation 10. Equation 23 is

used to predict the post-peak behavior of con-
crete.

+40™ (23)

6 Analysis of experimental data

The interfacial properties, such as the mod-
ulus of elasticity and fracture toughness and
the critical microcrack length as discussed in
the previous section, are evaluated for nor-
mal strength concrete used by researchers in
their experimental program. The following

experimental data is considered in this analy-
sis: Bazant and Xu [10] and Shah and Chan-
dra Kishen [11]. In both research works men-
tioned above, tests have been carried out on
beams of three different sizes (designated as
small, medium, and large) which are geomet-
rically similar under three point bending. Ta-
ble 1 shows the dimensions of the beams, the
peak stress, and the crack mouth opening dis-
placement (CMOD) at peak load. The material
properties, including the fracture toughness and
elastic modulus as reported in these experimen-
tal works, are given in Table 2.

Table 1: Geometry and material properties of specimens

Specimen  Depth Span Peak CMOD at
Designation stress peak load
D S op Op
mm mm N/mm? mm
S[11] 76 190 4.476 0.0567
M [11] 152 380 3.589 0.0743
L[11] 304 760 3.338 0.0483
S [10] 38.1 95 4.750 0.0270
M [10] 76.2 191 3.833 0.0354
L [10] 152.4 381 3.364 0.0436

S-Small, M-Medium, L-Large

Table 2: Material properties of concrete and Interface

Fracture Elastic Ref.
toughness modulus
M Pa+/mm N/mm?
Concrete Interface Concrete Interface
ch K{gt E Elnt
44.6 16.76 30000 5413.5  [11]
32.0 12.45 27120 5488.7  [10]

As discussed in the previous sections, the
interfacial properties of concrete depends on
the volume fraction of each of its constituents.
The interfacial fracture toughness, the interfa-
cial elastic modulus, and the critical microcrack
length, calculated using the above mentioned
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procedure, are tabulated in Table 2 and 3. It is
seen that the interface is the weaker region and
is therefore more prone to cracking and that jus-
tifies the analysis of the interfacial region. Fur-
thermore, as reported in the literature [5], if the
interface is weaker than the coarse aggregates,
the crack propagates around the aggregate. In
Table 2, it is also observed that for a particular
concrete mix, the computed interfacial proper-
ties remain constant.

As reported in Table 3, the critical micro-
crack length is found to be dependent on the
properties of the interface as well as the ge-
ometry of the specimen. Also, it is found to
be increasing with the size of the specimen,
even though the interfacial properties remain
the same. Also, Mobasher et al. [12] have re-
ported that 80% of microcracks is smaller than
1.5 mm in length. The critical length of micro-
crack is found to be comparable with the size
of the fine aggregate and cement particles. Fur-
ther, the critical microcrack length is normal-
ized with the depth of beam as shown in Table
3. It is seen that this normalized value remains
almost constant for a given mix of concrete and
could be treated as a material property.

Table 3: Critical microcrack length

Specimen  Microcrack [./D
Designation Length
le 102
(mm) -

S[11] 0.3659 0.40
M [11] 0.5780 0.38
L[11] 1.0910 0.36

S [10] 0.2370 0.62
M [10] 0.4540 0.60

L [10] 0.9167 0.60

S-Small, M-Medium, L-Large

7 Validation of the proposed model

The model, proposed to determine the post-
peak macro behavior of the concrete specimen
using the microscopic properties as represented
by Equation 23, is validated for different con-
cretes mentioned earlier in this section. As

shown in Table 3, this model makes use of the
interfacial properties as determined in the previ-
ous sections. Figure 4 and 5 show the post-peak
behavior, determined by considering the effect
of microcracks for different concretes, as pre-
dicted by the proposed model. The experimen-
tally obtained results are also superposed on the
same plots. These plots are normalized with the
peak stress reported in Table 1 for the ordinates
and critical crack opening displacement (9.) ob-
tained from experiments for the abscissa. It is
seen that there is a good match with the exper-
imental results, thereby validating the proposed
model.

— Small-Model
¢ Small-Exp
Medium—-Model
Medium—-Exp
- = =Large-Model
e Large-Exp

0.8

0.6

o/c

0.4

0.2 ~ 9
\Nﬂ. —.

Figure 4: Comparison of post-peak behavior for concrete
between proposed model and experiment [11]
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Figure 5: Comparison of post-peak behavior for concrete
between proposed model and experiment [10]

8 Sensitivity analysis
Sensitivity analysis is a way to predict the

outcome of decision, if a situation turns out
to be different compared to the key prediction.
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This method quantifies the amount of contri-
bution of each input parameter to the output.
In this study, the fracture toughness of the in-
terface, elastic modulus of the interface, elas-
tic modulus of concrete, the macrocrack length,
and the peak stress are considered as random
variables. The probability distribution as well
as the statistical properties of the random vari-
ables considered in this study are listed in Table
4.

Table 4: Statistical parameters used and the results ob-
tained in sensitivity analysis

Parameters Mean  Standard Coefficient of

deviation sensitivity
I o Cs
E 27120 2712 20.5
KIv 1245  1.245 20.3
a 15.58 1.558 17.8
ETnt 5488.7  548.87 17.8
op 4.75 0.475 17.7

Since all the random variables are positive
definite, their distribution are taken to be log-
normal. Also, the standard deviation of all ran-
dom variables are taken as ten percent of their
corresponding mean values. The mean value
of each variable is taken from the experimen-
tal data reported by Bazant and Xu [10]. Also,
the geometric factors g»(%) and gs(=-, ) are
taken as 1.8 and 0.1 as they are found to be ap-
proximately the same for all specimens.

Using statistical data, ensembles of 50,000
values of each random variable are generated.
The values of critical microcrack length ([,.) are
simulated five times (as five variables are con-
sidered), keeping one of the five independent
variables as random at a time and others at their
mean value. For all the five cases, a cumulative
probability distribution (CDF) is plotted for the
critical microcrack length (I.), as in Figure 6.
The parameter, corresponding to the curve with
the least slope, would be the most sensitive one.
As seen from this figure, the elastic modulus of
concrete and the fracture toughness of the in-
terface are the most sensitive parameters in the

determination of the critical microcrack length.

1

---E

- - ‘Elntertuce

0.8

a
---c

P
Klmerface |
Ic

0.6

133

P(1)

0.4

0.2

0 - L L L n L
0 01 02 03 04 05 06
Critical microcrack length (lc) mm

Figure 6: Probability distribution curves of the critical
microcrack length (l.) for different random variables

The coefficient of sensitivity (C) is com-
puted to quantify the sensitivity of each param-
eter and is evaluated using

C 100 Cgi 24

s = 1007 (24)

where C,, is the coefficient of variation of

the dependent variable when " independent

variable is considered as random with all oth-

ers at their mean value and C), is the coefficient

of variation when all independent variables are
taken as random.

The results of the coefficient of sensitivity
are shown in Table 4. From this table it is
clearly seen that the elastic modulus of concrete
and the fracture toughness of the interface are
the most sensitive parameters in the determina-
tion of the critical microcrack length. Similar
results are also observed from the cumulative
distribution of the critical microcrack length, as
shown in Figure 6.

9 Summary

In this study, a critical microcrack length pa-
rameter is defined and an expression is derived
by analyzing the crack opening displacement at
micro and macro scales. The critical microc-
rack length is further used in developing a frac-
ture model for plain concrete to study the post-
peak behavior. The proposed fracture model is
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validated using available experimental data. It
is seen that the proposed fracture model pre-
dicts the post-peak response of plain concrete
very well. For a particular mix of concrete, the
ratio of critical microcrack length to the spec-
imen depth is found to be constant and can be
used as a material property. Through a deter-
ministic sensitivity analysis, it is found that the
fracture toughness of the interface and elastic
modulus of concrete are the most sensitive pa-
rameters influencing the post-peak behavior of
concrete.
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